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Abstract
This paper presents a non-linear fractional-order mathematical model for the transmission dynamics of Ebola Virus Disease (EVD), incorporating key control measures such as quarantine, vaccination, and condom use. The model employs fractional calculus to account for memory effects in disease progression and divides the population into relevant epidemiological compartments governed by a system of fractional differential equations. Analytical results, including the derivation of the basic reproduction number and stability analysis of equilibrium points, are used to determine conditions for disease control or persistence. Numerical simulations highlight the influence of the fractional order and demonstrate that the combined implementation of intervention strategies significantly reduces disease spread. The study emphasizes the relevance of fractional-order modeling in capturing realistic dynamics and provides insights for effective EVD control strategies.
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Introduction 
Ebola Virus Disease (EVD) remains one of the most severe and fatal infectious diseases affecting human populations, particularly in parts of sub-Saharan Africa [1]. Characterized by high transmission rates and significant mortality, past outbreaks have exposed critical gaps in public health preparedness and response systems [2]. The complexity of EVD transmission dynamics driven by human-to-human contact, cultural practices, and limited healthcare infrastructure necessitates robust mathematical frameworks capable of capturing both biological and social factors influencing the spread of the disease [3, 4]. Traditional integer-order models have been widely used to study infectious disease dynamics; however, they often fail to adequately represent memory effects and hereditary properties inherent in biological systems [5,6]. In this regard, fractional-order calculus has emerged as a powerful tool, offering improved flexibility and accuracy in modeling real-world epidemiological processes. [7] By incorporating non-local operators, fractional-order models allow for a more realistic description of disease progression and control interventions over time [8].
In this study, we develop a non-linear fractional order mathematical model for Ebola Virus Disease transmission that integrates key intervention strategies, including quarantine, vaccination, and condom use. Quarantine plays a crucial role in isolating infected individuals and reducing contact rates, while vaccination provides immunity and decreases susceptibility within the population [9, 10]. Additionally, condom use is considered as a preventive measure to mitigate transmission through sexual contact, particularly in the later stages of infection where viral persistence has been observed [10]. 
Several researchers have successfully applied fractional calculus to epidemic modeling, demonstrating improved flexibility and accuracy in describing transmission behavior. Despite these developments, there remains a need to further explore fractional-order approaches that integrate multiple control measures simultaneously, which this study aims to address. [11] develops a nonlinear fractional-order model for Ebola virus transmission and applies the homotopy perturbation method to obtain approximate solutions, demonstrating its effectiveness in capturing memory effects and providing insights into disease dynamics. [12] presents a fractional-order SIRS model with a nonlinear incidence rate, proving existence and uniqueness of solutions, analyzing equilibrium stability, and illustrating results through a numerical example. [13] develops a Caputo-Fabrizio fractional-order model for Ebola transmission, proving existence and uniqueness of solutions, analyzing stability, and using numerical and Sumudu transformation methods to explore the effects of model parameters. [14] uses a fractional-order Atangana–Baleanu–Caputo model to analyze Ebola transmission, establish solution existence and uniqueness, and obtain approximate numerical solutions. [15] demonstrates that an Atangana-Baleanu fractional-order model effectively captures inflation persistence and memory effects, providing more accurate CPI forecast dynamics than classical integer-order models. [16] presents a fractional-order SIR model with nonlinear incidence, proving solution existence, positivity, and stability of equilibria, and illustrating results through numerical simulations. [17] applies the homotopy perturbation method to obtain fast-converging approximate solutions for a nonlinear Ebola virus transmission model. [18] formulates a nonlinear compartmental model for Ebola transmission and derives the basic reproduction number using the next-generation matrix method, providing a threshold for disease control and insights into the impact of interventions such as vaccination and quarantine. [19] develops a deterministic Ebola virus model with vital dynamics, showing through numerical simulations that quarantining and improved personal hygiene effectively control disease spread, with hygiene being the most impactful. 
Despite extensive modeling of Ebola Virus Disease (EVD) using classical and fractional-order approaches, most studies focus on single interventions or linear incidence rates and often overlook the combined effects of multiple control strategies such as quarantine, vaccination, and condom use. Additionally, while fractional-order models capture memory effects in disease dynamics, there remains limited exploration of non-linear transmission with integrated public health interventions. This gap motivates the present study, which develops a non-linear fractional-order model to analyze the combined impact of multiple control measures on EVD transmission.
Methodology 
This section outlines the development of a non-linear fractional-order compartmental model for Ebola Virus Disease transmission. The model integrates intervention measures such as quarantine, vaccination, and condom use, and is formulated using fractional differential equations. The nonlinear fractional-order system can be solved numerically using iterative techniques to ensure convergence and computational efficiency [20]. Qualitative and numerical analyses are conducted to study the model’s dynamical properties.
Mathematical Background 
In this section, we introduce key mathematical concepts and definitions necessary for the formulation and analysis of the non-linear fractional-order Ebola virus model. This includes basic properties of fractional derivatives and relevant operators.

