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Graphical Representation of Interval Valued Symmetric Quadri Partitioned Neutrosophic Fuzzy Matrices with Decision Making Problem.

,

Abstract: We define secondary k-Range symmetric (RS) and provide numerical examples for Interval Valued quadri partitioned neutrosophic fuzzy matrices (IVQPNFM). The relationship between s-k-RS, s-RS, k-RS, and RS IVQPNFM is discussed. Necessary and sufficient conditions for an IVQPNFM to be a s-k-RS IVQPNFM are identified. It is demonstrated that k-symmetry implies k-RS, and the converse is necessarily true. Additionally, a graphical representation of RS, Column symmetric (CS), and kernel symmetric (KS) adjacency and incidence IVQPNFM is illustrated. It is shown that every adjacency IVQPNFM is symmetric, RS, CS, and KS, whereas the incidence matrix only satisfies KS conditions. Similarly, every RS adjacency IVQPNFM is a KS adjacency IVQPNFM, but a KS adjacency IVQPNFM does not necessarily imply RS IVQPNFM. In this paper, we present an application of soft graphs in decision-making using the adjacency matrix of a soft graph. We have developed an algorithm for this purpose and provide an example to demonstrate its application.
Keywords: IVQPNFM, s- Range symmetric, Adjacency IVQPNFM, Incidence IVQPNFM, Moore penrose inverse.

1.Introduction
The theory of fuzzy sets, introduced by Zadeh [1], has revolutionized the way uncertain and imprecise data is modelled, paving the way for extensive applications in various domains. Fuzzy matrices, as an extension of fuzzy set theory, have been studied extensively due to their versatile applicability. Meenakshi [2] explored the foundational theory and applications of fuzzy matrices, while Shree [3] extended the concept to secondary k-kernel symmetric fuzzy matrices. The interval-valued fuzzy matrices, as discussed by Shyamal and Pal [4], further advanced the scope of fuzzy modelling by capturing interval-based uncertainties. Secondary symmetric matrices and their variants, such as skew symmetric and orthogonal matrices, have been explored in classical matrix theory [5], with applications in communication theory and eigenvector properties [6]. 








The development of generalized fuzzy matrices by Kim and Roush [7] and studies on k-real and k-Hermitian matrices [8] enriched the theoretical landscape. With the advent of intuitionistic fuzzy sets by Atanassov [9] and neutrosophic sets by Smarandache [10], fuzzy set theory took a new dimension, allowing researchers to handle indeterminacy and incompleteness effectively. This progression led to significant advancements in fuzzy matrix theory, such as the exploration of mmm-symmetric fuzzy matrices [11] and the Schur complement in k-kernel symmetric neutrosophic and intuitionistic fuzzy matrices [12]. Interval-valued secondary k-range symmetric fuzzy matrices, as detailed by Kaliraja and Bhavani [13], further enriched this domain. Recently, Debnath [14] introduced the concept of fuzzy quadripartitioned neutrosophic soft matrices and demonstrated its application in decision-making processes. This novel framework integrates the principles of neutrosophic sets and soft matrices, addressing more complex decision scenarios. A regular fuzzy matrix is denoted by {1}, and  's set of all g-inverses. A FM that is RS and KS is represented as R(T) = R() and N(T) = N(). It has been identified that for complex matrices, the concepts of range and KS are equivalent; however, this is not the case for QPNFM. 

1.1 Novelty of the Research

The presented research introduces significant advancements in the domain of fuzzy and neutrosophic matrix theories by addressing existing research gaps and introducing novel frameworks. The key contributions that highlight the novelty of this research are as follows:

Extension of Quadri Partitioned Neutrosophic Fuzzy Matrices (QPNFMs):
While fuzzy and intuitionistic fuzzy matrices have been extensively studied, the exploration of QPNFMs remains limited. This study develops advanced compositions and properties of QPNFMs, extending their applicability in theoretical and real-world contexts.

Introduction of Interval-Valued Quadri Partitioned Neutrosophic Soft Sets:
A novel algorithm based on interval-valued QPN soft sets is proposed, addressing decision-making problems that involve multiple criteria, uncertainty, and conflicting preferences. This enhances the flexibility and accuracy of solutions in decision-support systems.

Comprehensive Comparison with Existing Models:
The research incorporates a thorough validation and comparison of the proposed model with classical fuzzy, intuitionistic fuzzy, and neutrosophic matrices. The integration of fuzzy matrices' theoretical properties into the QPNFM framework ensures a broader and more comprehensive applicability.

