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Abstract—In the present communication, the electron dispersion 

curves of liquid rare earth metals (La, Ce, Gd, Eu and Yb) are 

studied using second order perturbation theory. The Krasko-

Guruskii (KG) pseudopotential, found to be successful for the 

study of metallic properties of rare earth metals, is extended 

further for the calculations of electron dispersion, Fermi energy 

(Ef) and density of states (N(Ef)) of liquid rare earth metals. We 

have used a simple scheme using which two parameters are 

reduced to effectively single parameter. The presently computed 

values of all the physical properties studied are in accordance 

with those studied for simple metals. Such study confirms that 

liquid transition and rare earth metals can be described 

successfully with single parameter pseudopotential and without 

any adjustment of valency. 

Keywords— Liquid Rare Earth Metals; Local Pseudopotential; 

Electron Dispersion; Fermi Energy and Density of States.  

I. INTRODUCTION 

n most of the geological settings, rare earth elements (La, 

Ce, Gd, Eu and Yb) are of great importance as it helps in 

understanding a wide variety of geological, geochemical and 

cosmochemical processes that take place on Earth, other 

planets and other planetary bodies. In addition to this, rare 

earth elements have proven of increasingly great commercial 

value. The demand of rare earth elements have been increased 

because of the  technological uses like hybrid engines, metal 

alloys, lasers, fluorescent lamps, ceramics and magnets [1]. 

The rare-earth metals form a series of elements with almost 

identical chemical properties. When electrons are added to 

these atoms, as the nuclear charge is increased, they go into 

the 4f shell, and since this shell lies in the interior of the 

xenon core region the bulk properties of the metals are 

thereby essentially unchanged. However, some macroscopic 

properties as, for example, the cohesive energy vary quasi 

irregularly in the series and seem at first sight to be in 

contradiction to the expected smooth behaviour [2]. 

This is, however, due to the occurrence of different types of 

atomic configurations for the rare earths. Thus La, Ce and Gd 

hold a 4f
n
 5d

1
 6s

2
 (trivalent) atomic configuration, while the 

Eu and Yb has a 4f
n+1

 6s
2
 (divalent) configuration. In the solid 

phase, however, most of the elements are found in the 

trivalent configuration, and therefore in the condensation of 

the atoms one of the 4f electrons has been promoted into the 

5d state. Only in the case of europium and ytterbium do the 

elements remain in a divalent state when a solid [3]. If the 

behaviour of the rare earth elements is known some of their 

metallic properties can be predicted with good confidence. 

The electrical resistivity of liquid rare earth metals has been 

the subject of considerable interest theoretically and 

experimentally [4-7]. The order of magnitude of resistivity for 

liquid La, Ce, Gd and Yb is about the same as that for the 

liquid transition metals such as Mn, Fe and Co. For liquid Eu 

the value of resistivity is much higher and closer to that of 

liquid Ba [8].  

Looking to all aforesaid, it is necessary to carry out the 

study of physical properties of these group of metals at 

metallic density and liquid density. The study of liquid state 

properties like transport properties play an important role in 

metallurgy. Such study will provide information about the 

interactions persisting inside the metals at solid density. In 

order to compute electronic properties of the liquid metals 

theoretically one must have knowledge of electron-ion 

interactions. The comprehensive study of the physical 

properties particularly liquid state properties are beyond the 

scope of ab initio method [9]. In this context pseudopotential 

theory has been proven as a successful tool to understand 

almost all the physical properties at metallic density.  

The non-local pseudopotential is better in comparison with 

local one but due to the complexity and less transparency the 

use of non-local pseudopotential is very limited for such study. 

In comparison with non-local, local pseudopotentials are 

computationally simple and physically transparent.  

For transition and f-shell metals, the use of local 

pseudopotential with less number of parameters is a long 

standing problem and it still remains a problem for physicists. 

Keeping this in our mind, we have carried out theoretical 

study of electron dispersion, Fermi energy and density of 

states at Fermi energy of liquid rare earth metals using single 

parameter Krasko-Guruskii (KG) pseudopotential [10]. We 

have used such pseudopotential successfully for the 

description of liquid metal resistivity using t-matrix approach 

recently for rare earth metals [7]. 

II. THEORY 

I 
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In the framework of second order perturbation theory, the 

electronic structure of a liquid metal is a sum of ground state 

energy E0 and first and second order corrections to the energy 

E1 and E2 in atomic unit is given by, 

 

 ( )       | ( )|   ∑
 ( )  ( )| ( )| 

   |   |  
 

      (1) 

Here <k|V(q)|k> is the matrix element of pseudopotential 

formfactor between two zeroth order plane waves which gives 

first order correction to the energy and V(q) is the screened 

pseudopotential [V(q)=Vion(q)/ε(q)].   

Where ε(q) is a modified Hartree dielectric function,  

ε(q) = [H(q)-1][1-Y(q)] 

and Y(q) is a exchange and correlation function. We have 

used Hubbard-Sham exchange and correlation function [11]. 

In the present study we have used bare-ion pseudopotential 

Vion(q) due to Krasko-Guruskii [10] which has following form 

in a.u. :  
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In case of liquid metals, eq.[1] becomes [12-13], 
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Here kf is the Fermi momentum , Ef is the Fermi energy 

and S(q) is the structure factor . We have used percus-yevick 

form with packing fraction η=0.45. 

