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A Monte Carlo study of the asymptotic convergence properties of varying estimation procedures of the complexity of parameters of the Autoregressive Moving-Average (ARMA) process. A data-generating process  with a distinct dictate of the Fibonacci Sequential sample size  to evaluate the asymptotic equivalence threshold of the Gaussian Estimation Procedure (GEP), Generalised Least Squares (GLS), and Exact Maximum Likelihood (EML) estimators. The analysis of the convergence criterion demonstrated that while lower-order ARMA processes achieved numerical reconciliation at , the ARMA (2, 2) specification required a minimum sample size of  to harmonize divergent estimates. These findings established a structural blueprint for estimator selection, directly linking model dimensionality to the empirical minimal data requirement necessary for numerical consistency.
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[bookmark: _Hlk222398042]INTRODUCTION
Several existing procedures exhibit distinctive asymptotic properties while estimating the parameters of time series models. This study examines the comparative asymptotic convergence properties of alternative estimation procedures for estimating the parameters of an Autoregressive Moving Average (ARMA) process. 
Exact Maximum Likelihood (EML) has long been the gold standard for ARMA estimation (Wei, 2006). Recent studies by Shumway, Robert H., and Stoffer (2025) have highlighted its computational limitations in high-dimensional settings. Consequently, there has been a resurgence in investigating Generalised Estimation Procedure (GEP), as seen in the work of (Athanasopoulos et al., 2024). An ARMA (p, q) process is a sequence of random variables , capturing the present and future dynamics that satisfy the linear difference equation:  
,    			          [1.1]
Where , and  is a white noise process, typically assumed to be independent and identically distributed (i.i.d.) with mean zero and variance . If the backshift operator , is considered  denotes the random variable  at lag k, such that, , then [1.1] can compactly be written as: 
 									          [1.2]
The asymptotic properties of the parameter estimators of [1,1] are intimately tied to the concepts of stationarity and invertibility in time series analysis. A process is strictly stationary if the joint distribution of  is identical to that of  for all . In the context of linear ARMA models, however, weak stationarity (or covariance stationarity) is usually sufficient, requiring that the first two moments are time-invariant. This condition is met iff all roots of the characteristic equation , lie outside the unit circle in the complex plane. Where:
     , 						          	          [1.3]  
and 
. 								          [1.4]
Conversely, invertibility requires that the innovations,  admit a convergent linear combination of current and past observations of , which requires that all roots of the moving average polynomial , lie outside the unit circle. An ARMA process is stable if the AR polynomial satisfies  for all ; equivalently, in state-space (companion) form, stability holds if all eigenvalues of the companion matrix lie strictly inside the unit circle, i.e., formally, if  is the companion matrix, . 
Generally, patterns in a random set of data can be modelled to draw inferences about the process or population being observed. The science that deals with the collection and interpretation of these patterns is popularized in time series. As conceptualised in the recent literature on stochastic processes (Montgomery et al., 2024), a time series is not merely a data sequence but a realisation of a generating mechanism where temporary dependency dictates the information value of each successive observation. In a discrete-time series, these observations are recorded at a specified time interval, where , the continuous-time series, on the other hand, observations are recorded continuously over some time interval, e.g., .  
The analysis of random variables,  as outlined in (Kitagawa, 2020), is captured in the selection of a suitable probability model for the data. A complete probabilistic time series model for the sequential  would specify all the joint distributions of the random vector ,  or equivalently, all the probabilities .
[bookmark: _Hlk222311195]Several existing procedures exhibit distinctive asymptotic properties; recent comparative studies have focused primarily on large-scale datasets, often overlooking the nuanced transition from small to moderate sample sizes Chen & Yao, (2024). The focus of this research is to bridge this gap by examining the comparative asymptotic convergence properties of GEP, GLS, and EML estimators specifically within the Fibonacci sequential framework. By identifying the precise thresholds where these estimators achieve numerical reconciliation, particularly in higher-order ARMA (2, 2) specifications, this study establishes a structural blueprint for estimator selection in environments characterised by varying data availability.  
    LITERATURE REVIEW
If a random variable , , assumes the probability of occurrence , that is.  , be defined for any real number . The probability distribution function that defines the function  can be expressed as:
 							                      [2.1]
Random variables used in time series analysis are usually continuous with their distribution function in integral form:
 									          [2.2]
With a function that satisfies  for ,  is referred to as a density function. If the distribution function or density function is given, the probability that the random variable  satisfies   for arbitrary  is obtained by:
 								          [2.3]
The use of finitely parameterized models to characterize the behaviuors of time series data assumed to be generated by a stochastic process has received a wide coverage in both statistical and engineering literature (Salau, 2000). An important class of such stochastic models is the autoregressive moving average (ARMA) models. One reason for the great empirical importance of ARMA models is that every regular stationary process can be approximated with arbitrary accuracy by an ARMA process, and that only a finite number of (real-valued) parameters is needed to describe (up to second moment) an ARMA process. 
ARMA REPRESENTATION
In modelling applications, such as forecasting and control, it is commonplace to represent such a process using a stationary and invertible autoregressive moving average (ARMA) model of the form:
 								          [2.4]
Where  is an unobservable stochastic disturbance, assumed to be white noise or more generally, a sequence of stationary martingale differences, so that, almost surely  