Novel Framework for Decision-Making Applications:
By leveraging QPNFMs and their interval-valued extensions, the study proposes a robust methodology for solving complex multi-criteria decision-making problems. This addresses limitations of existing models, especially in scenarios involving indeterminacy and incomplete data.

Mathematical Contributions and Theoretical Insights:
The study develops new theorems and propositions related to the compositions and transformations of QPNFMs, enriching the mathematical foundation of neutrosophic matrix theory.
This research not only addresses existing limitations in fuzzy and neutrosophic matrix theory but also provides a robust framework with practical implications, particularly in multi-criteria decision-making and related domains.

1.2 Contribution of Our Work

This work makes several significant contributions to the field of fuzzy and neutrosophic matrices, specifically focusing on Quadri Partitioned Neutrosophic Fuzzy Matrices (QPNFM). The key contributions are outlined as follows:

Introduction of Secondary k-Range Symmetric (s-k-RS) QPNFM: We define and establish the concept of secondary k-Range symmetric matrices for QPNFM, offering a novel extension to the existing framework of symmetric matrices in fuzzy and neutrosophic systems.

Characterization of Relationships: The relationships between s-k-RS, s-RS, k-RS, and RS QPNFM are systematically analyzed, providing a deeper understanding of their interconnections. Necessary and sufficient conditions for a QPNFM to be classified as s-k-RS are explicitly identified.

Insights into κ-Symmetry: It is demonstrated that κ-symmetry implies κ-RS in QPNFM, and the converse is proven to be true, adding theoretical clarity to the understanding of symmetry properties in neutrosophic fuzzy matrices.

Graphical Representations of QPNFM: Graphical representations of Range Symmetric (RS), Column Symmetric (CS), and Kernel Symmetric (KS) adjacency and incidence QPNFM are provided. This visualization enhances the interpretability and applicability of these matrices in graph-based systems.

Symmetry Analysis of QPNFM: It is shown that every adjacency QPNFM satisfies the conditions for symmetry, RS, CS, and KS, while incidence matrices satisfy only KS conditions. Additionally, the study proves that every RS adjacency QPNFM is a KS adjacency QPNFM, but the reverse is not necessarily true.

Application of Soft Graphs in Decision-Making: An innovative application of soft graphs is presented using the adjacency matrix of a soft graph in decision-making processes. This practical contribution bridges the gap between theoretical matrix constructs and their utility in solving real-world problems.

Algorithm Development: A novel algorithm is developed for decision-making using adjacency matrices of soft graphs. The algorithm is demonstrated through a detailed example, showcasing its effectiveness and applicability in practical scenarios.

Enhanced Decision-Making Framework: By combining the theoretical advancements of QPNFM with practical applications in decision-making, this work provides a comprehensive framework that addresses uncertainty, indeterminacy, and inconsistency in complex systems.
1.3 Notations


T   = Transpose of the matrix ,


+   = Moore-Penrose inverse of ,


R = Row space of 


N = Null space of 
2. Range Symmetric QPNFM
Definition 2.1. 
Let X is an initial universe set and E is a set of parameters. Consider a non-empty set A where A ⊆ E. Let P(X) denote the set of all QPNSS of X. The collection (F, A) is termed the (QPNSS) over X, where F is a mapping given by F : A⟶ P(X).Here,
𝐴 = {< 𝑥, 𝑇𝐴(𝑥), 𝐶𝐴(𝑥), 𝑈𝐴(𝑥), 𝐹𝐴(𝑥) >: 𝑥 ∈ 𝑈} with 𝑇𝐴 , 𝐹𝐴, 𝐶𝐴 ,𝑈𝐴 ∶ 𝑋 ⟶ [0,1] 𝑎𝑛𝑑 0 ≤ 𝑇𝐴 (𝑥) + 𝐶𝐴 (𝑥) + 𝑈𝐴( 𝑥) + 𝐹𝐴 (𝑥) ≤ 4. In this context
· 𝑇𝐴(𝑥) is the truth membership, 
· 𝐶𝐴(𝑥) is contradiction membership, 
· 𝑈𝐴(𝑥) is ignorance membership 
·  𝐹𝐴(𝑥) is the false membership.


Definition: 2.2 Let  be a QPNFM, if R [] = 


R [T] then  is called as RS.
Example: 2.1 Consider an QPNFM

 


Here, R = R [T]
The following matrices does not satisfy the range symmetric condition
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Definition 2.3: A NFM  Fn is s-symmetric QPNFM  = VTV.


