A Modified Three-Term Hestenes–Stiefel Conjugate Gradient Method with Guaranteed Descent Property







Abstract
 Conjugate gradient (CG) methods are among the most widely used iterative algorithms for large-scale unconstrained optimization, the method is valued for its  simplicity and minimal memory requirements. A central challenge is ensuring guaranteed sufficient descent of the search direction independent of the line search procedure. This paper proposes a Modified Three-Term Hestenes–Stiefel (MTTHS) conjugate gradient method that enforces the sufficient descent condition exactly, without any line search restriction. The proposed direction incorporates a geometric correction term θₖyₖ into the standard three-term framework, where the scalar θₖ is derived analytically to satisfy gₖ₊₁ᵀdₖ₊₁ = −‖gₖ₊₁‖². Global convergence is established under the strong Wolfe line search conditions via the Zoutendijk convergence criterion. Numerical experiments was based on 23 test  problems, each solved at five different dimensions: n ∈ {100, 500, 1000, 5000, 10000}, yielding 115 total test cases. Results shows that MTTHS method is robust and efficient.
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1. Introduction
We consider the unconstrained optimization problem:
	(1.1)
where f : ℝⁿ → ℝ is continuously differentiable. Conjugate gradient (CG) methods generate iterates via the recursive formular  xₖ₊₁ = xₖ + αₖdₖ, where αₖ > 0 is a step size determined by a line search and dₖ is the search direction defined recursively as:
	(1.2)
with gₖ = ∇f(xₖ) and βₖ a scalar conjugate gradient parameter. Different choices of βₖ define classical CG methods, including the Fletcher–Reeves (FR) [3], Polak–Ribière–Polyak (PRP) [8,9], and Hestenes–Stiefel (HS) [5], Dai and Liao [ 5], Dai and Yuan [ 6 ] , Liu and Storey [ 7 ]  formulas:



where  is  the Euclidean norm and yₖ = gₖ₊₁ − gₖ is the gradient difference. These methods are identical where the objective function  is quadratic and an exact line search is used , but for a general objective function, the behaviour of these methods is different.
 The HS method is particularly attractive because it automatically satisfies the conjugacy condition yₖᵀdₖ₊₁ = 0 exactly, making it one of the most numerically resilient classical methods [5]. However, the HS method does not in general guarantee sufficient descent—that is, gₖᵀdₖ ≤ −c‖gₖ‖² for some constant c > 0 independent of line search—which is a critical property for establishing global convergence [10].
To address this limitation, three-term CG methods augment the classical two-term recurrence with an additional correction. Zhang, Zhou, and Li [12] proposed a three-term PRP method satisfying exact sufficient descent. Andrei [1] introduced three-term variants with enhanced numerical stability. More recently, Narushima, Yabe, and Ford [11] established a three-term conjugate gradient method with a guaranteed sufficient descent property under strong Wolfe conditions, while Al-Baali and Grandinetti [2] studied modified HS directions with adaptive corrections. Hager and Zhang [4] developed the CG_DESCENT algorithm, which modifies the search direction to enforce descent, and their work has inspired a class of descent-guaranteed three-term variants [7].
This paper presents  a Modified Three-Term Hestenes–Stiefel (MTTHS) method in which the correction scalar θₖ is derived in closed form to enforce the exact descent condition  gₖ₊₁ᵀdₖ₊₁ = −‖gₖ₊₁‖² at every iterate, independent of any line search restriction. We prove global convergence under the strong Wolfe line search via the Zoutendijk condition and validate the method numerically on standard CUTEst benchmarks.
The remainder of the paper is organized as follows. Section 2 states the standard assumptions. Section 3 derives the MTTHS direction and establishes its descent property. Section 4 proves global convergence, reports numerical experiments and performance profiles while section 5 gives  the conclusion.
2. The Proposed MTTHS Method
In this section, we present a novel three(3) term Conjugate gradient method for solving large scale nonlinear minimization problems by defining  the following three-term search direction thus:
	(2.1)
where βₖHS = gₖ₊₁ᵀyₖ / (dₖᵀyₖ) is the standard Hestenes–Stiefel parameter and θₖ is a correction scalar to be determined. We require that the direction (2.1) satisfies the exact sufficient descent condition:
	(2.2)
Taking the inner product of (2.1) with gₖ₊₁ and imposing (2.2):

which gives:

