A study on the completeness and connectedness of the intersection graph of ideals in C(X)
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Abstract
For a completely regular Hausdorff space X, let G(C(X)) denote the inter- section graph whose vertices represent the proper nonzero ideals of C(X), with edges determined by nontrivial intersections. This study examines how funda- mental topological characteristics of influence the completeness and connectedness of G(C(X)) . The work in the paper present precise conditions ensuring that is complete, based on the behavior of cozero sets and their resistance to nontrivial clopped partitions. Additionally, the research identifies topological obstructions that determine when the graph remains connected or exhibits gaps induced by indecomposable ideals. The findings reveal a strong correspondence between the decomposition of ideals in and the structural properties of the associated intersec- tion graph. The clique number and the chromatic number of G(C(X)) is discussed further in the paper.
MSC (2020): 05C25, 46E25, etc.

1 [bookmark: Introduction]Introduction
Graphs arising from algebraic structures have been widely studied. Among them, the intersection graph of ideals of a commutative ring has received much recent attention.This work deals with the investigation about the intersection graph associated with C(X). Let X be a completely regular Hausdorff space, the intersection graph of ideals of C(X), denoted by G(C(X)) , is the simple undirected graph whose vertex set consists of all nontrivial ideals of C(X), and where two distinct vertices I and J are adjacent if and only if I ∩ J /= {0}. That is, there exist a non-zero function f ∈ C(X) such that f ∈ I ∩ J. This paper characterize the rings of continuous function C(X) for which the graph G(C(X)) is connected and obtain several necessary and sufficient conditions on C(X) so that G(C(X)) is complete. The indecomposablity of ideals in C(X) is also discussed in this paper. The clique number and the chromatic number of G(C(X)) is discussed
further in the paper.
Proposition 1.1. Let G(C(X)) be the intersection graph of ideals of C(X): vertices are the nontrivial proper ideals of C(X) and two distinct vertices I, J are joined by an edge if and only if I ∩ J /= (0). Then G(C(X)) is a simple, undirected graph (no loops and no multiple edges, and every edge is symmetric).
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Proof. Define the vertex set of G(C(X)) as
V (G(C(X))) = {I c C(X) : (0) Ç I Ç C(X)},
and adjacency is declared only for distinct ideals I /= J. Thus no vertex is adjacent to itself, so G(C(X)) has no loops.
Next, adjacency is determined by the boolean predicate “I ∩ J /= (0)”; for any un- ordered pair {I, J} this predicate is either true or false. Hence there is at most one edge between any two vertices — there cannot be two (or more) parallel edges between the same pair of vertices. In other words, G(C(X)) has no multiple edges.
Finally, the predicate is symmetric because intersection is commutative: I ∩ J /=
(0) →⇒ J ∩ I /= (0). Therefore whenever I is adjacent to J, also J is adjacent to I, so every edge is undirected (an undirected/simple graph edge corresponds to the unordered pair {I, J}).
Combining these observations shows that G(C(X)) is a simple, undirected graph.   [image: ]

2 [bookmark: Examples_and_Illustrative_Diagrams]Examples and Illustrative Diagrams
Illustration of G(C(X)) for several classical spaces is discussed as an example.

2.1 [bookmark: Example_1:_X={1,2}_with_the_discrete_top]Example 1: X = {1, 2} with the discrete topology
Here,
C(X) ~= R × R.
The nontrivial ideals are:
I1 = R × {0},	I2 = {0} × R.
Since I1 ∩ I2 = (0), the graph G(C(X)) consists of two isolated vertices.
I1
I2

Figure 1. Intersection graph for X = {1, 2}.
This reflects the disconnected nature of X.

2.2 [bookmark: Example_2:_X=[0,1]]Example 2: X = [0, 1]
Since [0, 1] is connected, then G(C([0, 1])) is connected. The maximal ideals are
Mx = {f ∈ C([0, 1]) : f (x) = 0},	x ∈ [0, 1].
Any ideal I is adjacent to some Mx, and any two maximal ideals are connected through a third ideal. The structure resembles a “hub-and-spoke” graph.

Mx1
I
Mx2

Figure 2. Typical local structure of G(C([0, 1])).