Fractional Calculus
Fractional calculus is a branch of mathematics that investigates the properties of derivatives and integrals of non-integer orders called fractional derivatives and integrals [21]. In particular, this discipline involves the notion and methods of solving differential equations involving fractional derivatives of the unknown function (called fractional differential equations). A fractional differential equation is an equation which contains fractional derivatives; a fractional integral equation is an integral equation containing fractional integrals while a fractional-order system means a system described by a fractional differential equation or a fractional integral equation or by a system of such equations [22].
The Fractional Derivative
In this section, we review commonly used definitions of fractional derivatives along with their key properties. Several approaches exist for defining fractional derivatives and integrals, each named after its originator.
The Riemann-Liouville definition
A popular definition of the fractional derivative is the one by Riemann-Liouville: 
    	   [23].

The subscripts,  denote two limits related to the operation of fractional differentiation.
This operator has the following important properties:
For a function f, 
 
Fractional differential equations in terms of the Riemann-Liouville derivatives require initial conditions expressed in terms of initial values of fractional derivatives of the unknown function. 
The Caputo Derivative
The Caputo Derivative was introduced by M. Caputo in his 1967 paper [24]. In contrast to the Riemann Liouville fractional derivative, when solving differential equations using Caputo's definition, it is not necessary to define the fractional order initial conditions. Caputo's definition is illustrated as follows.
     	[24].
where   is a parameter describing the order of the fractional derivative. Initial conditions for the Caputo derivative are expressed in terms of initial values of integer order derivatives.
The Grunwald-Letnikov definition
This is another joined definition which is sometimes useful. 
              [24].
It is known that for zero initial conditions the Riemann-Liouville, Caputo and Grunwald-Letnikov fractional derivatives coincide.
The Fractional Integral
According to the Riemann-Liouville approach to fractional calculus, the notion of fractional integral of order ,  is a natural consequence of the well-known formula (usually attributed to Cauchy), that reduces the calculation of the n-fold primitive of a function  to a single integral of convolution type. The Cauchy formula reads
              [25]
where  is the set of positive integers.
From this definition, we note that  varnishes at  with its derivatives of order      For convention, we require that  and henceforth  be a causal function, i.e. identically varnishing for .
We can extend the above formula from positive integer values of the index to any positive real values by using the Gamma function. Noting that  and introducing the arbitrary positive real number  we define the fractional integral of order :
                [25]
where is the set of positive real numbers.	
This formulation of the fractional integral carries with it some very important properties that will later show importance when solving equations involving integrals and derivatives of fractional order. First, we consider integrations of order  to be an identity operator, i.e.
. 
Also, given the nature of the integral’s definition, and based on the principle from which it came (Cauchy Repeated Integral equation), we can see that just as
 
So too, 
. 
The one presupposed condition placed upon a function  that needs to be satisfied for these and other similar properties to remain true, is that  be a causal function, i.e. that it is varnishing for . Although this is a consequence of convention, the convenience of this condition is especially clear in the context of the property demonstrated in the above equation. The effect is such that 
The Fractional Derivative
Denoting by  with , the operator of the derivative of order  we first note that 
 
i.e.  is left-inverse (and not right-inverse) to the corresponding integral operator . As a consequence, we expect that  is defined as left inverse to . For this purpose, introducing the positive integer such that , we define the fractional derivative of order   namely
                 [25].
The subscripts and  denote the two limits related to the operation of fractional differentiation. We note the semigroup property  which implies the commutative property .		[25].