Example:2.2 Consider a QPNFM  





Definition 2.4: A QPNFM Fn is s-RS  R() = R(VTV).

Example:2.3 Consider a QPNFM 

                         





Definition 2.5: A QPNFM Fn is s-k-RS QPNFM R() = R(KVTVK).


Example:2.4 Consider a QPNFM  ,   


         K




Definition 2.6: A QPNFM is KS QPNFM N ( ) = N ( T ) .




Definition 2.7: A QPNFM is column symmetric QPNFM  C ( ) = C( T ) .




Preliminary:2.1 Let the function is defined by v(y) = (yk[1], yk[2], yk[3],…, yk[n])∈ Fn×1 for y = (y1, y2,...,yn) ∈ F[1×n], where V is permutation matrix its satisfied the following conditions, VVT =  VTV = In then VT = V and R() = R(V), R() = R(K).






Remark 2.1: Every s-k-symmetric QPNFM is s-k-RS QPNFM since  = KVTVK if  is s-k-symmetric QPNFM. Thus, R() = R(KVTVK), signifying that  is a QPNFM with s-k-RS.
3. Graphical Representation of RS, CS and KS Adjacency QPNFM. 
Definition 3.1. Undirected Adjacency QPNFM 
 	An adjacency QPNFM is a square matrix representing a finite graph, where the elements indicate whether pairs of vertices in the graph are connected. For a finite simple graph, the adjacency matrix is typically a binary matrix, represented as a (1,1,0,0) and (0,0,1,1) -matrix, with the diagonal elements uniformly set to (0,0,1,1).

If G(V, E) denote a simple graph with n vertices. The adjacency matrix A = [aij] is a symmetric matrix defined by, denoted by A(G) or AG
Example: 3.1 Consider an adjacency QPNFM and a corresponding graph
                    [image: ]



Definition 3.2. Incidence QPNFM


If G(V, E) represent a simple graph with n vertices. Let V = {V1, V2, …, Vn} and E = {e1, e2, ..., em}. Then, the incidence NFM I = [mij] is a  matrix defined by

, denoted by A(G) or AG.
Example:3.2  Consider an incidence QPNFM and a corresponding graph
The incidence QPNFM is      

[image: ]
                                 


3.1 RS, CS and KS Adjacency QPNFM

Graph A 




[image: ]

Adjacency QPNFM

	


The given Graph is RS QPNFM R(A) = R(AT)  

Graph B


[image: ]


Adjacency NFM


The given Graph is CS QPNFM C(B) = C(BT) 
 Graph C
[image: ]

	
The given Graph is KS QPNFM N(C) = N(CT)
Incidence QPNFM  


[image: ]


The provided graph is a KS fuzzy matrix but is neither RS nor CS.

Note:3.1 Every adjacency QPNFM is symmetric, RS, CS, and KS, whereas the incidence matrix only meets the KS conditions.

Note:3.2 Every RS QPNFM is also a KS QPNFM, but a KS QPNFM is not necessarily RS.
3.3 Directed Adjacency QPNFM 
For a directed graph G with n vertices labeled 1,2,…,n the directed adjacency matrix A is an n×n matrix where the entry aij​ (at the i-th row and j-th column) represents the directed edge from vertex i to vertex j. 
[image: ]

	
The given Graph is KS QPNFM but not RS and CS.

4.Application of adjacency matrix of a graph in decision making

In this section, we introduce an algorithm designed to reduce parameters using an adjacency matrix associated with a soft graph. We then apply this algorithm to a decision-making problem.
4.1 Algorithm 
Consider the product set { M1, M2, M3, …..Mn}  with parameters {P1,P2,…,Pk}. To select the best product based on these parameters, we propose the following algorithm, which utilizes the adjacency matrix of a soft graph.
• Form a bipartite graph G=(V,E) for the given problem. In this graph:
V represents the set of vertices, which includes the products { M1, M2, M3, …..Mn}   and the parameters {P1,P2,…,Pk}. If E represents the set of edges, which connect each product Mi​ to the relevant parameters Pi

This bipartite graph effectively illustrates the relationships between the products and their associated parameters.

• To construct a soft graph (F,A) with A={M1,M2,M3,…,Mn} follow these steps:
1. Define the Set S(x): For a given vertex xxx in the graph, define S(x)={z∈V:d(x,z)≤1} where d(x,z) denotes the distance between vertices xxx and zzz.
2. Define the Set T(x): Define T(x)={xu∈E: u∈S(x)} where E represents the set of edges and u is a vertex connected to xxx.
3. Construct F(x): The soft graph F(x) is then represented as F(x)=(S(x),T(x)), where S(x) is the set of vertices within a distance of (1,1,0,0) from x and T(x) is the set of edges connecting x to these vertices.