, , 					                      [2.5]
And symbol  is the expectation operator. Here,  is the  of events determined by the ,  and is the prediction variance. The condition in [2.5] provides a natural relaxation of the model assumption that the innovation sequence, , are serially independent. For a complete exposition of these moment assumptions, see, for example, (Box et. al., 1994), (Tsay, 2019). The essential feature of [2.5] in our context is that the classical theory still goes through, even though the innovation sequence, , is no longer serially independent and identically distributed. Thus, [2.5] is a natural condition with which the linear model [2.4] has little meaning.
These later assumptions ensure that   is realized from a stationary and invertible ARMA (p,q) process. Thus, [2.4] can be represented as an infinite autoregression.
, 								          [2.6]
Where the generating polynomial , ,  and that  since  decreases to zero at a geometric rate. The significance of [2.5] in the analysis of linear time series has been thoroughly discussed in the literature, see for example, (Koreisha & Pukkila, 1990). The assumption  means that in practice, the data will need to be mean-corrected; however, since that adjustment will not affect the asymptotic results we shall obtain later, it is ignored for simplicity. The integers, p, q (or other integers introduced to replace them), will be called the order of the system. The coefficients, , specifying model [2.4] will be, called system parameters.
Interpreting  as a unit backshift operator, that is  and , [2.4] can be succinctly rewritten in the form of [1.2], where  and , . The generating polynomial (or z-transforms), that is,  and  defined in the convention of  Box, Jenkins & Reinsel (1994), are assumed to be relatively prime and also satisfy:
, ,         							         [2.7]
MODEL SELECTION
Following the iterated procedure consisting of model specification in (Box et al., 2015), and (Lin et al., 2024), the order of  and  is identified, a prerequisite for valid estimation. If the model is underfitted (e.g., fitting an AR (1) when the data is AR (2)), the estimator will be asymmetrically biased as they converge to values that do not capture the full dynamics of the series. Conversely, overfitting (fitting an AR (2) when the data is AR (1)) results in identification problems, as the AR and MA polynomials may have roots that nearly cancel (relatively prime condition), leading to numerical instability and inflated variances.
Model selection criteria like the AIC and BIC provide a data-diversified way to choose  and . These criteria are based on the maximized log-likelihood adjusted by a penalty for the number of parameters .
 									         [2.8]
 								         [2.9]
The asymptotic properties of these criteria diverge significantly. The BIC is a consistent selector: if the true model is in the candidate set, the probability of selecting it approaches 1 as . The AIC, however, is not consistent; it tends to over-fit the model with a non-zero probability even in the limit. Despite this, AIC is asymptotically efficient for prediction as it minimizes the expected mean squared error of forecasting.
SAMPLING FRAMEWORK
The Fibonacci Sequential Sampling dictate to evaluate the thresholds of estimators’ convergence approach is particularly advantageous for capturing the “transition zone” between finite sample bias and asymptotic consistency. As Zhang and Ling (2024) demonstrated, the convergence of ARMA parameters-particularly in complex, higher-order specifications-often follows a non-linear trajectory when the most critical numerical changes occur at lower-bound thresholds. Densitifying the sampling intervals in the early stages of the sequence and broad-sampling as T approaches 850, this framework allows for a more granular detection of the ‘reconciliation point' where GEP, GLS, and EML achieve numerical harmonization. This sampling strategy aligns with the recent emphasis in stochastic process literature on the need for adaptive sampling to bridge the gap between small sample properties and asymptotic theory Franq & Zakoian, (2024), and Shumway & Stoffer, (2025).
 METHODOLOGY		
This section presents some procedures for estimating the parameters of the postulated ARMA model. For our exposition, the integers (order) p and q in [2.1] are assumed known, and after observing , the system parameters, , and  are to be estimated. Thus, this section is devoted to the straightforward part of the modelling procedure, namely, the estimations, for fixed values p and q of the parameters ;  are white noise variance . It will be assumed throughout that the data have been adjusted for the means. A variety of estimation procedures have been suggested in the literature (Wei, 2006). For ease of presentation, we have organized our discussion in this section into three subsections: the Gaussian Estimation procedure, the Generalised Least Squares method, and the Exact Maximum Likelihood technique. First, we introduce some notations, employing the conventions adopted in Salau (1998), we set for any integer  are the symbol  has been used (Kronecker) matrix product. To fix ideas, we introduce  as a general parameter vector, so that:  
.  							          [3.1]
GAUSSIAN ESTIMATION PROCEDURE
In ARMA theory, the Gaussian Estimation Procedure refers to conditional Gaussian Likelihood, where initial observations are conditional upon. In R, the procedure is implemented as conditional Sum of Squares (CSS) or CSS-ML.
Under the standard assumption that the innovations  of an ARMA process, are independently distributed as Gaussian random variables with mean zero and variance , the probability density function of each innovation is given by  
 					                      [3.2]
This assumption provides a natural justification for least squares and likelihood-based estimation procedures, since minimizing the sum of squared residuals is equivalent to maximizing the Gaussian likelihood. Hardin & Hilbe (2021) has very reliable discussion on GEP .
GENERALISED LEAST SQUARES METHOD 
In the standard linear model, estimating the parameters of an ARMA process may be approached via least squares or likelihood-based procedures under the assumption of Gaussian innovations. Let the linear model be given as:
 , , 							          [3.3]
For which the ordinary least squares estimation procedure is obtainable                                                                                                                                  .	          								         [3.4]	