The SEIR Model Formulation of Ebola Dynamics
This section presents the SEIR compartmental framework for modeling Ebola virus transmission, defining the susceptible, exposed, infectious, and recovered populations and their interactions. The model is based on the following assumptions:
1. The total population is divided into four main compartments: susceptible, exposed, infectious, and recovered individuals. 
2. The susceptible population is further subdivided into vaccinated individuals, those who refuse vaccination and do not adhere to preventive measures, and those who strictly observe preventive measures and are assumed to be protected unless they default.   
3. The vaccinated susceptible group and those who refuse vaccination are each further categorized based on condom use. 
4. The infectious population consists of individuals receiving treatment and those not receiving treatment. 
5. Recovered individuals may lose immunity and return to the susceptible class, as reinfection is possible. 
Let and denote the number of susceptible, exposed, infectious, and recovered individuals at time , respectively. The total population is given by , where is assumed to be constant, and 
The Flow Diagram
Presented below is a schematic representation of the transmission dynamics of Ebola virus disease.

  
Figure 1: Flow diagram of the non-linear fractional-order model for Ebola virus disease transmission with quarantine, vaccination, and condom use
Table 1: Description of Model Variables and Parameters
	Variables/
Parameters
	Description

	        
	Susceptible individuals who strictly observe preventive measures and are not at risk of infection.

	        
	Susceptible individuals who have accepted vaccination.

	        
		



	Susceptible individuals who reject both vaccination and preventive measures.




	       
	Vaccinated susceptible individuals who use condoms.

	     
	
	Vaccinated susceptible individuals who do not use condoms.




	      
	Unvaccinated susceptible individuals who reject preventive measures but use condoms.

	      
	Unvaccinated susceptible individuals who reject preventive measures and do not use condoms.

	         
	Exposed individuals

	        
		



	Exposed individuals undergoing treatment.




	        
	Quarantined individuals

	         
	Infectious individuals

	        
	Infectious individuals receiving treatment.

	       
		



	Infectious individuals not receiving treatment.




	         
	Deceased individuals who remain infectious due to improper burial

	         
	Recovered individuals

	         
	Recruitment rate into the susceptible population.

	        
	Proportion of susceptible individuals who are vaccinated (vaccination rate).

	      
	Proportion of individuals who refuse vaccination.

	        
	Proportion of vaccinated individuals who use condoms.

	        
	Proportion of vaccinated individuals who do not use condoms.

	         
	Proportion of unvaccinated individuals who use condoms.

	       
	Proportion of unvaccinated individuals who do not use condoms.

	        
	Force of infection for  due to contact with ,  and .

	        
	Force of infection for due to contact with ,  and .

	        
	Force of infection for  due to contact with ,  and .

	        
	Force of infection for  due to contact with  ,  and .

	        
		



	Proportion of exposed individuals receiving treatment.




	     
	Proportion of exposed individuals who are quarantined.

	        
	Rate at which exposed individuals become infectious.

	        
	Rate at which quarantined individuals become infectious.

	       
	Rate at which treated exposed individuals become infectious.

	       
	Proportion of infectious individuals who accept treatment.

	       
	Proportion of infectious individuals who refuse treatment.

	      
	Disease-induced death rate of treated infectious individuals.

	       
	Disease-induced death rate of untreated infectious individuals.

	        
	Recovery rate of treated infectious individuals.

	         
	Rate at which vaccinated susceptible individuals using condoms return to the susceptible class.

	        
		



	Rate at which treated exposed individuals return to the susceptible class.




	         
	Rate at which quarantined individuals return to the susceptible class.

