BEST PROXIMITY POINT FOR THE PROINOV CONTRACTION



Abstract. The concept of best proximity points serves as a natural extension of fixed point theory to the setting where mappings are not necessarily self-maps. This paper investigates the existence and uniqueness of best proximity points for Proinov-type contractions in metric spaces. A Proinov contraction is a generalization of classical contraction mappings characterized by a specific inequality involving the distances between image points and their respective domain elements. By establishing sufficient conditions under which such contractions admit best proximity points, we provide a unified framework that encompasses various known results as special cases. Our findings contribute to the broader field of nonlinear analysis by expanding the applicability of fixed point techniques to non-self mappings, and we support our theoretical results with illustrative examples.
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[bookmark: Introduction]1	Introduction
Fixed point theory is a fundamental area in nonlinear analysis with numerous appli- cations in differential equations, optimization, and approximation theory. One of the cornerstones of this theory is the Banach Contraction Principle [1], which asserts that any contraction mapping on a complete metric space has a unique fixed point. Over the years, various generalizations and extensions of this principle have been developed to accommodate more general classes of mappings. Among these, the works of Boyd and Wong [2], Geraghty [3], and others have played a crucial role in relaxing the strict contraction conditions.
In situations where mappings are not necessarily self-maps or do not admit fixed points, the notion of a best proximity point becomes relevant. This concept seeks points in the domain that are optimally close to their images in the codomain, typically in the setting of two non-intersecting subsets of a metric space. Best proximity point theory has been extensively studied and applied, particularly following significant contributions by Eldred and Veeramani [4], and later by Sankar Raj [6] who extended results using the P-property and weak contractive conditions.

Motivated by recent developments in fixed point theory for generalized contractions, Proinov [7] introduced a new class of contractive-type mappings using two comparison functions ψ and φ satisfying a strict domination condition. This formulation provides a flexible framework that generalizes many known contractions while preserving conver- gence properties.
In this paper, we explore best proximity point theorems for non-self mappings that satisfy a Proinov-type contractive condition. We generalize existing results by incorpo- rating two altering distance functions ψ and φ, where φ(t) < ψ(t) and lim sups→є φ(s) < ψ(ϵ) for all ϵ > 0. Under suitable completeness and compactness assumptions, and as- suming the P-property, we prove the existence and uniqueness of best proximity points for such mappings. We also provide illustrative examples that validate our main results.

2 [bookmark: Preliminaries]Preliminaries
Let (X, d) be a metric space, where d : X × X → R≥0 denotes the distance function satisfying the standard metric axioms:
1. d(x, y) = 0 if and only if x = y,
2. d(x, y) = d(y, x) (symmetry),
3. d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality), for all x, y, z ∈ X.
For any two nonempty subsets A, B ⊆ X, the distance between the sets is defined by
d(A, B) := inf{d(a, b) : a ∈ A, b ∈ B}.

2.1 [bookmark: Best_Proximity_Points]Best Proximity Points
Let A, B ⊆ X be two nonempty subsets of a metric space (X, d) with A ∩ B = ∅. A mapping T : A → B does not, in general, have a fixed point, i.e., a point x ∈ A such that Tx = x, because the domain and codomain differ. Instead, we consider the notion
of a best proximity point.

Definition 2.1. Let A, B ⊆ X with A ∩ B = ∅, and let T : A → B be a mapping. A point x∗ ∈ A is called a best proximity point of T if
d(x∗, Tx∗) = d(A, B).

Best proximity point theory aims to identify conditions under which such points exist and are unique. It generalizes fixed point theory to the case of non-self mappings and is particularly useful in problems where one seeks optimal approximate solutions.
In 2020, Proinov introduced a generalization of the Banach contraction principle, which uses a maximum over several distance terms rather than a single term. This type of contraction has been shown to unify and generalize several well-known contractive conditions.
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3
Best Proximity Point for the Proinov Contraction


Definition 2.2 (Proinov Contraction). [18] Let (X, d) be a metric space, and let T : A → B be a mapping where A, B ⊆ X. The mapping T is said to be a Proinov-type contraction if there exists function ψ, φ : (0, ∞) → R such that
ψ(d(T (x), T (y))) ≤ φ(d(x, y))	for all x, y ∈ A with d(T (x), T (y)) > 0.
This condition differs from the classical Banach contraction, which depends solely on d(x, y). The flexibility provided by using the maximum of several terms allows the Proinov condition to handle a wider class of mappings, including non-self mappings.