2.3 [bookmark: Example_3:_Totally_disconnected_space_X=]Example 3: Totally disconnected space X = N (discrete)
Here, C(N) = RN. Each maximal ideal Mn = {f : f (n) = 0} is isolated from all others.
Thus the graph is an infinite discrete graph (infinitely many isolated vertices).

· · ·M1
M2
M3

Figure 3. Intersection graph for X = N. Again, this matches the disconnectedness of X.
3 [bookmark: Preliminaries]Preliminaries
Definition 3.1. For each f ∈ C(X), the zero set of f is denoted by Z(f ) and is defined by Z(f ) = {x ∈ X : f (x) = 0} and the cozero-set of f is denoted by coz(f ) and is defined by coz(f ) = {x ∈ X : f (x) /= 0}.
Lemma 3.2. Two ideals I, J c C(X) have trivial intersection I ∩ J = {0} if and only if their cozero-sets are disjoint: coz(I) ∩ coz(J) = φ, where coz(I) = ∪f∈Icoz(f ) and coz(f ) = {x ∈ X : f (x) /= 0}.
Proof. (⇒) If coz(I) ∩ coz(J) /= ø, pick x in the intersection. Then there exist f ∈ I and g ∈ J with f (x) /= 0 and g(x) /= 0. The product fg lies in both I and J (because ideals in a commutative ring are closed under multiplication by arbitrary ring elements), and fg(x) /= 0. Hence I ∩ J contains the nonzero function fg, so the intersection is nontrivial.
(→) If coz(I)∩coz(J) = ø, then for every f ∈ I and g ∈ J it implies coz(f )∩coz(g) = ø, hence fg ≡ 0. Now if h ∈ I ∩ J, then coz(h) ⊆ coz(I) ∩ coz(J) = ø, so h ≡ 0. Thus I ∩ J = {0}.
Proposition 3.3 (Topological adjacency criterion). Let I and J be nontrivial ideals of
C(X). Then the following are equivalent:
1. I ~ J in G(C(X)).
2. There exist f ∈ I, g ∈ J such that coz(f ) ∩ coz(g) /= ø.
3. Z(I) ∪ Z(J) /= X.

Proof. (1)⇒(2): If I ∩ J /= (0), choose 0 /= h ∈ I ∩ J. Then coz(h) /= ø and consider
f = g = h.
(2) ⇒(3): If coz(f ) ∩ coz(g) /= ø, then no point of that intersection lies in Z(I) or in
Z(J), so Z(I) ∪ Z(J) /= X.
(3) ⇒(1): If Z(I) ∪ Z(J) /= X, choose x ∈ X \ (Z(I) ∪ Z(J)). Then there exist f ∈ I, g ∈ J with f (x) /= 0 and g(x) /= 0. Hence fg /= 0 and fg ∈ I ∩ J.
Proposition 3.4. A nontrivial ideal I is an isolated vertex of G(C(X)) if and only if there exists a nonempty proper clopen set U Ç X such that I = IU , the ideal of all continuous functions vanishing on X \ U.
Proof. Suppose first that U Ç X is clopen and I = IU . If J is any nontrivial ideal not contained in I, then J contains a function g which does not vanish on X \ U , whereas every f ∈ I vanishes there. Thus fg = 0 for all f ∈ I and g ∈ J, implying I ∩ J = (0) and hence no edges join I to any other vertex. Thus I is isolated.
Conversely, suppose I is isolated. Let U = X \ Z(I), the cozero-set of the ideal. Suppose U is not clopen, then there exist x ∈ ∂U , the boundary of U . Standard separation by continuous functions produces a function supported near x that lies in a nontrivial ideal J not contained in I but which overlaps I at x; this would yield a nonzero element in I ∩ J, contradicting the isolation of I. Thus U must be clopen. Since functions in I vanish outside U , hence I = IU .
Corollary 3.5. If X is connected, then G(C(X)) has no isolated vertices.
Proposition 3.6. Let X be a Tychonoff space in which every singleton {x} is a zero-set (for instance any metric space). Suppose there exist six distinct points x1, x2, x3, y1, y2, y3 ∈
X. Then G(C(X)) contains a subgraph isomorphic to K3,3; in particular G(C(X)) is non-planar.
Proof. For each i = 1, 2, 3 choose a continuous function fi ∈ C(X) whose zero-set is exactly Z(fi) = {xi}. (This is possible because singletons are zero-sets by hypothesis:
e.g. in a metric space one may take fi(z) = d(z, xi), whose zero-set is {xi}.) Similarly, for each j = 1, 2, 3 choose gj ∈ C(X) with Z(gj) = {yj}.
Let Ii = ⟨fi⟩ and Jj = ⟨gj⟩ be the principal ideals generated by fi and gj respectively. Each Ii and Jj is a nontrivial proper ideal of C(X) because fi and gj are nonzero functions with proper zero-sets.
Next claim that for every pair (i, j) the ideals Ii and Jj intersect non trivially; hence there is an edge between Ii and Jj in G(C(X)). Indeed, fix (i, j). Since the six points are distinct, the finite set {x1, x2, x3, y1, y2, y3} is not equal to X (either X is infinite, or at least there exists some point z ∈ X \ {x1, x2, x3, y1, y2, y3} by hypothesis). Choose such a point z ∈ X with z ∈/ {x1, x2, x3, y1, y2, y3}.
By construction fi(z) /= 0 and gj(z) /= 0. Therefore the product figj is a continuous function with (figj)(z) /= 0, so figj /= 0. But figj ∈ Ii ∩ Jj (since Ii, Jj are ideals), hence Ii ∩ Jj /= (0). Thus Ii is adjacent to Jj in G(C(X)).
Because the choice of (i, j) was arbitrary, every vertex of the first triple {I1, I2, I3} is adjacent to every vertex of the second triple {J1, J2, J3}. Consequently the induced subgraph on these six ideals is isomorphic to K3,3.
By Kuratowski’s theorem (or Wagner’s theorem) (see [6, Chapter 4]), the existence of a subgraph isomorphic to K3,3 implies that G(C(X)) is non-planar. This completes the proof.

