[image: ]INTERNATIONAL JOURNAL OF LATEST TECHNOLOGY IN ENGINEERING,
MANAGEMENT & APPLIED SCIENCE (IJLTEMAS)
ISSN 2278-2540 | DOI: 10.51583/IJLTEMAS | Volume XV, Issue II, February 2026



Assessing Models Behaviours and the Forecasing Performance of Arima and Garch Models: An Empirical Study 
[bookmark: _GoBack]Olusola Samuel Oluwabunmi, Nasiru Mukaila Olakorede                                                                 Department of Statistics, University of Abuja.

Received: April 2026; Accepted: April 2026; Published:  2026

ABSTRACT
This study investigates the statistical properties, volatility dynamics, and forecasting performance of crude oil returns using a comprehensive time series modeling approach. Descriptive analyses reveal that returns are centered around zero with small negative averages, exhibiting pronounced volatility clustering and episodes of extreme deviations driven by geopolitical and macroeconomic shocks. Diagnostic tests confirm the presence of nonlinear dependence and heteroskedasticity, making models such as GARCH suitable for capturing the persistent volatility patterns. Stationarity of the return series supports the application of ARIMA and GARCH-based models, which effectively accommodate the complex features observed in the data. Model selection across varying sample sizes consistently favors parsimonious ARIMA(0,0,q) structures with no autoregressive terms, while GARCH(1,1) captures the high volatility persistence evident in the market. Forecasting evaluations demonstrate that model accuracy improves with larger datasets, with combined ARIMA-GARCH models, especially those with higher-order ARIMA specifications, outperforming simpler models in larger samples. The findings underscore the importance of incorporating volatility modeling and selecting appropriate model complexity based on data availability to enhance forecast precision. Overall, the results provide valuable insights into the dynamics of crude oil prices and offer robust guidance for modeling and forecasting in volatile energy markets.
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Forecasting in statistics is concerned with predicting future outcomes using historical observations arranged in time order. A time series differs from other datasets because its values are recorded at regular intervals, making it possible to detect systematic patterns such as upward trends, cyclical fluctuations, or random disturbances. Understanding these dynamics is essential in domains like agriculture, business, and finance where planning depends on reliable projections.

The Autoregressive Integrated Moving Average (ARIMA) framework is one of the most established approaches for such analysis. It combines two fundamental ideas: the autoregressive (AR) model, which relates current observations to previous values, and the moving average (MA) model, which expresses present outcomes in terms of past forecast errors. When data are non-stationary, the integrated (I) component applies differencing to stabilize the mean and variance before modeling. This makes ARIMA particularly useful for data that exhibit trends over time.


Since its development and popularization by Box and Jenkins (1976), ARIMA has become a versatile method for short-term prediction of linear time series. It can be implemented in two major forms: a non-seasonal ARIMA model, which captures trends and dependencies without seasonal adjustment, and a seasonal ARIMA (SARIMA) model, which incorporates recurring cycles such as monthly or yearly effects. These variations allow ARIMA to be adapted across contexts, from analyzing financial returns to modelling agricultural production levels.

Financial markets are often characterized by irregular fluctuations in asset prices, where periods of calm are interrupted by episodes of extreme turbulence. This feature, known as volatility clustering, implies that returns are not constant over time and that traditional models assuming fixed variance are inadequate. Understanding and forecasting this variability is central to decision-making in risk management, asset pricing, and portfolio allocation.

The early attempt to capture changing variance was made by Engle (1982) through the Autoregressive Conditional     
Heteroskedasticity (ARCH) model, which demonstrated that the conditional variance of a return series could be linked to  past error terms. Although successful, the ARCH model often required a large number of lagged terms to fit financial data adequately. To address this, Bollerslev (1986) proposed the Generalized ARCH (GARCH) model, which extended Engle’s approach by allowing the conditional variance to depend both on lagged squared errors and on past variances. This development made the model more flexible and computationally efficient.

Since its introduction, the GARCH family of models has become a dominant tool in financial econometrics. They are widely applied to estimate Value-at-Risk (VaR), study exchange rate dynamics, analyze stock market returns, and support regulatory capital requirements. The core strength of GARCH lies in its ability to capture persistence in volatility and to reflect the clustering commonly observed in empirical financial data. In addition, several extensions such as Exponential GARCH (EGARCH), Threshold GARCH (TGARCH), and GJR-GARCH have been introduced to address asymmetry in volatility, where negative shocks tend to have a stronger effect than positive ones.