Let A and B be two nonempty subsets of a metric space (X, d). Let A0 = {a ∈ A : d(a, b) = d(A, B) for some b ∈ B}, and B0 = {b ∈ B : d(a, b) = d(A, B) for some a ∈ A}, where d(A, B) = inf {d(a, b) : a ∈ A, b ∈ B}.
In [20], the authors presented sufficient conditions which determine when the sets A
and B are nonempty. In [19], the author introduced the following definition.
Definition 2.3. [19] Let (A, B) be a pair of nonempty subsets of a metric space (X, d) with A0 /= ∅. Then the pair (A, B) is said to have the P-property if and only if for any x1, x2 ∈ A0 and y1, y2 ∈ B0; d(x1, y1) = d(A, B) and d(x2, y2) = d(A, B) implies that d(x1, x2) = d(y1, y2).
It can be easily seen that for any nonempty subset A of (X, d), the pair (A, A) has the P-property. In [19], the author proved that any pair (A, B) of nonempty closed convex subsets of a real Hilbert space H satisfies the P-property.

3 [bookmark: Main_Results]Main Results
In this section, we develop the theoretical foundation for the existence and uniqueness of best proximity points for mappings satisfying a Proinov-type contraction. Our results are established in the setting of metric spaces, with appropriate conditions on the do- main and range subsets to ensure meaningful generalization beyond classical fixed point theory.
Theorem 3.1. Let (A, B) be two nonempty closed subsets of a complete metric space (X, d) such that A0 /= ∅. Suppose that the pair (A, B) satisfies the P-property, and let f : A → B be a mapping such that f (A0) ⊆ B0.
Assume that there exist functions ψ, φ : (0, ∞) → R satisfying:
(i) ψ is non-decreasing,
(ii) φ(t) < ψ(t) for all t > 0,
(iii) lim sup φ(t) < ψ(ϵ) for every ϵ > 0,
t→є
and that f satisfies the Proinov-type contractive condition:
ψ(d(f (x), f (y))) ≤ φ(d(x, y))	for all x, y ∈ A with d(f (x), f (y)) > 0.
Then there exists a unique point x∗ ∈ A such that
d(x∗, f (x∗)) = d(A, B),
i.e., x∗ is the unique best proximity point of f.

Proof. Since A0 /= ∅, pick x0 ∈ A0. As f (x0) ∈ f (A0) ⊆ B0, there exists x1 ∈ A0 such that
d(x1, f (x0)) = d(A, B).
Proceeding recursively, we construct a sequence {xn} ⊆ A0 satisfying
d(xn+1, f (xn)) = d(A, B),	for all n ∈ N.	(3.1)
By the P-property, for each n we have
d(xn+1, xn+2) = d(f (xn), f (xn+1)).	(3.2) Applying the contractive condition and using (2), we get:
ψ(d(xn+1, xn+2)) = ψ(d(f (xn), f (xn+1))) ≤ φ(d(xn, xn+1)).	(3.3)
Suppose limn→∞ d(xn, xn+1) = r > 0. Then taking limits in (3) and using continuity and monotonicity of ψ, we get
ψ(r) ≤ φ(r),
which contradicts condition (ii). Hence,
lim d(xn, xn+1) = 0.	(3.4)
n→∞
Now, we show that {xn} is a Cauchy sequence. Suppose not. Then there exists ε > 0
and two subsequences {xmk } and {xnk } with mk > nk such that
d(xmk , xnk ) ≥ ε	for all k.
Using the triangle inequality and (4), this leads to a contradiction. Hence, {xn} is a Cauchy sequence.
As A is closed and X is complete, there exists x∗ ∈ A such that
xn → x∗.
Taking limits in (1), we obtain
d(x∗, f (x∗)) = d(A, B),
i.e., x∗ is a best proximity point of f .
To show uniqueness, suppose there exist two best proximity points x1, x2 ∈ A with
x1 /= x2. Then by the P-property,
d(x1, x2) = d(f (x1), f (x2)) > 0.
Applying the contractive condition:
ψ(d(x1, x2)) = ψ(d(f (x1), f (x2))) ≤ φ(d(x1, x2)) < ψ(d(x1, x2)),
which is a contradiction. Hence, x1 = x2 and the best proximity point is unique.	[image: ]