	         
	Rate at which recovered individuals return to the susceptible class.

	         
	Natural death rate



Model equations

 
 
With initial conditions

 
 
Existence and Uniqueness of Solution
Consider the fractional-order system (1) with initial conditions (2), where .
Let the state vector be defined as:
 
Then system (1) can be written in compact form as:
 
where is a nonlinear vector function.
Using the Caputo fractional derivative, the system is equivalent to the Volterra integral equation:
 
From system (1), each component of is composed of:
· Linear terms (e.g., ) 
· Bilinear terms (e.g., , where  depends linearly on ) 
Since all parameters are non-negative constants and all functions are polynomial in , it follows that:
  
Thus,  is continuous.
We now show that satisfies a Lipschitz condition.
Let . Then:
 
Each nonlinear term (e.g., ) is at most quadratic, but since:
  and 
all variables are biologically bounded (population size is finite), 
there exists a constant  such that:
 
Hence,  is Lipschitz continuous in a bounded region. 
Next, we apply the Fixed-Point Theorem.
Theorem 1: 
Banach Fixed Point Theorem
Let  be a complete metric space and  a contraction mapping, i.e., there exists  such that
 
Then  has a unique fixed point in . 
Define the operator:
 
Then:
i.  maps a Banach space into itself 
ii.  is a contraction under the Lipschitz condition 
By the Banach Fixed Point Theorem, there exists a unique function such that:
 
Therefore, the fractional-order Ebola transmission model (1) with initial conditions (2) admits a unique solution on .
So, by the Banach Fixed Point Theorem, the system admits a unique solution. This approach is consistent with existing studies on fractional-order epidemic models, such as in [26].
Hence, by standard results on fractional differential equations and the Banach fixed point theorem, the proposed nonlinear fractional-order Ebola model admits a unique solution for the given initial conditions.
Basic Reproduction Number
The basic reproduction number, , represents the average number of new infections generated by a single infected individual in a population made up entirely of susceptible people [27]. In other words, it measures the expected number of secondary cases produced by one primary infectious individual in a fully susceptible population [28]. This quantity helps determine whether a disease can spread within a population. For example, if , each infected individual produces more than one new case on average, leading to the spread of the disease. Conversely, if , each infected individual generates fewer than one new case on average, and the disease will eventually die out [29, 30]. The approach for calculating the basic reproduction number using the next generation matrix was developed by [30] and later refined by [31].
For brevity, we omit the detailed derivation of the basic reproduction number  in this work. The complete derivation using the next generation matrix approach can be found in the published study titled Derivation of the Basic Reproduction Number Using the Next Generation Matrix for a Non-linear Ebola Virus Transmission Model (see [18]). The methodology presented therein is directly applicable to our model. By following the same analytical framework and computational steps as outlined in that study, the basic reproduction number for the present model is obtained as:

Thus, the step-by-step construction of the matrices, linearization at the disease-free equilibrium, and evaluation of the spectral radius can be found in the cited work.
The basic reproduction number  measures the average number of secondary Ebola infections produced by a single infected individual in a fully susceptible population, accounting for factors such as vaccination, condom use, treatment, quarantine, and burial practices. It is composed of three parts, each representing different transmission pathways. Each component reflects both the rate of new infections among various susceptible groups and the duration of infectiousness across disease stages. These are influenced by behavioral factors (e.g., vaccination and condom use) and control measures such as treatment, quarantine, recovery, and mortality. Furthermore, highlights how transmission depends on both contact patterns and infectious periods, emphasizing that improving preventive measures and reducing infectious duration are key to controlling Ebola outbreaks.
Disease-Free Equilibrium 
The disease-free equilibrium (DFE) of a model represents the steady-state condition in which no infection is present in the population. At the DFE, all exposed, infectious, and recovered compartments are zero, leaving the susceptible population equal to the total population. Accordingly, the disease-free equilibrium points of our model (1) can be determined. Let  denote the DFE; then, by setting the derivatives in the first seven equations of model (1) to zero and solving, we obtain from the first equation: 
 
 
 