• Construct the adjacency matrix of the given soft graph (F,A). In this matrix:
· The rows correspond to the products Mi.
· The columns correspond to the parameters Pj.
Each entry (Mi,Pj) in the matrix represents the relationship or connection between product Mi​ and parameter Pj​. If there is a connection, the entry is (1,1,0,0); otherwise, it is (0,0,1,1).
• If any entry (Mi,Pj) in the adjacency matrix is either (1,1,0,0) or (0,0,1,1) for all i=1,2,…,n, then the parameter Pj should be removed. This indicates that the parameter PjP_jPj​ does not contribute to distinguishing between products and can therefore be excluded from consideration.
 • To determine the row totals in the modified adjacency matrix of the soft graph:
Modify the Adjacency Matrix: Make any necessary modifications to the original adjacency matrix based on the specific requirements or criteria provided.
Calculate Row Totals: For each row in the modified adjacency matrix, sum the entries. This sum represents the total number of connections or relationships for each vertex in the graph.
Identify the Last Column: The last column of the matrix should contain these row totals.
• Determine the product Mi that has the highest row total.. 
• The product with the highest row total will be the most favorable option.
4.2 Application 
Mr. X is looking to purchase a laptop from the following options: M1, M2, M3, M4, and M5, each of which has certain properties P1,P2,P3, and P4. 
· Laptop M1​ features properties P1​ and P2.
· Laptop M2​ includes properties P1​, P2​, and P4​.
· Laptop M3​ has property P2​.
· Laptop M4 also includes property P2​.
· Laptop M5 comes with properties P2 and P3​.
What would be the best laptop choice for optimal performance?
First, create a graph based on the provided problem as described.




[image: ]

If V ={ M1, M2, M3, M4, M5, P1, P2, P3, P4}, select A={ M1, M2, M3, M4, M5}, describe S(x) = {z ∈ V : d(x, z) ≤ 1}, T(x)= {xu ∈ E : u ∈ S(x)} and F(x)=(S(x), T(x)), F(M1) = { M1, P1, P2}, F(M2) = { M2, P1, P2,, P4}, F(M3) = { M3,, P2}, F(M4) = { M4, P2}, F(M5) = { M5, P2, P3}. Thus (F, A) is a soft graph. The adjacency matrix for the graph described above is provided as follows.

	
	P1
	P2
	P3
	P4
	M1
	M2
	M3
	M4
	M5
	Row total =D.V

	M1
	(1,1,0,0)
	(1,1,0,0)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	2

	M2
	(1,1,0,0)
	(1,1,0,0)
	(0,0,1,1)
	(1,1,0,0)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	3

	M3
	(0,0,1,1)
	(1,1,0,0)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	1

	M4
	(0,0,1,1)
	(1,1,0,0)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	1

	M5
	(0,0,1,1)
	(1,1,0,0)
	(1,1,0,0)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	2

	P1
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(1,1,0,0)
	(1,1,0,0)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	2

	P2
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(1,1,0,0)
	(1,1,0,0)
	(1,1,0,0)
	(1,1,0,0)
	(1,1,0,0)
	5

	P3
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(1,1,0,0)
	1

	P4
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(1,1,0,0)
	(0,0,1,1)
	(0,0,1,1)
	1



The row total in the final column of the adjacency matrix represents the vertex degree in the soft graph (F,A). Given that the entry (Mi,P2) is (1,1,0,0) for i=1,2,3,4,5 we should remove the second column from the matrix.
	
	P1
	P3
	P4
	M1
	M2
	M3
	M4
	M5
	Row total = Degree of vertex

	M1
	(1,1,0,0)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	1

	M2
	(1,1,0,0)
	(0,0,1,1)
	(1,1,0,0)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	2

	M3
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	0

	M4
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	0

	M5
	(0,0,1,1)
	(1,1,0,0)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	1

	P1
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(1,1,0,0)
	(1,1,0,0)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	2

	P2
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(1,1,0,0)
	(1,1,0,0)
	(1,1,0,0)
	(1,1,0,0)
	(1,1,0,0)
	5

	P3
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(1,1,0,0)
	1

	P4
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(0,0,1,1)
	(1,1,0,0)
	(0,0,1,1)
	(0,0,1,1)
	1



In the final column of the matrix, examine the row totals for laptops M1, M2,M3​,M4​, and M5. The row total for M2 is the highest among them. Therefore, M2 is the optimal choice.