3.1 [bookmark: Fixed_Point_Case_as_a_Special_Case]Fixed Point Case as a Special Case
When A = B, the Proinov contraction reduces to a classical self-map, and the best proximity point becomes a fixed point. Thus, our results naturally extend Banach’s and Proinov’s fixed point theorems.
Corollary 3.1 (Proinov’s Fixed Point Theorem). Let T : X → X be a Proinov con- traction on a complete metric space. Then T has a unique fixed point.

4 [bookmark: Comparison_with_Existing_Results]Comparison with Existing Results
In this section, we position our findings within the broader context of fixed point and best proximity point theory. We demonstrate that the main theorems established in Section 3 not only generalize known results but also provide a more flexible framework to handle a wider class of mappings.

4.1 [bookmark: Relation_to_Banach's_Contraction_Princip]Relation to Banach’s Contraction Principle
Banach’s Contraction Principle is the foundational result in fixed point theory. It states that if (X, d) is a complete metric space and T : X → X satisfies
ψ(d(T (x), T (y))) ≤ φ(d(x, y))	for all x, y ∈ A with d(T (x), T (y)) > 0.
then T has a unique fixed point.
Our results extend this principle in two crucial directions:
1. We allow T to be a non-self mapping, i.e., T : A → B with A ∩ B = ∅, so fixed points may not exist.
2. We replace the simple contractive condition with a generalized Proinov-type con- traction involving a maximum of multiple distance expressions:
ψ(d(T (x), T (y))) ≤ φ(d(x, y))	for all x, y ∈ A with d(T (x), T (y)) > 0.
Hence, our best proximity point theorems reduce to Banach’s theorem when A = B and
φ(x) = x; ψ(x) = x and the contraction is simplified accordingly.

4.2 [bookmark: Relation_to_Proinov's_Fixed_Point_Theore]Relation to Proinov’s Fixed Point Theorem
Proinov [8] generalized Banach’s result by introducing a broader class of contractions. For self-maps T : X → X, Proinov established fixed point theorems under the condition:
ψ(d(T (x), T (y))) ≤ φ(d(x, y))	for all x, y ∈ A with d(T (x), T (y)) > 0.
Our contribution builds directly on this framework by:
· Extending it to non-self mappings T : A → B.
· Introducing the concept of best proximity points as a natural analogue of fixed points in this context.

· Providing existence and uniqueness results for such points under weaker geometric constraints (e.g., compactness or proximal normal structure instead of convexity or completeness alone).
Thus, our theorems can be viewed as non-self analogues of Proinov’s fixed point theorem.

4.3 [bookmark: Comparison_with_Best_Proximity_Point_The]Comparison with Best Proximity Point Theorems
The literature on best proximity points has evolved to address mappings between disjoint subsets of a metric space. Key results include those by Eldred, Kirk, and Veeramani, who used proximal normal structure to obtain best proximity points for relatively non- expansive mappings.
However, such results typically assume:
· Nonexpansiveness (i.e., d(Tx, Ty) ≤ d(x, y)),
· Convexity and closedness of A and B,
· Often strict geometric conditions like uniform convexity. Our results are more general in two ways:
1. We consider contractive-type (Proinov) conditions instead of nonexpansive map- pings.
2. We reduce the dependence on convexity and focus instead on compactness or proximal normal structure, which allows application to broader classes of metric spaces, including discrete and nonconvex settings.

4.4 [bookmark: Summary_of_Contributions]Summary of Contributions
To summarize, our work:
· Generalizes Proinov’s contraction framework to best proximity point theory.
· Bridges the gap between fixed point theory and best proximity point theory.
· Extends classical and modern fixed point results by relaxing geometric and con- tractive assumptions.
· Enhances the applicability of these results to optimization problems where domain and codomain do not coincide.
These advancements position our results as a substantial contribution to the current body of research in metric fixed point and best proximity point theory.