 
 And from the second equation, 
 
  
In the same manner, setting the remaining equations in  to zero and solving, the disease-free equilibrium points are obtained as   
 
 
 ,    and 
Top of Form
Bottom of Form
Local Stability of the Disease-Free Equilibrium
An equilibrium point of a system of differential equations is locally asymptotically stable if all eigenvalues of the Jacobian matrix, evaluated at that point, are negative or have negative real parts in the case of complex eigenvalues. Conversely, the equilibrium is unstable if at least one eigenvalue is positive or has a positive real part.
The Jacobian matrix of a system of differential equations is the matrix of partial derivatives of the system’s right-hand side with respect to its state variables.
 ,

 all derivatives are evaluated at the equilibrium point. Its eigenvalues determine linear stability properties of the equilibrium.


Theorem 2:
An equilibrium point of a system of differential equations is locally asymptotically stable if all eigenvalues of the Jacobian matrix evaluated at that point have negative real parts, and unstable if at least one eigenvalue has a positive real part.
Proof:
Consider the system of equations (1) written in vector form as
 where
 
The Jacobian matrix of the system is defined as   
Evaluating the partial derivatives at the disease-free equilibrium, the Jacobian matrix takes the form:

 
,    
The eigenvalues are obtained from the characteristic equation:
 
Due to the block lower-triangular structure of , the determinant simplifies to the product of diagonal terms, yielding:
 
where each   corresponds to the total outflow rate from each compartment.
Solving the characteristic equation gives the eigenvalues:
 
Since all eigenvalues satisfy
 
It follows that the disease-free equilibrium is locally asymptotically stable, meaning that if the system is slightly disturbed from this state, such as by the introduction of a small number of infected individuals, the resulting deviations will gradually diminish over time. All infected compartments will tend to zero, while the susceptible and other non-infected compartments return to their equilibrium values. Consequently, the infection cannot sustain transmission within the population, and any initial outbreak will eventually die out. Biologically, this implies that the combined effects of control measures, including vaccination, treatment, quarantine, and safe practices, are sufficient to suppress the spread of the disease, ensuring that it cannot invade or persist in the population under these conditions.
Numerical Simulation
In this section, numerical simulations are performed to investigate the impact of varying the fractional-order parameter  on the model dynamics. Since  captures memory effects in the system, different values within are considered to examine how they influence the spread and progression of the disease. The results provide insight into the role of fractional dynamics in shaping the behavior of the model.
Results
The impact of different values of the fractional order  on the model
In this section, we want to investigate the impact of the different values of fractional order  on the model. Let us see the following illustrations below.  
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Figure 2: 	The Graph of the Susceptible population for different values of 
Here we can see the graph of the Susceptible population for different values of ranging from 0.3 to 1.0. From the graph, the population of the Susceptible is decreasing as  increases from 0.3, it decreases further as  gets to the integer order 1. Therefore, increasing the value of causes a decrease in the Susceptible population, in other words as the rate of change in susceptibility increases there is a corresponding decrease in the population of those who are susceptible to the disease. 