5. Theorems and Results

Theorem 5.1: The conditions are interchangeable for 
1. 

R() = R(T).
1. 




T = H= K for several NFM H, K and () = r.

Theorem 5.2 . The conditions are interchangeable for 
1. 

R() = R(KVTVK)
1. 

R (KV) = R((KV)T)
1. 

R(KV) = R((KV)T)
1. 

R(V) = R(K(V)TK)
1. 

R(K)= R(V(K)TV)
1. 

R(T)= R(KV ()VK) 
1. 

R() = R(TVK)
1. 

R(T) = R(KV)
1. 


 = VKTVKH1 for H1Fn
1. 


 = H1KVTVK for H 1Fn
1. 


T = KVVKH for HFn
1. 


T = HKVKV for HFn
Proof: (i) ⇔ (ii) ⇔  (iv )

  is s- κ- RS



R() = R(KVTVK)



R(KV) = R((KV)T                      	 [ By Definition:2.1]  


KV is RS


V is κ- RS										
Hence, (i) ⇔ (ii) ⇔ (iv) true.
(i) ⇔ (iii) ⇔ (v)




 is s- κ - RS R() = R(KVTVK)                               
[By Definition 2.4]



R(KV) = R((KV)T)                    	[ By Definition:2.5]  



R(VK (KV)(VK)T =  R ((VK) TVK (VK)T)            		    



R(KV) = R((KV)T)


KV is RS


K is s- RS
Hence,  (i) ⇔ (iii) ⇔ (v) true.  

 (ii)  (vii)




KV is RS R (KV) = R((KV)T)



R() = R((KV)T)                  		 [By Preliminary 2.1 ]  



R() = R(TVK)
Therefore, (ii) is equivalent to (vii). 
(iii) iff (viii):




VK is RSR(VK) = R((VK)T)



R (VK) = R(T)	                   
Hence,(iii) ⇔ (viii) true.
(i) iff (vi)




 is s- κ- RS R() = R(KVTVK)



R(KV) = R ((KV)T)              		 [ By Preliminary 2.1 ]  


(KV)T is RS


 TVK is RS


 T is s- κ - RS
Therefore, (i) and (vi) are equivalent. 
(i) iff  (xi) iff  (x)




 is s- κ- RS  R() =  R(KVTVK)



R (T) = R(KVVK)



 T = KVVKH      		        	[By Theorem 2.1]




 = H1KVTVK  for H1 Fn
Therefore, (i), (xi), and (x) are all equivalent. 
(ii) ⇔  (xii) ⇔ (ix)



KVis RS  V is κ- RS



R(V) = R(K(V)TK)



 R() = R(TVK)	                		 [ By Preliminary 2.1 ]  



R (T) = R(KV)




 T = HKV for H Fn           		     [By Theorem 2.1]



 T = HKVKV




 = VKTVKH1 for H 1  Fn
Thus, (ii), (xii), and (ix) are equivalent.

Corollary 5.1: The  conditions are interchangeable for 
1. 

R() = R(VTV) 
1. 

R(V) = R(V)T 
1. 

R(V) = R(V)T 
1. 
 is s- RS
1. 

R(T) = R(VV)
1. 

R() = R(TV) 
1. 

R(T) = R(V)
1. 

R(KV) = R((V)T)
1. 


= VTVH1 for H1  Fn
1. 


= H1VTV for H1  Fn
1. 


T = VVH  for H  Fn
1. 


T = HVV for H  F

Theorem 5.3: For Thus, any pair of the following statements can imply each other.
1. 

R() = R(KTK)
1. 

R() = R(VKTKV) 
1. 

R(T) = R((VK)T)
Proof: (i) and (ii) iff (iii)




 is s- κ – RS R() = R(TVK)                             



R(KK) = R(KTK)                             		    		  



Hence (i) and (ii)  R(T) = R((VK)T)
(i) and (iii) if (ii)




 is κ- RS R() = R (KTK)



R(KK) = R(T)	     	     



Hence (i) and (iii)  R(KK)= R((VK)T )



R() = R(TVK)



 R() = R((KV)T)


 is s- κ RS				     			
Then, (ii) hold.
(ii) and (iii)  if (i)




 is s- κ – RS  R()= R(TVK)



R(KK) = R (KTV) 				 



Hereafter (ii) and (iii)  R (KK) = R(T)



R() = R(KTK)	     		  


 is κ – RS
Therefore,  (i) hold.
6.s- κ-RS Regular QPNFM 





We demonstrate the presence of multiple GI of QPNFM in Fn and establish the conditions under which different g-inverses of an s-k-RS QPNFM can be s-k RS QPNFM. GI   {1, 2}, {1, 2, 3} and  {1, 2, 4} of s-k-RS QPNFM are characterized.    