III. RESULTS AND DISCUSSIONS 

The KG pseudopotential has two parameters, core decay 

length rc and a [eqn. 2], that are determined in following 

manner: 

Following Rosengren et. al. [3] we have kept a=3.0 and 

second parameter is adjusted from the first zero of the 

pseudopotential form factor. It has been observed that for 

most of the transition metals, the conventional values of the 

first zero of pseudopotential form factors are lying between 

1.1-1.3kf at metallic density. Keeping this in our mind, we 

have adjusted rc to obtain first zero within this range at liquid 

density. The values of rc for La, Ce, Gd, Eu and Yb are 0.560, 

0.540, 0.585, 0.720 and 0.610 respectively in a.u.  

The variations of pseudopotential form factors against q/kf 

upto 2kf  for divalent elements (Eu and Yb) and for trivalent 

elements (La, Ce and Gd) are displayed in Figure 1 and 2 

respectively.  

For the actual calculations we have determined variation of 

screened pseudopotential upto 8kf but in figures it is shown 

upto 2kf. We have also noted that the behaviour of 

pseudopotential is very smooth and free from any kind of 

wiggles upto 8kf. Using same pseudopotential with above set 

of parameters we have carried out comparative study of liquid 

metal resistivities of rare earth metals using nearly free 

electron Ziman’s approach and single site t-matrix approach 

[7]. We observed that results obtained using t-matrix approach 

are in excellent agreement with experimental results in 

comparison with Ziman’s approach.  

We have computed ΔE(k)= Δ(k) - Δ(0) against k upto 

k=4kf which are shown in Figures 3-7 for all the metals 

studied. In the calculation of Δ(k) [eqn.4] one has to achieve 

proper convergence due to the presence of logarithmic terms 

which depends on k as well as q. In the present study such 

integral is evaluated with upper limit q=10kf with step size of 

0.1kf. The ΔE(k) increases with k and decreases slightly and 

again increases with increase in k for Yb [Fig. no. 7]. Such 

trend is not observed in case of remaining rare earth metals.  

For trivalent metals, the maximum value of ΔE(k) is found 

to be more than the maximum value of divalent metals. For all 

the metals the maximum value of ΔE(k) is observed near 

Fermi surface which means at k=0.9kf. This is the strong point 

which goes in the favour of presently used pseudopotential’s 

capability to explain electron-ion interactions at melting 

temperature.  

In the next step of calculation we have computed Fermi 

energy by using following relations in atomic unit.  

     
   (  )   ( ) 

Δ(kf) can be obtained by replacing k with kf in eqn.4. The 

computed values of Ef are displayed in Table 1.  

The density of states at Fermi energy N(Ef) can be 

calculated as, 

 (  )   
  

 

   
 
  

  
    

 

Where n=number of atoms per unit volume. The calculated 

values of N(Ef) are also shown in Table 1.   

The order of computed values of N(Ef) are similar to those 

obtained by Srivastava [12] for simple metals. The calculation 

of N(Ef) at liquid density is important ingredient for the 

theoretical understanding of many liquid state physical 

properties like free energy due to electron gas, entropy, 

thermal conductivity etc. of liquid metals. 

 

 



3rd International Conference on Multidisciplinary Research & Practice                           P a g e  | 286 

 

Volume IV Issue I                                                                    IJRSI                                                                          ISSN 2321-2705  

 

TABLE 1 

Metal Ef (x 10-12 erg) 
N(Ef) (x 109 

(energy-atom)-1) 

La 13.010 2.780 

Ce 13.560 2.900 

Gd 12.930 2.780 

Eu 8.160 3.010 

Yb 8.770 2.370 

Table. 1  The calculated values of Fermi energy (Ef ) and density of states at 

Fermi level  N(Ef) 

 

 Fig. 2  Pseudopotential Formfactors for lanthanum, Cerium and Gadolinium 

 

Fig. 2 Pseudopotential Formfactors for Europium and Ytterbium 

 
Fig. 3 Electron Dispersion for Lanthanum 

 
Fig. 4 Electron Dispersion for Cerium 

 

Fig. 5 Electron Dispersion for Gadolinium 

 

Fig.6 Electron Dispersion for Europium 

 

Fig.7 Electron Dispersion for Ytterbium 
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IV. CONCLUSIONS 

The present study confirms that local pseudopotential with 

proper form of exchange and correlation function can be used 

for the study of liquid state properties for transition and f-shell 

metals with good degree of success. It has been observed by 

us during literature survey that many researchers have 

employed the method of adjusting the valency for the better 

understanding of physical properties of this group of metals at 

solid and liquid phases. The presently used single parameter 

pseudopotential is better in the sense that pseudopotential 

parameters are obtained without favouring any physical 

quantities and it is free from adjustment of valency.  

Such study can also be carried out with the help of non-

local pseudopotential, but non-local pseudopotentials are 

conceptually complicated and mathematically lengthy while 

local pseudopotential is computationally simple and 

physically more transparent with accuracy. Looking to the 

success of present study we would like to extend present 

pseudopotential for the study of electronic properties of liquid 

metal alloys.   
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