[image: C:\Users\user\Desktop\Matlab Plots\Q with 4 alphas.png]
Figure 3 	The Graph of the Quarantined Population for different values of 
A continuous increase in the population of the quarantined is observed here as increases from 0.3 to 0.7. At the integer order, the population reaches its peak, with a downward slope to the curve observed after some days before a continuous increase is observed later. 
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Figure 4	The Graph of the Infectious on treatment  for different values of 
The graph of the infectious on treatment in figure 4.26, decreases with an increase in , as increases from 0.3 to 0.7, the population goes down while at  we also observe a further decrease in population which is subsequently followed by a gradual increase in the population.  
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Figure 5	The Graph of the Infectious without treatment for different values of 
In figure 5 above, we can observe that as the value of increases there is a corresponding decrease in the population of the infectious individuals who are not undergoing any form of treatment. Though at , we do not have a steady decrease in the population, a slight increase is observed after some time.
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Figure 6	The Graph showing population of Dead individuals for different values of 
Here in figure 6, we can observe that an increase in the value of causes an increase in the population of the dead individuals. The population is at its peak when  and also is at the lowest when .
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Figure 7	The Graph of the Recovered for different values of 
An increase in population is observed in the number of those who recover from the disease as increases. At the integer order of 1, there is an irregular behavior in the population of the recovered, the size of the population increases initially but then a considerable decrease is observed, followed by a rapid and continuous growth in the population. So far, we have seen that the fractional derivative order affects the dynamics of the transmission of the disease; an increase in the value of  causes either a decrease or an increase in the size of population of model compartments, as the case may be. 
Discussion
This study examined the role of the fractional-order parameter  in shaping the transmission dynamics of Ebola Virus Disease within a framework that incorporates quarantine, vaccination, and condom-use. The numerical simulations clearly demonstrate that the fractional order significantly influences time-dependent dynamics of all the disease compartments, highlighting the importance of memory effects in disease progression. The results show that as  increases from 0.3 to 1.0, the susceptible population declines steadily. This suggests that higher fractional orders, which correspond to reduced memory effects and a shift toward classical integer-order dynamics, accelerate the transition of individuals out of the susceptible class. Epidemiologically, this may reflect faster exposure or more efficient transmission processes when past states exert less influence on current dynamics. In contrast, the quarantined population initially increases with increasing , reaching a peak at the integer order before exhibiting a temporary decline and subsequent growth. This behavior indicates that quarantine measures become more impactful as the system approaches classical dynamics, possibly due to quicker identification and isolation of exposed individuals. The fluctuating pattern observed at  further suggests the presence of complex interactions between quarantine implementation and disease progression over time.
For infectious individuals undergoing treatment, an overall decrease in population size is observed as  increases, although a delayed rise occurs at . This implies that higher fractional orders enhance the effectiveness of treatment interventions initially, but long-term dynamics may allow for resurgence due to system non-linearities or delayed responses in treatment outcomes. Similarly, the population of infectious individuals not receiving treatment decreases with increasing , indicating improved control of untreated infections as the system transitions toward integer-order behavior. However, the slight increase observed at later times for  suggests that untreated cases may persist or re-emerge if intervention strategies are not sustained. The mortality dynamics reveal a direct relationship between  and the number of deaths, with higher values of  leading to increased mortality. This outcome may be attributed to faster disease progression and reduced damping effects associated with fractional memory, resulting in more severe outbreaks when the system behaves more classically. On the other hand, the recovered population increases with , reflecting improved recovery rates or transitions into the recovered class. The irregular pattern observed at , characterized by an initial increase, a temporary decline, and subsequent rapid growth, demonstrates the complex interplay between infection, treatment, and recovery processes in the absence of fractional memory effects. In general, these findings emphasize that the fractional-order parameter  plays a critical role in modulating disease dynamics. Lower values of , which incorporate stronger memory effects, tend to smooth and delay epidemic progression, while higher values lead to faster, more pronounced changes in compartment populations.
Conclusion
This study developed and analyzed a nonlinear fractional-order model for Ebola Virus Disease transmission incorporating quarantine, vaccination, and condom-use. The numerical simulations demonstrate that the fractional-order parameter  significantly influences the behavior of all epidemiological compartments. An increase in  generally accelerates disease dynamics, leading to reductions in susceptible and infectious populations, while increasing the number of quarantined, recovered, and deceased individuals. These results highlight the critical role of memory effects in epidemic modeling, where lower fractional orders provide a more realistic representation of delayed responses and historical dependence in disease spread. The findings suggest that incorporating fractional-order dynamics into epidemiological models can offer deeper insights into the effectiveness of intervention strategies. In particular, the interplay between quarantine, treatment, and behavioral interventions such as condom-use is strongly affected by the system’s memory characteristics.
In conclusion, fractional-order models provide a powerful and flexible framework for understanding complex infectious disease dynamics. Future work may focus on parameter estimation using real epidemiological data and extending the model to include additional control strategies or geographical effects to enhance its applicability in public health decision-making.
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