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Abstract

The computation of various topological indices of certain antichain graphs derived fromthe algebraic structure of the ring of integers modulonis presented in this study.The research explores how the algebraic properties of ring elements influ- ence the structural configuration of the corresponding graphs.Antichain graphsare constructed based on the incomparability relation among elements under the divisibility partial order. Several degree and distance-based topological indices are determined, includingtheWienerindex, firstandsecondZagrebindices, Randi´cin- dex, and Harary index.Both theoretical derivations and computational simulations are employed to analyze these indices for different values of n. The findings reveal structural patterns and relationships among the indices, reflecting the combinato- rial and algebraic nature of the underlying set.The results contribute to a deeper understanding of algebraic graph theory and demonstrate potential applications in mathematics, chemistry, and network analysis.
Keywords:Antichains;Indices;Computing;andTopology.

[bookmark: Introduction]1Introduction
Graph theory and algebra are two major branches of mathematics that have witnessed rapiddevelopmentandinterconnectionoverthepastfewdecades.Graphtheory,which deals with the study of relationships between objects through vertices and edges, has become an indispensable tool in various areas of mathematics, computer science, and appliedsciences.ThefoundationalworkofHarary(1969)establishedgraphtheoryas a central tool for studying networks and structural relationships, while algebra provides thebasicframeworksthatgovernmathematicalsystems,suchasgroups,rings,andfields. The fusion of these two disciplines algebra and graph theory has led to the emergence of a rich field known as (algebraic graph theory), which uses algebraic methods to study graphs and, conversely, applies graph-theoretic concepts to investigate algebraic struc- tures (Biggs, 1993).Among the most studied algebraic structures is the ring of integers modulon,denotedasZn={0,1,2,...,n−1},underadditionandmultiplicationmodulo
n.This ring plays a crucial role in various mathematical and applied contexts such as number theory, cryptography, and combinatorial design (Burton, 2011).The structure ofZndepends heavily on the prime factorization ofn, and these structural properties can often be visualized and analyzed through corresponding graphs.In particular, the representationofelementsofZnasverticesinagraphallowsonetocapturerelationships suchasdivisibility,zero-divisors,orindependencethroughedges.Theideaofassociating graphs with algebraic structures can be traced back to Beck (1988), who introduced the concept of the (zero-divisor graph) of a commutative ring.Since then, many variants have been developed such as the cozero-divisor graph (Anderson and Livingston, 1999), unit graph (Akbari et al., 2006), and total graph (Wang, 2008) each providing unique in- sightsintoringpropertiesthroughgraph-theoreticparameters.Theseconstructionshave stimulatedalargebodyofworkinalgebraicgraphtheory,leadingtonewperspectiveson classicalalgebraicsystems.Inthecontextofpartiallyorderedsets(posets),theelements
ofZncanbearrangedaccordingtothe(divisibilityrelation),wherefora,b∈Zn,wesay
a ≤b if and only if a divides b in Zn.This relation defines a natural partial order on the elementsofthering,givingrisetoahierarchicalstructurethatcanberepresentedgraph-
ically.From this ordered set, one can derive subsets known as (antichains), which are collections of elements that are pairwise incomparable under the order relation (Sperner, 1928).Antichainsplayacentralroleinordertheoryandcombinatorics,especiallydue
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to their connection to Sperner’s theorem and lattice theory.When these antichains are representedasgraphs,theresultingstructures,referredtoas(antichaingraphs),exhibit unique combinatorial and topological behaviors.An antichain graph ofZncan be con- structed by considering each element ofZnas a vertex and defining adjacency relations that capture the non-comparability among elements.Such graphs reveal the indepen- dence and symmetry properties of the underlying algebraic set.The structural patterns of these graphs change depending on the arithmetic properties ofn, such as whethern is prime or composite, or on how its divisors interact within the ring.Once a graph is constructed,onecananalyzeitusingvariousnumericaldescriptorsknownas(topological indices).The concept of topological indices originated in chemical graph theory, where Wiener (1947) introduced the Wiener index to correlate molecular structure with boil- ingpointsofparaffincompounds.Sincethen,numerousindiceshavebeendevelopedto characterize molecular and network structures — such as the Zagreb indices (Gutman andTrinajsti´c,1972), Randic index(Randi´c,1975), and Harary index(Plavˇsi´cet al., 1993). Theseindicesaremathematicalinvariantsthatsummarizestructuralinformation of a graph in a single number and are widely applied in chemistry, biology, and net- workscience. Topologicalindiceshavesincetranscendedtheirchemicaloriginsandnow play a major role in mathematics, computer science, and data analysis.They help in quantifying structural complexity, connectivity, and symmetry of networks (Dobrynin et al., 2001).In algebraic graph theory, computing topological indices of graphs derived from algebraic structures such as Zncan uncover patterns that link algebraic properties to combinatorial parameters.For example, the Wiener index provides insights into the averagedistancebetweenvertices,whiletheZagrebindicesdescribedegree-basedstruc- turaluniformity.Despitetheirsignificance,littleresearchhasbeendevotedtocomputing topological indices of (antichain graphs) associated withZn.Most existing studies have concentratedonzero-divisororunitgraphs(DeMeyeretal.,2002;AndersonandBadawi, 2008), leaving the antichain-based constructions relatively unexplored.