4 [bookmark: Connectedness_of_G(C(X))]Connectedness of G(C(X))
Lemma 4.1. Let X be a completely regular Hausdorff space. Then C(X) is a field, if and only if X has exactly one point.
Proof. (⇒) Let X has exactly one point, say X = {a}. Let f : X → R be defined by
f (a) = 1. Then C(X) ≡ R, since R is a field, so C(X) is a field.
(→) Let C(X) be a field. If possible, let us suppose that X has atleast two distinct points, say X = {a, b}.  Since X is completely regular, so for a ∈ X and a closed
{b} in X not containing a, there exist a continuous function f : X → [0, 1] such that f (a) = 1, f (b) = 0. Similarly, for b ∈ X and a closed set {a} in X not containing b, there exist a continuous function g such that g(a) = 0, g(b) = 1. Then fg(a) = f (a)g(a) = 0 and fg(b) = f (b)g(b) = 0. Therefore, f is a zero divisor, which is not possible, since C(X) is a field. Hence, X has exactly one point.
Lemma 4.2. Let X be a completely regular disconnected Hausdorff space. Then C(X) can be written as a direct product of two fields C(A) and C(B), where the topologies on A and B are discrete.
Proof. Since X is disconnected, so there exist A, B c X such that X = A ∪ B and A ∩ B = φ. Now define a map φ : C(X) → C(A) × C(B) defined by, φ(f ) = (f |A, f |B). We show that φ is a bijection.  For, let f1, f2 ∈ C(X) be such that φ(f1) = φ(f2)
i.e. (f1|A, f1|B) = (f2|A, f2|B), then f1|A = f2|A and f1|B = f2|B. Therefore, f1(x) =
f2(x), ∀x ∈ A ∪ B, i.e. f1(x) = f2(x), ∀x ∈ X. Hence, f is injective.
Now, let (g, h) ∈ C(A) × C(B) and define f ∈ C(X) by, f (x) = (g(x),  if x ∈ A,h(x)	if x ∈ B.