Recently, there have been increased attention in the literature towards analysis of volatility data using different approaches. 
Mbonigaba et al. (2025) employed GARCH models for predicting market volatility in high-frequency trading. They studied data from 2020 to 2024. The research compared traditional GARCH models with newer versions like EGARCH and TGARCH. They found that while traditional GARCH models are a good starting point for forecasting volatility, they aren't accurate enough in high-frequency trading without improvements. The study showed that the newer GARCH versions work better at capturing how volatility changes in response to market events. To improve predictions in high-frequency trading, the authors suggest combining GARCH models with machine learning, using methods to reduce noise, and creating ways to adjust models in real time for better results.  

Di-Giorgi et.al. (2025) proposed a hybrid approach to volatility prediction by combining GARCH models with deep neural networks (GRU, LSTM, BiLSTM). Their method also introduces an optimal sliding window mechanism. Through simulations and applications to real financial data (Chile’s IPSA, S&P 500, ASX200), the approach showed improved accuracy in forecasting stock return volatility, particularly one week ahead.

Sirisha et al. (2024) Conducted a comparative analysis of time series forecasting methods using both statistical and deep learning approaches. Specifically, they applied the Autoregressive Integrated Moving Average (ARIMA), Seasonal ARIMA (SARIMA), and the deep learning-based Long Short-Term Memory (LSTM) neural network models to forecast profit data. To ensure the appropriateness of the statistical models, the dataset used was transformed to stationarity for ARIMA, while no such transformation was performed for SARIMA and LSTM. The models were trained and evaluated using test data to assess forecasting performance. Their findings revealed that the LSTM model outperformed both ARIMA and SARIMA, demonstrating superior predictive accuracy and highlighting the potential of deep learning methods in complex time series forecasting tasks. 

Bunnag (2024) analyzed how gold acts as a safe-haven asset when the economy is uncertain. They used two models, ARIMA (2,1,3) and ARIMA (2,1,3)-GARCH (1,1), to predict gold prices. When they compared the models, the ARIMA (2,1,3)-GARCH (1,1) one performed better, with lower MAE (80.1371) and RMSE (96.8299), showing it's more accurate. The model predicts that gold will cost about 1942.094 USD per troy ounce by the end of 2024, which shows how well it can forecast trends in the gold market.

Hasanov et al. (2024) examined the empirical significance of structural changes in exchange rate data by replicating and extending the volatility forecasting study of Rapach and Strauss (2008). Using generalized autoregressive conditional heteroskedasticity (GARCH) models and out-of-sample tests, they incorporated recent U.S. dollar daily exchange rate data, employed alternative software, and applied updated forecast accuracy tests and loss metrics. Their objective was to achieve scientific replication in a broad sense while assessing robustness. The findings broadly confirmed the original study, with additional evidence showing that models accounting for structural breaks consistently outperformed those that ignored instabilities across all forecast horizons and loss functions. 

Jatinder et al. (2023) highlights the prominence of the ARIMA model as a widely accepted and robust time series forecasting method. They conducted an extensive analysis of ARIMA and hybrid models incorporating ARIMA, spanning fields such as environmental, health, atmospheric, and other disciplines. Their findings suggest that hybrid models, which integrate ARIMA with other approaches, outperform standalone ARIMA models by effectively capturing a broader range of patterns within time series data. Consequently, the adoption of hybrid modelling has become a standard practice, leveraging the combined strengths of multiple methods to enhance forecasting accuracy and robustness.

Quang et al. (2024) ground their study in financial time-series and volatility modeling theory, which explains Bitcoin price behavior through historical price movements and time-varying volatility. The framework assumes that Bitcoin prices exhibit non-stationarity, autocorrelation, and volatility clustering. Bitcoin price returns are treated as the dependent   
variable, with the ARIMA model capturing short-term return dynamics in the mean equation, while the GARCH model explains conditional volatility in the variance equation. The framework acknowledges the influence of macroeconomic and financial factors on Bitcoin prices but excludes them from the ARIMA–GARCH structure, indicating a limitation and direction for future research. Model specification and frequent recalibration are incorporated as moderating elements due to Bitcoin’s high volatility. Overall, the framework highlights the effectiveness of the ARIMA–GARCH integration for short-term Bitcoin price forecasting while emphasizing the need for adaptive and extended modeling approaches for improved long-term accuracy.