More generally, when the distribution vector satisfies , with a symmetric positive definite covariance matrix , the Generalised Least Squares estimator provides an efficient gain by accounting for the covariance structure included by serial dependence. In-depth discussion on this subject can be seen in the approaches of (Hamilton, 1994), (Koutsoyiannis, 2009), (Greene, 2024), among others.  
EXACT MAXIMUM LIKELIHOOD TECHNIQUE 
The Exact Maximum Likelihood estimation of ARMA models is derived by constructing the joint density of the conditional innovations on initial observations. Under the assumption of Gaussian and independent innovations, the conditional likelihood for observations . is given as:  
 				        [3.5]
Maximization of this likelihood yields the exact maximum likelihood estimators of the ARMA parameters, see (Olajide et al., 2012), (Box et at., 2015), and (Shumway & Stoffer, 2025).
STABILITY CONSIDERATION IN ARMA 
To introduce the notion of invertibility (stability), consider the MA (1) process,
									          [3.6]
The only non-zero autocorrelation associated with this process is
 . 										          [3.7]
Suppose that  is replaced with , then [3.4] becomes	 
.										          [3.8]
Defining [3.3] in terms of the back shift operator, ,
 									          [3.9]
By inverting [3.6], we have:
  									        [3.10]
Expressing   as a linear filter   of  and taking a formal power series expansion of the term, ,  gives :
 									        [3.11]
The easiest way to obtain the autocorrelation function in a specific class is to express  as a general linear process.
 								       [3.12]
 									       [3.13]
The coefficient  being determined by a formal power series expansion of . 
Thus if  is thought of as being determined by the present and the past , it is noticeable that the remote past has a vanishingly small influence if and only if  .
In a similar discussion to (Salau, 2000), a simple adaptation of the technique in spectral analysis can be used to derive the second-order properties of an ARMA process  defined equivalently by [2.4] or [1.2]. It can immediately be deduced from [3.8] that the spectrum, , must satisfy:
 							        [3.14]
Thus,
 							      [3.15]
 								      [3.16]
Assuming that  is stationary, the form of  suggests that the values of are critical in determining stationarity, and this is indeed the case. The precise condition is the same as for the autoregressive process , that all roots of  must be greater than 1 in absolute value. More specifically, from [4.10], the stationarity condition follows from the requirement that  be bounded away from zero for all , which equivalently satisfies that all roots of  lying outside the unit circle. 
Theorem I:
Let  be the true spectral density of  and,  under the stationarity and invertibility conditions, . Then there exists an integer N and a constant k dependent on  such that , and the truncated autoregressive estimator satisfies:, where  is the modulus of the zeros of  nearest.
Proof:
By Baxter’s inequality (Baxter, 1962), 		       [3.17]
Obtaining the bound for the term on the RHS of [4.12], and by the invertibility property of the stationary ARMA process,  satisfies the inequality . The roots of the power series expansion of  shows that  decreases geometrically at a rate determined by . That is . For large  however, . We may now write that:
  									        [3.18]
 								        [3.19]
 										        [3.20]
Hence, it is concluded that [4.12] above is bounded by .
LAW OF LARGE NUMBERS
The most fundamental requirement for an estimator, as discussed in (Hamilton, 1994), is the property that the estimator converges to the true parameter value as more data are collected (consistency). Specifically, for a stationary and ergodic ARMA process  with mean .
 								        [3.21]
The consistency of an estimator is typically established using the concept of uniform convergence. See more on uniform convergence in (Sanchez, 2010). 
The normalized log-likelihood  converges uniformly in probability to a non-stochastic function . For ARMA models, the compactness of the parameter space  is usually satisfied by restricting the roots of  and  to lie in a closed set outside the unit circle, ensuring stationarity and invertibility.   
EQUIVALENCE OF ESTIMATORS
 Theorem II 
Let  be a causal and invertible ARMA (p. q) process with true parameter vector 
, 								        [3.22]
where the autoregressive and moving-average polynomials  and  have no common zeros, and . Supposed that   is a preliminary estimator of such that , and that  is the estimator constructed from  as outlined in the estimation procedures of Section Three earlier.
If , , and  denote the estimators obtainable via the Gaussian Estimation Procedure, Generalized Least Squares, and Exact Maximum Likelihood, respectively, then
i. 
ii.  						        [3.23]
iii. 
Here  denotes the Euclidean norm. Since all norms on a finite-dimensional space are equivalent, the choice of norm does not affect the asymptotic order. 
Proof: 
Each of the estimators , , and may be expressed as a solution to estimating equations of the form
 										        [3.24]
Where  denotes the corresponding score or normal equations.
By construction, these estimating equations coincide up to terms of order  when evaluated in a -neighbourhood of the true parameter . Expanding each estimator around the preliminary estimator  using a first-order Taylor expansion yields
 					        [3.25]
Under the assumed regularity conditions (i.e., causality, invertibility, finite fourth moment and non-singularity of information matrix), the leading terms of the expressions are identical for GEP, GLS, and EML. Consequently, their pairwise differences satisfy:
. 								      [3.26]
, which establishes asymptotic equivalence.
NUMERICAL APPLICATION  
The procedure for various estimation procedures for the investigation is applied to the simulated data points. For each of these processes, the sample size  was determined via the Fibonacci sequence,  ,  , the range of .  Replication for each  is given by the relation  for the integer part of the relation. 
; As a measure of convergence, the average squared differences between GEP and GLS, GLS and EML, and GEP and EML were captured by:
 					        [4.1]
And is compared with the criterion measure , where, for convenience, we have used  and   to denote the pair of estimates used in the evaluation of while , as before, denotes the parameter estimates at the  replication.
DATA-GENERATING PROCESS
The data-generating process used in the simulation study is presented in Table 1.
[bookmark: _Ref218304864]Table 1: Data Structure
	Process
	Structure
	Parameter
Value