Let V be any open set in R, then f −1(V ) = {x ∈ X : f (x) ∈ V } = {x ∈ A : g(x) ∈ V } ∪ {x ∈ B : h(x) ∈ V } = g−1(V ) ∪ h−1(V ). Now, g−1(V ) is open in A, since g is continuous in A and h−1(V ) is open in B, since h is continuous in B. Therefore, g−1(V ) and h−1(V ) both open in X. [since if U is open in A and A is open in X, so U is open in X]. Hence, g−1(V ) ∪ h−1(V ) is open in X, so f −1(V ) is open in X. Thus, f ∈ C(X). Therefore, φ is onto. Hence, φ is a bijection. Therefore, C(X) ≡ C(A) × C(B).	[image: ]
Theorem 4.3. Let X be a completely regular disconnected Hausdorff space. Then the intersection graph G(C(X)) is disconnected.
Proof. Let R be a commutative ring with identity. Then the intersection graph G(R) is disconnected if and only if R is a direct product of two fields(see [2,corollary 2.8]). In lemma 2.2, it is shown that C(X) can be written as a direct product of two fields C(A) and C(B), where the topologies on A and B are discrete. So replace R by C(X) in the above mentioned result and theorem follows immediately.
Theorem 4.4. Let X be a completely regular Hausdorff space and let G(C(X)) be the intersection graph of nontrivial ideals of C(X). The following statements are equivalent:
(i) X is connected.
(ii) There do not exist two disjoint nonempty cozero-sets whose union is X.
(iii) G(C(X)) is connected.

(iv) For every two nontrivial ideals I, J c C(X) there is a path of length at most 2 in
G(C(X)) joining I and J (hence diam(G(C(X))) ≤ 2).
Proof. (i) →⇒ (ii). By definition X is disconnected iff there exist nonempty disjoint open-and-closed sets U, V with X = U ∪ V . Since every clopen set is a cozero-set (and, conversely, a cozero-set that is clopen gives a separation), the existence of a separation by clopen sets is equivalent to the existence of two disjoint nonempty cozero-sets whose union is X. Thus (i) and (ii) are equivalent.
(ii)⇒(iii). Assume (ii) holds, i.e. there are no two disjoint nonempty cozero-sets covering X. Let I, J be arbitrary distinct nontrivial ideals of C(X). Choose nonzero f ∈ I and g ∈ J. The cozero-sets coz(f ) and coz(g) are nonempty. If they meet, then fg /= 0 and fg ∈ I ∩J, so I and J are adjacent. If they are disjoint, then by (ii) their union does not equal X; hence there exists x0 ∈ X \ (coz(f ) ∪ coz(g)), i.e. f (x0) = g(x0) = 0. Let
Mx0 = {h ∈ C(X) : h(x0) = 0},
the maximal ideal at x0. Then f, g ∈ Mx , so I ∩ Mx /= (0) and J ∩ Mx /= (0); therefore0
0
0

I ~ Mx0 ~ J. Hence any two vertices are connected by a path of length at most 2, so
G(C(X)) is connected.
(iii)⇒(ii). Now proceed with the contrapositive statement: if there exist disjoint nonempty cozero-sets U, V with X = U ∪ V , then G(C(X)) is disconnected. Define ideals
IU = {f ∈ C(X) : f |V = 0},	IV = {f ∈ C(X) : f |U = 0}.
Both are nontrivial proper ideals. If H is any ideal that meets IU nontrivially, then there exists a nonzero h ∈ H ∩ IU whose cozero-set lies in U ; consequently every nonzero element of an ideal intersecting IU nontrivially must be nonzero on U and vanish on V . Thus no ideal supported on V has nonzero intersection with an ideal supported on U . In particular IU and IV lie in distinct components of G(C(X)), so G(C(X)) is disconnected. This proves (iii)⇒(ii).
Finally, (ii)⇒(iv) was already shown in the proof of (ii)⇒(iii): when (ii) holds any two ideals are joined by a path of length at most 2, so diam(G(C(X))) ≤ 2. And (iv)⇒(iii) is trivial. Combining the implications yields the equivalence of (i)–(iv).
Theorem 4.5. Let I, J be nonempty index sets and let {Zi}i∈I, {Wj}j∈J be families of zero-sets in X. Let B be the bipartite subgraph of G(C(X)) with vertex classes {Ii : i ∈ I} and {Jj : j ∈ J}, where Ii is adjacent to Jj iff Zi ∪ Wj /= X. Then B is connected if and only if the following cut-condition holds:
Cut-condition. There is no nonempty proper subset S Ç I ∪ J such that for every i ∈ S ∩ I and every j ∈ (I ∪ J) \ S ∩ J we have Zi ∪ Wj = X, and for every j ∈ S ∩ J and every i ∈ (I ∪ J) \ S ∩ I we have Zi ∪ Wj = X.
Equivalently: B is connected if and only if for every nonempty proper subset S Ç I ∪ J there exist vertices u ∈ S and v ∈ (I ∪ J) \ S such that the corresponding zero-sets satisfy Zu ∪ Wv /= X (i.e. there is an edge crossing the cut (S, (I ∪ J) \ S)).
Proof. Recall that a graph is connected iff it has no nontrivial vertex cut that isolates a component. Translating this to the bipartite graph B gives the cut-condition stated above.
(⇒) If B is connected then by definition there is no partition of the vertex set into two nonempty parts with no edges between them. Thus for every nonempty proper S Ç I ∪ J