Theorem 6.1: Let ,  {1,2} and Z, Z, are s- κ-RS NFM. Then  is s- κ – RS QPNFM ⇔ Z is s- κ – RS QPNFM.  







Proof: R(KV) = R(KVZ) ⊆ R(Z)  				    [since  = Z]  



= R(ZVV) = R(ZVKKV) ⊆ R(KV) 


       Hence, R(KV) = R(Z) 


               = R(KV(Z)TVK)  [Z is s- κ-RS QPNFM] 

               = R(T ZT VK)  
               = R(ZT VK) 
               = R((KVZ)T)  


   R ((KV)T)  = R (T VK) 

               = R(ZTT VK)   

               = R((KVZ)T)   


               = R(KVZ)      [ V is s- κ -RS] 
               = R(KVZ)


 KVZ is RS ⇔ R(KV) = R((KV)T)  
                         ⇔ Z is s- κ- RS.




Theorem 6.2: Let, Z ∈ {1,2,3}, R(KV) = R((KVZ)T).Then  is s-κ-RS QPNFM ⇔ Z is s- κ - RS QPNFM.







Proof: Since Z ∈ {1,2,3}, Hence Z  = ,ZZ =Z, (Z)T=Z


             R ((KV)T) = R(ZT T VK)               



[By using Z  = ]

                       = R(KV(Z)T)

                          = R((Z)T)                      		         



                       = R(Z)                               [(Z)T=Z]
                          = R(KVZ)                                     



KV is RS NFM ⇔ R(KV) = R((KV)T)
                             ⇔ R((KVZ)T) = R(KVZ)
                             ⇔ KVZ is RS
                             ⇔ Z is s- κ - RS.



Theorem 6.3: Let , Z ∈ {1,2,4}, R((KVP)T) = R(KVZ) . Then  is s- κ-RS QPNFM ⇔ Z is s- κ- RS QPNFM.







Proof: Since Z ∈ {1, 2, 4}, we have Z  = ,ZZ =Z, (Z)T=Z

  R(KV) = R()                             		  








       = R(Z)         [ZZ = Z, Z = ] = N((Z)T) [(Z)T = Z]

  	    = R( TZT) 
            = R (ZT) 
                = R((KVZ)T). 	 					  



KV is RS NFM ⇔ R(KV) = R((KV)T
⇔ Z is s- κ – RS QPNFM. 				




Corollary 6.1: Let  belongs to Fn, Z  belongs  (1, 2) and Z, Z are s- RS QPNFM. Then P is s- RS QPNFM ⇔ Z is s- RS QPNFM.




Corollary 6.2: Let  belongs to Fn , Z belongs to  (1, 2, 3), R(KV) = R((VX)T) . Then  is s- RS QPNFM ⇔ Z is s- RS QPNFM.




Corollary 6.3: Let  belongs to  Fn, Z belongs to  (1, 2, 4) ,R((V)T) = R(VZ) . Then  is s- RS QPNFM ⇔ Z is s- RS QPNFM.
Conclusion 7: 
We demonstrate that k-symmetry implies k-RS, while the converse is not universally true. We outline the criteria for g-inverses of s-RS QPNFM to retain their s-RS property. Our study provides a characterization of the generalized inverses of s-RS QPNFM for specific sets {1, 2}, {1, 2, 3}, and {1, 2, 4}. We explore the relationships between s-k-RS, s-RS, k-RS, and RS QPNFM. Necessary and sufficient conditions for a QPNFM to be an s-k-RS QPNFM are identified. We show that κ-symmetry implies κ-RS, and the converse is also true. Additionally, we provide a graphical representation of RS, CS, and KS adjacency and incidence QPNFM. While every adjacency QPNFM is symmetric, RS, CS, and KS, the incidence matrix satisfies only KS conditions. Every RS adjacency QPNFM is a KS adjacency QPNFM, but a KS adjacency QPNFM does not necessarily imply RS QPNFM. Soft graphs represent a novel area of research in mathematics. In this paper, we explore their application in decision-making by utilizing the adjacency matrix of a soft graph and developing a corresponding algorithm.
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