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Abstract
The prevailing paradigm in analyzing the recurrence intervals of extreme climate events – such as heat-waves, floods, and droughts – relies on stochastic frameworks, including Extreme Value Theory (EVT) and Poisson progress, which presuppose inherent randomness. This paper challenges this assumption by posting the existence of latent deterministic structures. We propose a novel theoretical model wherein the temporal sequencing of extreme events, under the influence of persistent multi-scale nonlinear forcings (e.g., orbital cycles, ocean-atmosphere oscillations), exhibits hidden number-theoretic patterns. By formulating climate preconditioning as an almost periodic function, we demonstrate that recurrence intervals can cluster around values defined by arithmetical sequences, Diophantine approximations of coupled oscillation periods, and solutions to modular congruences. The core contribution is a formal theorem on the existence of “Arithmetical Recurrence Windows”, providing a deterministic explanation for the observed phenomenon of quasi-periodic clustering that eludes conventional stochastic models. This work establishes a pioneering, interdisciplinary bridge between analytic number theory and climate, dynamics, proposing a new diagnostic framework for extreme events timing with potential implications for long-term risk assessment.
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1. Introduction
The intensification and increased frequency of extreme hydroclimatic events constitute a definitive signature of anthropogenic climate change, with profound implications for global resilience and adaptation strategies (Seneviratne et al., 2021). In climate science and hydrology, the standard tool for quantifying the likelihood of such events is probabilistic risk analysis, grounded in Extreme Value Theory (EVT) and the concept of return periods (e.g., the "100-year flood") (Katz, 2010). These models typically assume that extreme events are independent and identically distributed (i.i.d.) random variables, or are generated by a stationary stochastic process, allowing for the estimation of exceedance probabilities.

However, a growing body of empirical evidence from instrumental records, paleoclimate proxies (like tree rings, varves, and speleothems), and climate model simulations consistently reveals that extreme events do not occur randomly. Instead, they exhibit pronounced temporal clustering—phases of heightened activity interspersed with prolonged quiescence (Büntgen et al., 2011; Dee et al., 2017). For instance, sequences of mega-droughts or repeated major floods within decades are documented in various regions (Meko et al., 2007). This clustering is often qualitatively attributed to low-frequency climate variability modes, such as the El Niño-Southern Oscillation (ENSO), Pacific Decadal Oscillation (PDO), or Atlantic Multidecadal Oscillation (AMO), which modulate regional climate preconditioning (Ault et al., 2013).

Despite these advances, a significant research gap persists: we lack a formal, deterministic mathematical framework to describe the precise temporal architecture of this clustering. Why do clusters appear at specific intervals? Why do certain recurrence intervals (e.g., 5, 11, 34 years) repeat more frequently than a purely random or a simple sinusoidal model would predict? Current approaches remain largely statistical, identifying correlations without elucidating the underlying generative mechanism for event timing.

This paper introduces a radical departure from convention. We argue that the complex, quasi-periodic nature of the climate system—a superposition of numerous interacting cycles with incommensurate periods—can imprint a non-random, number-theoretic signature on the timing of extreme events. When the phases of these multiple forcings constructively align to exceed a critical threshold, the timing of such alignments is governed by problems in Diophantine approximation and modular arithmetic. Consequently, the sequence of extreme event times may inherit properties from sequences studied in analytic number theory.

The novelty of this work lies in its synthesis of climate physics with pure mathematics, specifically:

(a) Modeling aggregate climate forcing as an almost periodic function.
(b) Identifying recurrence intervals as denominators of convergents in the continued fraction expansions of period ratios.
(c) Proposing a theorem on Arithmetical Recurrence Windows derived from the Chinese Remainder Theorem.
This framework provides a deterministic, rather than probabilistic, explanation for "unexpected" event sequencing, opening a new avenue for analyzing climatic extremes.