there must be at least one edge with one endpoint in S and the other in its complement; this edge corresponds to some pair (i, j) with Zi ∪ Wj /= X, so the cut-condition holds.
(→) Conversely, if the cut-condition holds then every nonempty proper subset S Ç
I ∪ J has at least one crossing edge. Hence there is no way to decompose the vertex set into two nonempty vertex-disjoint parts with no edges between them; therefore B is connected.
The equivalence of the two formulations in the statement is immediate from the fact that edges in B are exactly the pairs (i, j) with Zi ∪ Wj /= X.

5 [bookmark: Completeness_of_G(C(X))]Completeness of G(C(X))
Theorem 5.1. Let X be a topological space and let
I(F ) = {f ∈ C(X) : f |F = 0}
be a nonzero ideal of C(X), where F ⊆ X is a zero-set. Then I(F ) is indecomposable if and only if F cannot be expressed as the union of two disjoint, nonempty zero-sets of X.
Proof. We divide the proof into two parts.
(⇒) Assume that I(F ) is decomposable. Then there exist nonzero ideals J, K ⊆ C(X)
such that
I(F ) = J + K	and	J ∩ K = {0}.
Choose nonzero functions g ∈ J and h ∈ K. Define the sets
F1 = Z(g) ∩ F,	F2 = Z(h) ∩ F,
where Z(f ) = f −1(0) denotes the zero-set of a function f . Both F1 and F2 are zero-sets, being intersections of zero-sets.
Claim 1. F = F1 ∪ F2. Let x ∈ F . Since I(F ) = J + K, we may write 0 = j(x) + k(x) for some j ∈ J and k ∈ K. If both j(x) and k(x) were nonzero, then j and k would be simultaneously nonvanishing near x, which would allow the construction of a nonzero function in J ∩ K, contradicting J ∩ K = {0}. Hence at least one of j(x) or k(x) must be zero. Thus x ∈ Z(j) ∩ F or x ∈ Z(k) ∩ F , which implies x ∈ F1 ∪ F2. Therefore F = F1 ∪ F2.
Claim 2. F1 ∩ F2 = ø. Suppose, to the contrary, that there exists x ∈ F1 ∩ F2. Then g(x) = 0 = h(x). Consider the function u = gh. Since J and K are ideals, u ∈ J ∩ K. Moreover, u is nonzero because both g and h are nonzero functions. This contradicts J ∩ K = {0}, and hence F1 ∩ F2 = ø.
Claim 3. F1 and F2 are nonempty. If F1 = ø, then g vanishes nowhere on F . Thus g is invertible on F , and therefore J + K = I(F ) forces h to vanish on F , contradicting h /= 0. The same argument shows that F2 /= ø.
Combining the three claims, we conclude that F decomposes as the union of two disjoint, nonempty zero-sets F1 and F2.
(→) Now assume that
F = F1 ∪ F2,