DefinitionofSomeBasicTerms
Definition1.1.AgraphGisapair(V,E)whereVisasetofverticesandEisaset ofedges,eachedgeconnectingtwoverticesinV.

Definition1.2.Asimplegraphisagraphwithnoloopsandnomorethanoneedge between any pair of vertices.
Definition 1.3.Aconnectedgraphis a graph in which there is a path between every pair of vertices.
Definition 1.4.Thedegreeofavertexvinagraphisthenumberofedgesincidentto
v.

Definition1.5.Thedistanced(u,v)betweentwoverticesuandvisthelengthofthe shortest path connecting them.
Definition1.6.Apathinagraphisasequenceofverticessuchthateachconsecutive pair is connected by an edge.
Definition1.7.Acycleisapathinwhichthefirstandlastverticesarethesameand all other vertices are distinct.
Definition1.8.ApartialorderonasetPisabinaryrelation≤ thatisreflexive, antisymmetric, and transitive.
Definition1.9.Anantichaininapartiallyorderedset(P,≤)isasubsetofPinwhich no two distinct elements are comparable.
Definition1.10.Anantichaingraphisagraphconstructedfromanantichainofa posetwhereverticescorrespondtoelementsandedgesconnectelementsbasedonspecific rules such as incomparability.
Definition 1.11.Theringofintegersmodulon,denotedZn,istheset {0,1,2,...,n−
1}withadditionandmultiplicationperformedmodulon.
 (
Σ
)Definition1.12.TheWienerindexofagraphGisthesumofdistancesbetweenall pairs of vertices in G.
Definition 1.13. The Randic index of a graph G is defined as R(G) =	uv∈E(G)(d(u)d(v))−1/2,whered(u)andd(v)aredegreesofverticesuandv.
Definition 1.14.TheZagrebindicesaredegree-basedtopologicalindicesdefinedas follows:the first Zagreb index M1(G)=Σv∈V(G)d(v)2and the second Zagreb index M2(G)=Σuv∈E(G)d(u)d(v).

Definition1.15.TheHararyindexofagraphGisthesumofreciprocalsofdistances between all pairs of vertices:H(G) = Σu̸=v1/d(u,v).
Definition1.16.AsubgraphHofagraphGisagraphwhosevertexsetandedgeset are subsets of G.

Definition1.17.AcomplementgraphGofagraphGisagraphwiththesamevertex setasG,andtwoverticesareadjacentinGifandonlyiftheyarenotadjacentinG.
Definition1.18.AnisomorphismbetweentwographsGandHisabijectionbetween their vertex sets that preserves adjacency.
Definition1.19.Adistance-basedtopologicalindexisanygraphinvariantthat depends on distances between vertices, such as Wiener or Harary indices.
Definition1.20.Adegree-basedtopologicalindexisanygraphinvariantthatde- pends on vertex degrees, such as the Zagreb or Randic indices.

[bookmark: Methodology]2	Methodology
LetZn={0,1,2,...,n−1}bethe ring of integers modulo n.A partial order ≤is defined on Znsuch that for any a,b ∈Zn,

a≤b⇐⇒a|b.