2. Mathematical Foundations and Methodology
2.1 Climate Forcing as an Almost Periodic Function
We define the key state variable F (x, t) (e.g., temperature anomaly, geo-potential height, soil moisture index) whose extreme values precipitate the event of interest. At a location x, we posit that the long-term dynamics of F are driven by a finite but heterogeneous set of oscillatory components with distinct physical origins. These may include the seasonal cycle (), inter-annual modes like ENSO (), decadal modes (), and orbital cycles ().
Formally, we model the preconditioning field as:
, where .
Here,  are slowly varying amplitudes,  are time-varying periods (making the functions quasi-periodic), and  represents high-frequency stochastic noise (weather). For the core theoretical construct, we initially consider the idealized case with constant  and , and negligible . In this limit,  is a Bohr almost periodic function (Bohr, 1947; Corduneanu, 1989), characterized by a countable Fourier spectrum with incommensurate base frequencies .
An extreme event is said to occur at time  when , where  is a high threshold. The central problem reduces to finding the sequence  satisfying this condition.

2.2 Diophantine Approximation and Phase Locking
The condition for a constructive alignment of multiple phases is that  are all close to  ( for a sine maximum) simultaneously, modulo 1. This requires that the fractional parts of  align. Finding  such that  is small for all  (where  denotes distance to the nearest integer and  is the target phase) is a simultaneous Diophantine approximation problem (Cassels, 1957).