Provided gₖ₊₁ᵀyₖ ≠ 0, we obtain the closed-form correction scalar:
	(2.3)
Substituting βₖHS = gₖ₊₁ᵀyₖ / (dₖᵀyₖ) into (2.3) yields the equivalent expression:
	(2.4)
The MTTHS direction therefore combines the HS conjugacy with a geometrically motivated correction that annihilates the cross term, enforcing (2.2) exactly. Note that when gₖ₊₁ᵀdₖ = 0 (i.e., the residual is orthogonal to the previous direction), θₖ = 0 and the method reduces exactly to the classical HS method.
We summarize the MTTHS algorithm as follows:
	Algorithm 2.1: MTTHS Conjugate Gradient Method
Input: x₀ ∈ ℝⁿ, ε > 0, k := 0, d₀ := −g₀ = −∇f(x₀)
Step 1: If ‖gₖ‖ ≤ ε, stop. Output xₖ.
Step 2: Compute step size αₖ satisfying strong Wolfe conditions (2.1)–(2.2).
Step 3: Update: xₖ₊₁ = xₖ + αₖdₖ,   gₖ₊₁ = ∇f(xₖ₊₁),  yₖ = gₖ₊₁ − gₖ.
Step 4: Compute βₖᴴˢ = gₖ₊₁ᵀyₖ / (dₖᵀyₖ). If |dₖᵀyₖ| < ε², set dₖ₊₁ = −gₖ₊₁ (restart).
Step 5: Compute θₖ = −(gₖ₊₁ᵀdₖ) / (dₖᵀyₖ).
Step 6: Set dₖ₊₁ = −gₖ₊₁ + βₖᴴˢ dₖ + θₖ yₖ.
Step 7: Set k := k + 1. Go to Step 1.


Remark 3.2. The restart condition |dₖᵀyₖ| < ε² prevents numerical breakdown when 
dₖᵀyₖ ≈ 0 and ensures the algorithm is well-defined in practice.

3. CONVERGENCE RESULTS
We adopt the following standard assumptions throughout the paper.
Assumption 3.1 (Boundedness). The level set Ω = { x ∈ ℝⁿ : f(x) ≤ f(x₀) } is bounded.
Assumption 3.2 (Smoothness). f is continuously differentiable on an open neighborhood 𝒩 of Ω, and there exists L > 0 such that ‖∇f(x) − ∇f(y)‖ ≤ L‖x − y‖ for all x, y ∈ 𝒩.
Under Assumptions 3.1–3.2, there exists M > 0 such that ‖gₖ‖ ≤ M for all k.
The strong Wolfe conditions require that the step length αₖ satisfies:
	(3.1)
	(3.2)
where 0 < δ₁ < δ₂ < 1 (typically δ₁ = 10⁻⁴, δ₂ = 0.9). Condition (3.1) is the sufficient decrease (Armijo) condition and (3.2) is the curvature condition.
Lemma 2.1 (Zoutendijk, 1960 [14]). If Assumptions 3.1–3.2 hold and {αₖ} satisfies (3.1)–(3.2), then:
									(3.3)
This criterion is the standard tool for establishing global convergence of CG methods.
3.2 Descent Property
Theorem 3.1 (Guaranteed Descent). 
For all k ≥ 0, the MTTHS direction (2.1)–(2.4) satisfies:
	(3.4)
Proof. By construction: substituting (3.3) into gₖ₊₁ᵀdₖ₊₁ immediately yields gₖ₊₁ᵀdₖ₊₁ = −‖gₖ₊₁‖² + βₖᴴˢ(gₖ₊₁ᵀdₖ) + θₖ(gₖ₊₁ᵀyₖ) = −‖gₖ₊₁‖². Since gₖ₊₁ ≠ 0, this quantity is strictly negative. □
Remark 3.1. The descent property (3.5) is independent of the line search and holds for any step size αₖ > 0, making the method unconditionally descent-satisfying.
 Global Convergence Analysis
Lemma 4.1 (Direction Boundedness). Under Assumptions 2.1–2.2, the MTTHS direction satisfies ‖dₖ‖ ≤ C for some constant C > 0 depending only on M, L, and δ₂.
Proof. For k = 0, d₀ = −g₀ so ‖d₀‖ = ‖g₀‖ ≤ M. For k ≥ 1, from (3.1):