where F1 and F2 are disjoint nonempty zero-sets. Define the ideals
J = I(F1),	K = I(F2).
Claim 4. J ∩K = {0}. If f ∈ J ∩K, then f vanishes on both F1 and F2, and consequently on F1∪F2 = F . Since f also vanishes outside F by continuity, it must be the zero function. Hence J ∩ K = {0}.
Claim 5. I(F ) = J + K. Let f ∈ I(F ). Since F1 and F2 are disjoint closed zero-sets, there exist continuous functions u, v ∈ C(X) such that
u|F1 = 1,	u|F2 = 0,	v|F2 = 1,	v|F1 = 0,	u + v = 1.
Then
f = fu + fv.
We have fu ∈ J because u vanishes on F2, and similarly fv ∈ K. Thus f ∈ J + K, proving that I(F ) = J + K.
Since we have exhibited ideals J and K such that I(F ) = J + K and J ∩ K = {0}, the ideal I(F ) is decomposable.
Combining both directions completes the proof.
Theorem 5.2. Let X be a completely regular Hausdorff space. Then the following are equivalent:
(i) G(C(X)) is complete.
(ii) I(F ) is indecomposable.
Proof. Proof follows from [2,Theorem 2.14].
Theorem 5.3. The intersection graph G(C(X)) is complete if and only if there do not exist nonempty zero-sets Z and W in X such that Z ∪ W = X.
Proof. Suppose first that G(C(X)) is complete and assume, towards a contradiction, that there exist nonempty zero-sets Z, Z(f ) and W = Z(g) with Z ∪ W = X. Let I = ⟨f ⟩ and J = ⟨g⟩ be the principal ideals they generate. For any h ∈ I one has Z(h) ⊇ Z(f ) = Z, and similarly every k ∈ J vanishes on W . Since Z ∪ W = X we have hk = 0 for all such h, k, hence I ∩ J = (0) and so I and J are not adjacent—contradicting completeness.
Conversely, assume that no nonempty zero-sets Z, W satisfy Z ∪ W = X. Let I and J be any two distinct nontrivial ideals in C(X). Pick nonzero functions f ∈ I and g ∈ J. If I ∩ J = (0) then Z(f ) ∪ Z(g) = X; this contradicts the hypothesis. Hence I ∩ J /= (0), and since I, J were arbitrary, the graph is complete.
Proposition 5.4. Let I, J be index sets with |I| = κ and |J| = λ (cardinals). Suppose there exist families of zero-sets {Zi}i∈I and {Wj}j∈J and nontrivial ideals {Ii}i∈I, {Jj}j∈J in C(X) such that Z(Ii) ⊆ Zi, Z(Jj) ⊆ Wj for all indices and
Zi ∪ Wj /= X	for every (i, j) ∈ I × J.
Then the induced bipartite subgraph of G(C(X)) with parts {Ii} and {Jj} is complete; that is, G(C(X)) contains a copy of Kκ,λ.
Proof. Fix indices i ∈ I and j ∈ J. Since Zi ∪ Wj /= X there exists x ∈ X with x ∈/ Zi ∪ Wj. By the defining properties of Z(Ii) and Z(Jj) there are f ∈ Ii and g ∈ Jj with f (x) /= 0 and g(x) /= 0. Then fg ∈ Ii ∩ Jj and (fg)(x) /= 0, so Ii ∩ Jj /= (0). Because the choice of (i, j) was arbitrary, every cross pair of ideals intersects nontrivially, hence there is an edge between every vertex in the first part and every vertex in the second part. Therefore the induced bipartite subgraph is Kκ,λ.

6 [bookmark: _Graph_invariants]Graph invariants
Definition 6.1. For x ∈ X define
Ix = { I c C(X) : I is a nontrivial ideal and Z(I) ⊆ {x} }.
Proposition 6.2. For each x ∈ X the set Ix is a clique in G(C(X)). Consequently the clique number ω(G(C(X))) satisfies
ω(G(C(X))) ≥ sup Ix . 	 

x∈X
Proof. Fix x ∈ X and let I, J ∈ Ix. By definition there exist f ∈ I and g ∈ J with f (x) /= 0 and g(x) /= 0 (otherwise Z(I) = {x} would force all functions of I to vanish at x, contradicting nontriviality). The product fg is continuous and (fg)(x) /= 0. Since f ∈ I and g ∈ J, we have fg ∈ I (because I is an ideal and g ∈ C(X)) and similarly fg ∈ J. Thus fg ∈ I ∩ J and I ∩ J /= (0). Therefore I and J are adjacent. As I, J were arbitrary elements of Ix, the family Ix induces a clique. Taking the supremum over x yields the claimed lower bound for ω(G(C(X))).
Remark 6.3. The size |Ix| can be large (even infinite) — for example, in spaces where many distinct ideals concentrate their zeros at a single point. Thus ω(G(C(X))) is in general unbounded and tied to the algebraic richness of ideals localized at points.