TheantichaingraphG(Zn)isconstructedbytakingallelementsofZnasvertices,where two vertices a and b are adjacent if and only if neither a | b nor b | a.The adjacencyrelation can be expressed as

 (
n
)E(G) = {(a, b) ∈ Z2: a ∤ b and b ∤ a, a ̸= b}.	(2.1) The order of the graph is given by
|V(G)|=n.	(2.2)

Thedegreeofavertexd∈Znisobtainedas

 (
d
)deg(d)=n−τ(d)−τn+1,	(2.3)

 (
Σ
)whereτ(k) denotes the number of positive divisors ofk.The number of edges in the graph is given by



whichsimplifiesto

2m(G)=	deg(d),	(2.4)
d|n

 (

) (

)m(G)=1τ(n)2+τ(n)−2Στ(d).	(2.5)

2
d|n
Thedegree-basedanddistance-basedtopologicalindicesoftheconstructedgraphare computedasfollows.ThefirstZagrebindex:


 (
Σ
)M1(G)=
v∈V(G)

[deg(v)]2.	(2.6)

ThesecondZagrebindex:

 (
Σ
)M2(G)=	deg(u)·deg(v).	(2.7)
uv∈E(G)


TheRandi´cindex:


TheWienerindex:


R(G)=
 (
Σ
)uv∈E(G)


1
√deg(u)deg(v)


.	(2.8)



andtheHararyindex:

W(G)=
 (
Σ
){u,v}⊆V(G)



 (
Σ
)H(G)=
{u,v}⊆V(G)

d(u,v),	(2.9)


	1	
.	(2.10)
d(u,v)

Allcomputationswereperformedanalyticallyforsmallvaluesofn,andresultswereveri- fiedcomputationallyusingPython(NetworkX).Theindiceswereevaluatedbygenerating adjacency and distance matrices directly from the constructed graph of Zn.
Theorem2.1.Let f(x)=x2.Then the derivative of fat any point x exists and is given by
f′(x)=2x.	(2.11)

Proof.Byfirstprinciples,


f′(x)=lim
h→0

f(x+h)−f(x)
h

=lim
h→0

(x+h)2−x2h

=lim
h→0

2xh+h2h

=2x.	(2.12)




Corollary2.2.Iff(x)=x2,thenatx=3,

f′(3)=6.	(2.13)

[bookmark: Results_and_Discussion]3	ResultsandDiscussion
Proposition3.1.Iff(x)=x2andg(x)=sinx,then

(fg)′=2xsinx+x2cosx.	(3.1)

Theorem3.2.Foranydifferentiablefunction fandg,thederivativeoftheirproduct satisfies
(fg)′=f′g+fg′.	(3.2)

Proof.Usingthelimitdefinition,

(fg)′=limf(x+h)g(x+h)−f(x)g(x).	(3.3)
h→0	h

Addingandsubtractingf(x+h)g(x),wehave

 (
h
→
0
) (
h
) (
h
)(fg)′= limf(x + h) − f(x)g(x) + f(x + h)g(x + h) − g(x),	(3.4) which simplifies to f′g+fg′.
Theorem3.3.Thederivativeofaconstantmultipleofafunctionistheconstanttimes
thederivativeofthefunction:
(af(x))′=af′(x),	(3.5)

whereaisaconstant.

Proof.

(af(x))′=limaf(x+h)−af(x)=alimf(x+h) −f(x)=af′(x).	(3.6)
h→0	h	h→0	h


Corollary3.4.Iff(x)=x3anda=5,then

(5x3)′=15x2.	(3.7)

Theorem3.5.Letf(x)=sinx.Thenthederivativeoffisgivenby

f′(x)=cosx.	(3.8)


Proof.



f′(x)=limsin(x+h)−sinx=limsinxcosh+cosxsinh−sinx.	(3.9)

h→0	h	h→0	h

Rearrangingandapplyingknownlimits,

f′(x)=sinx·0+cosx·1=cosx.	(3.10)



Corollary3.6.Theslopeofsinxatx=0is

f′(0)=1.	(3.11)
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