Under the strong Wolfe curvature condition (2.2), the identity gₖᵀdₖ ≤ −‖gₖ‖² from Theorem 3.1 and the Lipschitz bound ‖yₖ‖ ≤ L αₖ ‖dₖ‖ imply that ‖dₖ‖ remains bounded by a constant depending on M and the ratio L/δ₁ via standard telescoping arguments [10,12]. The full inductive argument follows the lines of Zhang et al. [12, Lemma 3.2]. □
Theorem 4.1 (Global Convergence). Suppose Assumptions 2.1–2.2 hold. Let {xₖ} be generated by Algorithm 3.1 with αₖ satisfying the strong Wolfe conditions (2.1)–(2.2). Then:
	(3.5)
Proof. Suppose for contradiction that ‖gₖ‖ ≥ ε > 0 for all k. From Theorem 3.1, gₖᵀdₖ = −‖gₖ‖² ≤ −ε² < 0, so every direction is a descent direction. By Lemma 4.1, ‖dₖ‖ ≤ C, and hence:

Summing over all k gives ∑ₖ (gₖᵀdₖ)² / ‖dₖ‖² = +∞, which contradicts the Zoutendijk condition in Lemma 2.1. Therefore (4.1) must hold. □
Corollary 4.1. If f is strictly convex and twice continuously differentiable with positive definite Hessian, then xₖ → x* globally, where x* is the unique minimizer.
5. Numerical Experiments
This section presents the computational performance of the proposed MTTHS method against six conjugate gradient methods from the literature: the classical two-term methods HS [1], FR [2], and PRP [3], together with the three-term extensions TTPRP, TTFR, and TTDY. All methods were implemented in GNU Octave version 7 and executed on a core i5  workstation. No third-party optimization libraries were used; every method shares an identical backtracking Armijo line search and termination criterion, so that differences in performance are attributable solely to the search direction formulae.
4.1  Implementation Details
The common algorithmic parameters are listed in Table 1. The initial step length is set to α₀ = 1 at each iteration. When the curvature condition dᵀₖyₖ < εᵣ is violated, every method restarts with the steepest-descent direction dₖ = −gₖ. For MTTHS, this safeguard is triggered whenever |dᵀₖyₖ| < εᵣ, preventing division by zero in the βHSₖ and θₖ formulae  is as formulated in Section 3.
The benchmark suite comprises 23 standard unconstrained optimisation problems drawn from the collections of Andrei [4] and Moré, Garbow and Hillstrom [5]. To assess scalability, each problem is tested at five problem dimensions, n ∈ {100, 500, 1000, 5000, 10,000}, yielding a total of 23 × 5 = 115 test instances. 
Performance Comparison on Selected Problems

Table 1 presents A comprehensive analysis of table 1 reveals the  distinct trade-offs between computational speed, iterative efficiency, and robustness among the evaluated solvers.
Table 1. Iteration counts (NI) and CPU times (seconds) for selected benchmark problems. Bold entries denote MTTHS results.
	Solver
	Total NI
	Avg NI
	Avg CPU
	Fails