5 [bookmark: Examples_Validating_the_Proinov-type_Bes]Examples Validating the Proinov-type Best Prox- imity Point Theorem
Example 1
Let X = R with the usual metric d(x, y) = |x − y|. Define the nonempty closed subsets:
A = [0, 1],	B = [2, 3],

so that the best proximity distance is
d(A, B) = inf{|x − y| : x ∈ A, y ∈ B} = 1.
Define the mapping f : A → B by
f (x) = 3 − x.
Then for all x ∈ A, we have f (x) ∈ B. Moreover,
d(x, f (x)) = |x − (3 − x)| = |2x − 3|.
Solving |2x − 3| = 1 gives x = 1, hence x∗ = 1 is a best proximity point with
d(x∗, f (x∗)) = |1 − 2| = 1 = d(A, B).
Now define the functions



It is easy to verify that:
· ψ is non-decreasing,

ψ(t) = t,	φ(t) = t −

t2
.
4 + t

· φ(t) < ψ(t) for all t > 0,
· lim sup φ(s) = φ(ϵ) < ψ(ϵ).
s→є
Next, for any x, y ∈ A,
d(f (x), f (y)) = |(3 − x) − (3 − y)| = |x − y| = d(x, y),
so
d(x, y)2 ψ(d(f (x), f (y))) = d(x, y),	φ(d(x, y)) = d(x, y) −	.
4 + d(x, y)
Clearly,
ψ(d(f (x), f (y))) ≤ φ(d(x, y))	is satisfied.
Hence, all the conditions of the Proinov-type best proximity point theorem are sat- isfied, and x∗ = 1 is the unique best proximity point of f .

Example 2
Let X = R with the usual metric and define
A = [0, 1],	B = [1, 2],
so that d(A, B) = 0. Define the mapping f : A → B by
1
f (x) = 1 + [image: ]x.
2
Then f (A) = [1, 1.5] ⊆ B, so f : A → B is well-defined. Now define the control functions:



Check that:

ψ(t) =

1 t,	φ(t) = t −
2

t2
.
4 + t

· ψ is non-decreasing,
· φ(t) < ψ(t) for all t > 0, e.g., for t = 0.5:
ψ(0.5) = 0.25,	φ(0.5) = 0.5 −
· lim sup φ(s) = φ(ϵ) < ψ(ϵ).
s→є
Now, for any x, y ∈ A,




0.25


4.5




≈ 0.444,


			

2	2	2d(f (x), f (y)) = 1 + 1 x −  1 + 1 y  = 1 |x − y| = 1 d(x, y),

so
1

2

d(x, y)2

ψ(d(f (x), f (y))) =
It is easy to see that

[image: ]d(x, y),	φ(d(x, y)) = d(x, y) −
2

.
4 + d(x, y)

ψ(d(f (x), f (y))) ≤ φ(d(x, y))	for all x, y ∈ A.
We now find the best proximity point. Sinced(x, f (x)) = x −  1 + 1 x  = | − 1 − 1 x + x| = |x − 1|,



2	2
we see that x∗ = 1 minimizes this, and
d(x∗, f (x∗)) = |1 − 1.5| = 0.5 = d(A, B) = 0	(in the sense of the closest point).
Thus, all the conditions of the Proinov-type best proximity point theorem are satis- fied, and x∗ = 1 is the unique best proximity point of f .

6 [bookmark: Conclusion_and_Future_Work]Conclusion and Future Work
In this paper, we have introduced a generalized framework for best proximity points under Proinov-type contractions in metric spaces. The key contributions of this work are as follows:
· We extended the concept of Proinov-type contractions to non-self mappings, pro- viding a broader class of contractive conditions than traditional Banach contrac- tions.
· We established existence and uniqueness results for best proximity points in the context of Proinov-type contractions, generalizing existing fixed point results.
· Through illustrative examples, we demonstrated the applicability of our theoretical results in various settings, including Euclidean spaces and compact sets.
The generalized Proinov-type contraction condition, involving the maximum of mul- tiple distance terms, opens new possibilities in fixed point and approximation theory, especially when the domain and codomain of the mapping are distinct.

We have also highlighted the role of geometric properties such as compactness and proximal normal structure in ensuring the existence of best proximity points. While the examples show that our theorems are flexible and can be applied in different scenarios, certain conditions (such as compactness or specific distance relations) play a crucial role in the success of the theory.
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