	P1
	ARMA (1, 0)
	

	P2
	ARMA (0, 1)
	

	P3
	ARMA (1,1)
	

	P4
	ARMA (2,1)
	

	P5
	ARMA (1,2)
	

	P6
	ARMA (2,2)
	



DESIGN OF EXPERIMENT
For each estimator, the sample size, parameter estimates, standard error, bias, and mean square error were obtained by averaging the estimates over the number of replications, where  with  denoting the estimate of  in the rth replication. Following the standard practise, the accuracy of the parameter estimate is judged by the mean square error. The outcomes of this investigation are summarized in Error! Reference source not found. and Error! Reference source not found., respectively.
As a measure of convergence, the average square differences between GEP and GLS, GEP and EML, GLS and EML were computed by:
 							        [4.2]
And is compared with the criterion measure  where, for instance, we have used S and  to denote the pair of estimates used in the evaluation of  while ,  as before, denotes the parameter estimates at the rth replication.
CONCLUSION
The ARMA (2, 2) process  constitutes the upper bound of structural complexity in the simulation study, comprising four parameters  , and provided a stringent test of asymptotic approximation. While the autoregressive components exhibited stable and accurate estimation even at small sample sizes, the moving average parameters displayed pronounced finite sample instability, characterized by elevated variance and delayed convergence. The convergence diagnostics showed that the Difference MSE (D) exceeded the Reference MSE (C) through T =200, with consistent interaction achieved for all parameters, only at . This identified a clear “indifference threshold,” beyond which the Gaussian Estimation Procedure (GEP) became numerically indistinguishable from the Exact Likelihood Estimator (EML). More broadly, the results revealed a systematic complexity lag: as model dimensionality increased, the   intersection shifted markedly to the right, indicating that estimator choice depends jointly on sample size and the parameter-to-sample ratio rather than on T alone.
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