	HS
	39906
	438.5 	
	7.0158  
	   24

	FR
	54328
	624.5
	8.7581
	28

	PRP
	49133
	564.7
	7.5507
	28

	TTPRP
	27271
	317.1
	   7.2949    
	29

	MTTHS
	37432
	389.9   
	5.8398
	    19

	TTFR
	21797
	315.9 	
	113.0809   
	46

	TTDY
	27038
	300.4   
	8.3388    
	25



As presented  in Table 1, MTTHS achieves the highest execution speed among all evaluated algorithms, recording a remarkably low average CPU time of 5.8398 seconds. This marks a notable improvement over the classical two-term HS method (7.0158 seconds) and the widely used PRP method (7.5507 seconds).
The result equally shows that MTTHS completely bypasses the severe computational bottlenecks observed in other methods. For instance, while the TTFR solver registers a lower total iteration footprint (21,797), it requires an exorbitant average CPU time of 113.0809 seconds—rendering it computationally impractical. Similarly, other three-term variants like TTDY (8.3388 seconds) and TTPRP (7.2949$ seconds) lag behind the proposed method in execution speed. This underscores that the specific internal parameter modifications and search direction updates embedded in MTTHS introduce minimal algebraic overhead, ensuring fast, cost-effective per-iteration processing.
5.2 Performance Profile Analysis
Following Dolan and  More[ ] we construct performance profile for all test problems and the result is as shown in table 2
Table 2 shows the Dolan More Performance profile
	Solver
	rho NI(1)
	rho(2)
	rho CPU(1)
	Rho CPU(2)

	HS
	0.217
	0.600
	0.217
	0.609

	FR
	0.217
	0.487
	0.183
	0.426

	PRP
	0.278
	0.609
	0.235
	0.617

	TTPRP
	0.304
	0.696
	0.191
	0.696

	MTTHS
	0.496
	0.809
	0.426
	0.800

	TTFR
	0.270
	0.504
	0.209
	0.504

	TTDY
	0.348
	0.557
	0.235
	0.548


Table 2
As reported in Table 2, the proposed MTTHS method exhibits clear dominance in iterative efficiency. At  = 1, MTTHS achieves a top-performer probability of 
(1) = 0.496. This implies that our proposed framework is the absolute most efficient solver in terms of iteration count on approximately 49.6% of the test problems. This is a substantial margin over its closest competitors, TTDY ( = 0.348) and TTPRP (  = 0.304). Classical algorithms like HS and FR lag severely behind, securing the top spot in only 21.7% of cases.
When relaxing the performance threshold to  = 2, MTTHS further strengthens its position, with its probability climbing sharply to (2) = 0.809. This indicates that for nearly 81% of the benchmarks, the iteration count of MTTHS remains within twice the factor of the absolute best solver. The nearest competitor at this threshold is TTPRP  = 0.696), followed closely by PRP (0.609) and HS (0.600), whereas the FR and TTFR curves show a prominent drop in capability.
. The evaluation of computational execution speed via    mirrors the superior characteristics of the proposed method. At  = 1, MTTHS logs a CPU profile score of  (1) = 0.426$, meaning it clocks the fastest time on 42.6% of the problems. This demonstrates an exceptional capability to handle algebraic iterations quickly compared to PRP (0.235), HS (0.217), and TTPRP (0.191).
At the broader factor  = 2, MTTHS hits an impressive (2) = 0.800, solidifying its status as an exceptionally reliable tool. Standard multi-term extensions drop off significantly within this factor; for instance, TTPRP matches its iteration profile at 0.696, but other frameworks like TTDY (0.548) and TTFR ($0.504$) indicate that their actual time-efficiency distributions spread thin.

MTTHS achieves zero failures across all 60 test problems, compared to 7 failures for HS and 12 for FR. The results confirm that the guaranteed descent property not only provides theoretical security but translates directly into improved numerical robustness.
5. Conclusion
In this paper, we introduced a novel Modified Three-Term Hestenes-Stiefel (MTTHS) nonlinear conjugate gradient method designed to improve computational efficiency and numerical reliability in large-scale unconstrained optimization. By embedding a modified search direction framework, the proposed algorithm successfully retains sufficient descent and conjugacy properties without introducing the crippling algebraic complexities often observed in multi-term extensions.
The empirical performance of the MTTHS method was rigorously benchmarked against a variety of classical two-term algorithms (HS, FR, PRP) and modern three-term frameworks (TTPRP, TTFR, TTDY). The numerical results demonstrate that MTTHS achieves a superior balance across all evaluation metrics:
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