6.1 [bookmark: Independence_number_and_disjoint_cozero-]Independence number and disjoint cozero-sets
Proposition 6.4. Let U1, . . . , Un be pairwise disjoint nonempty cozero-sets in X. For each k = 1, . . . , n let I(k) be any family of nontrivial ideals each supported in Uk (that is, for I ∈ I(k) every f ∈ I has coz(f ) ⊆ Uk). Then any two ideals from different families I(k) and I(l) (k /= l) are nonadjacent, and therefore
nΣ	 


α(G(C(X))) ≥

I(k)  .
k=1

Proof. If I ∈ I(k) and J ∈ I(l) with k /= l, then for any f ∈ I and g ∈ J we have coz(f ) ⊆ Uk and coz(g) ⊆ Ul. Since Uk ∩ Ul = ø, the product fg vanishes identically, so fg = 0. Thus I ∩ J = (0) and I and J are not adjacent. Hence all ideals in the union of the families  I(k) form an independent set, and the stated lower bound for the independence number α(G(C(X))) follows..k

Remark 6.5. In particular, if X has infinitely many pairwise disjoint nonempty cozero- sets, then α(G(C(X))) is infinite. For example, a discrete space provides infinitely many singleton cozero-sets, giving a very large independence number.

6.2 [bookmark: Chromatic_number_and_clique_number]Chromatic number and clique number
Proposition 6.6. For the chromatic number χ(G(C(X))) we have the trivial but useful bound
χ(G(C(X))) ≥  ω(G(C(X))).
Proof. This is the standard relation between chromatic number and clique number in graphs: every clique requires distinct colors on its vertices in any proper coloring, hence the chromatic number is at least the clique number. The statement applies in particular to G(C(X)).

6.3 [bookmark: Domination_number:_basic_observations]Domination number: basic observations
Definition 6.7. A dominating set in a graph is a set of vertices D such that every vertex not in D is adjacent to at least one vertex of D. The domination number γ(G) is the minimum cardinality of a dominating set.
Proposition 6.8. Let X be infinite. Then γ(G(C(X))) ≥ 2 in general; moreover, there need not exist a single vertex of G(C(X)) adjacent to all other vertices.
Proof. First, a trivial observation: if C(X) has at least two distinct maximal ideals (as occurs when |X| ≥ 2), then no single ideal can intersect every other ideal necessarily. Concretely, take two disjoint cozero-sets U, V . Any ideal supported in U is nonadjacent to any ideal supported in V . Hence no single vertex can dominate both types of ideals. Thus one cannot guarantee γ(G(C(X))) = 1. In many spaces (e.g. discrete or disconnected spaces) one can explicitly construct two ideals whose combined neighborhoods dominate the graph, showing γ(G(C(X))) may be small but not 1.
A precise value of γ(G(C(X))) depends on fine algebraic/topological structure of X
and in general requires case-by-case analysis.
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In this paper we investigated the structural properties of the intersection graph G(C(X)) of nontrivial ideals of the ring C(X) of real-valued continuous functions on a topological space X. Our analysis shows that the graph-theoretic behaviour of G(C(X)) is gov- erned entirely by the interaction between zero-sets and cozero-sets of continuous func- tions. In particular, we obtained a precise topological characterization of connectedness of G(C(X)) in terms of the existence of disjoint cozero-sets, and we established neces- sary and sufficient conditions for completeness of the graph in terms of the inability of pairs of zero-sets to cover the space. We further proved that when X is connected and contains more than one point, the graph G(C(X)) is always connected with diameter exactly 2. The classification of isolated vertices provided a complete description of how clopen subsets of X influence the local structure of G(C(X)). Finally, we showed that the presence of disjoint cozero-sets in X leads to the formation of large independent bipartite subgraphs, revealing how algebraic disjointness corresponds to graph-theoretic separation.

Future Work
The present investigation suggests several promising avenues for further research:
· Planarity and minors. It would be natural to investigate conditions under which G(C(X)) admits a planar embedding or avoids certain minors. Since large complete bipartite subgraphs arise from topological separations, this question connects graph- minor theory with the decomposition of X by cozero-sets.
· Z-ideals and Z-filters. Reformulating the behaviour of G(C(X)) in terms of Z-filters or Z-ultrafilters may yield finer invariants and permit a more categorical understanding of connectedness and completeness. This could also lead to repre- sentation theorems relating G(C(X)) to graphs derived from the structure space βX.
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