The efficiency of such approximations is controlled by the number-theoretic properties of the frequency ratios . If these ratios are rational, the system is strictly periodic, and extremes recur at the least common multiple of the periods. If the ratios are irrational (and typical frequencies are linearly independent over ), the recurrence is quasi-periodic. The “best possible” alignments occur at times  corresponding to the principal convergents  of the continued fraction expansion of these irrational ratios (Khinchin, 1964). For two periods and , high-threshold exceedances will tend to recur at intervals  that approximate integer multiples of both periods, i.e., , implying . The fraction  are the convergents of . Therefore, the set of possible recurrence intervals  is concentrated near values , where  is a denominator of a convergent.
2.3 Modular Arithmetic and Recurrence Windows
Many climate processes involve threshold-triggered reset dynamics. For example, a major flood may require the drainage basis to be primed (high soil moisture) and a synoptic event to occur. This can be abstracted as a logical AND condition across multiple cyclic prerequisites. In modular arithmetic terms, if an extreme requires conditions satisfied when (e.g.. phase of PDO) AND (e.g., phase of ENSO), then viable  must solve the system of congruences:
, , …
By the Chinese Remainder Theorem (Rosen, 2011), a solution exists if the  are pairwise coprime (of more generally, if congruences are consistent), and all solutions from an arithmetic progression with period . this defines a Recurrence Window of period . Within each window of length , only specific time steps are admissible for extremes, leading to clustered events separated by gaps. The apparent periodicity is , but the actual event spacing within clusters depends on the finer-scale forcing.
2.4 Theorem: Existence of Arithmetical Recurrence Windows
Let us formalize the core argument.
Theorem. Let the climate state variable  be governed by  distinct, persistent oscillatory modes with time-invariant periods . Let the extreme threshold  be set such that exceedance requires the near-simultaneous peak (within a phase tolerance ) of at least  of these modes (). Further, assume the participating periods ratios  for the critical modes are irrational and satisfy a Diophantine condition (e.g., are not Liouvile numbers). Then, the set of extreme even times  possesses the following structure:
[bookmark: _GoBack]2.4.1 Windowed Recurrence:  is contained in a finite union of arithmetic progression  where the spacings  are determined by the least common multiples of subsets of the periods .
2.4.2 Interval Clustering: The sequence of recurrence intervals  is not uniformly distributed. Its values cluster around integers that are denominators  of the principal convergents in the continued fraction expansions of the critical period ratios .
2.4.3 Positive Density: The set  has positive (upper) asymptotic density within the natural numbers, implying a non-zero long-term frequency of events, but this density is less than that predicted by a memory-less Poisson process with the same mean rate.
Proof Sketch
Step 1 (Window Formation): The condition of simultaneous phase alignment for  modes defines a system of approximate congruences. Applying a quantitative version of the Chinese Remainder Theorem (for approximate congruences) or the theory of linear forms in logarithms yields a set of admissible time windows spaced at intervals related to  This establishes the arithmetic progression structure.
Step 2 (Interval Characterization): Within a window, the precise timing depends on the best Diophantine approximations of the period ratios. The theory of continued fractions guarantees that the best rational approximations  satisfy . Time differences that satisfy  provide the most robust alignments. Hence, interval  will be found near these  values.
Step 3 (Density Argument): The existence of a finite set of arithmetic progressions containing  guarantees a positive lower bound for the number of event times up to , i.e.,  for some constant  and sufficiently large , proving positive density. The exclusion of most time points (due to the strict phase-matching condition) ensures this density is less than 1.
This theorem provides the sought-after deterministic mechanism for quasi-periodic clustering.
3. Discussion and Implications
3.1 Interpreting Observed Clustering Through a Number-Theoritic lens
This framework recasts puzzling climatic sequence as expected outcomes of number-theoretic dynamics. Consider a region where heat waves are potentiated by the alignment of a  – year mode, a   – year mode and a   – year solar cycle. Their ratios are approximately , , and . The continued fraction for  is  with convergents The denominator 3 suggests a - year interval . The next convergent  suggests a  – year interval  . This predicts clustering of severe heat-waves around 11- year and 52- year intervals, with sub-clusters possible at the beat frequency (e.g., differences between alignments). This mirrors observed multi-decadal “megadrought” pacing in North America (Cook et al., 2007).
3.2 Contrast with Stochastic Models
A poisson model yields an exponential distribution of intervals, predicting many short intervals and a long tail. A simple autoregressive model includes memory but not precise interval clustering. Our number-theoretic model predicts a multimodal distribution of recurrence intervals, with peaks at specific arithmetically derived values and pronounced gaps – a signature that is testable against paleo-climate time series. The model also implies non-stationary in the classical statistical sense: the mean rate is not constant over all timescales but is modulated by the long-term recurrence windows.
3.3 Limitations and Future Research Directions
The principal limitation is the idealization of constant amplitude and periods. Real-world forcings have time-varying properties (e.g., amplitude modulation of ENSO by PDO). Future work must extend the theory to almost periodic functions with modulated amplitude, potentially using dynamical systems theory and the concept of strange non-chaotic attractors (Feudel et al., 1995), which exhibit fractal, number-theoretic structures in their dynamics.
Empirical validation is crucial. The next step involves applying continued fraction analysis and congruence filtering to long paleoclimate records (e.g., the PAGES 2k network) to search for the predicted interval clustering. Success would imply that the dominant oscillatory periods for a given region and hazard type can be inferred from the event sequence itself, via its Diophantine properties.
Finally, this theory has potential predictive utility. If the fundamental periods  are stable on centennial timescales, identifying the current phase within a long recurrence window could inform the relative likelihood of entering a cluster of extremes in coming decades, supplementing probabilistic risk assessments.
4. Conclusion
This paper has introduced a novel theoretical paradigm linking the recurrence of extreme climate events to principles in analytic number theory. By modeling the climate system’s low-frequency forming as an almost periodic function, we have demonstrated that the timing of extreme events is not a purely random process but can be structured by Diophantine approximations and modular arithmetic. The proposed theorem on Arithmetical Recurrence Windows formalizes this idea, explaining the observed phenomenon of quasi-periodic clustering as a natural consequence of the number-theoretic relationships between the period of interacting climate oscillations.
This work bridges a significant gap between climate science and pure mathematics, suggesting that the hidden order in climatic extremes may be decoded using the language of continued fractions, congruences, and arithmetic progressions. While challenge remain in incorporating realistic noise and non-stationarity, this framework offers a powerful new lens for diagnosing past extremes and potentially constraining the future temporal structure of climate risk. It shifts the fundamental question from “What is the probability next year?” to “When, within a structured arithmetic sequence, is the next window of heightened susceptibility?”
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