The aim of this study is to evaluate and compare the forecasting accuracy of ARIMA, GARCH and ARIME-GARCH models through real-world data applications, thereby providing insights into their respective effectiveness in modeling and forecasting time series data exhibiting volatility dynamics and the objectives were to:

i. examine the trends and patterns of crude oil prices returns;
ii. fit the crude oil prices returns to both ARIMA and GARCH models; and
iii. evaluate and compare the forecasting accuracy of ARIMA, GARCH and ARIMA-GARCH models. 
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METHODOLOGY
Autoregressive Integrated Moving Average (ARIMA)
The autoregressive integrated moving average (ARIMA) model is a sophisticated statistical tool that synthesizes autoregressive (AR) and moving average (MA) components with a differencing process to effectively model time series data. The differencing step is pivotal in transforming non-stationary data into a stationary form, thereby facilitating reliable statistical analysis. This integrated approach, combining AR, MA, and differencing, is termed ARIMA. This section elucidates the mathematical derivation of the autoregressive (AR) component, establishing the groundwork for its integration with MA and differencing processes. An autoregressive (AR) model is a representation of a type of random process. It is used to describe certain time-varying processes in time series data. 
   The ARIMA Model 
The pre-dispersed mixture was transferred to a container compatible with the ultrasonicator. To exfoliate ARIMA models are used for time series data that either already have a constant mean and variance over time or can be made to have these properties through a process called differencing. The model is written as ARIMA (p, d, q), 
where:
· p: Order of the Autoregressive (AR) component.
· d: Degree of differencing required to make the time series stationary.
· q: Order of the Moving Average (MA) component.
    Autoregressive (AR)
The AR part of the model looks at how an observation connects to past observations. It believes that the current value of the time series is made up of a mix of earlier values and some random error.
Mathematical Representation:
					[2.1]
where: 
 :	Value of the time series at time (t)
(c):	Constant term.
 : Parameters (coefficients) of the lagged terms.
:	Random error (white noise) at time (t).
(p):	 Number of lagged observations (order of the AR model).
Integrated (I)
The "I" in ARIMA stands for integration, which refers to differencing the time series to make it stationary. 
A stationary time series has a constant mean, variance, and autocorrelation structure over time. Differencing 
removes trends and stabilizes the mean.
Differencing:
First-order differencing:  
Second-order differencing (if needed): 
(d): Number of times the data is differenced to achieve stationarity.  
Moving Average (MA)
The MA component shows how the current observation is connected to previous forecast errors. An MA(q) model shows the current value as a mix of past error terms.
Mathematical Representation:
					    [2.2]	
where:
 : The observed time series value at time (t).
c:  The mean of the time series (often assumed to be 0 for simplicity in a stationary series)
 :  The white noise error term at time (t), assumed to be independent and identically distributed with mean 0 


and variance 
: The moving average coefficients, which measure the impact of past errors on the current
 observation.
(q): The order of the MA model, indicating the number of lagged error terms included.
Hence, The ARIMA (p,d,q) model can be written as:
							       [2.3]
where:
 : The observed time series value at time (t).
 :  The autoregressive (AR) operator, defined as  where   are the AR coefficients, and (B) is the backshift operator.
The differencing operator is applied (d) times to make the series stationary by removing trends.
 The moving average (MA) operator, defined as  
where  These are the MA coefficients.
 : The error term (white noise) at time (t), assumed to be independent and identically distributed with mean 0 and variance 
Forecasting in the ARIMA Model 
In ARIMA modelling, forecasting is a crucial application for predicting future values in a time series. Moreover, we often want to predict the future value of a series, Yt, based on past observations. Two common forecasting strategies are One-step-ahead forecasting and multi-step-ahead forecasting.
One-Step Ahead Forecasting in ARIMA
One-step ahead forecasting predicts the next value in the time series, which is the observation at time t+1, by using all the data available up to time t. It calculates the expected value of the time series based on the structure of the ARIMA model.
Mathematically,                        							
  	 [2.4]
where;
:  forecast of  given data up to t.
autoregressive coefficients.
forecast error at time t.
Multistep Ahead Forecasting in ARIMA
Multistep ahead forecasting predicts values beyond one period (. Since future observations and errors are unknown, the forecast uses expected values, setting future errors to zero (E [ and replacing future observations with their forecasts.
The forecast equation becomes recursive:
 [2.5]
where:
 : forecast given data up to t.
For h>1, the past values and errors used are themselves forecasts rather than actual observations.
: forecast error at step h, which is assumed to be zero for h>1	
Generalized Autoregressive Conditional Heteroskedasticity (GARCH) Model 
The GARCH model is commonly used in time series analysis to understand and predict volatility, especially in financial and economic data. Volatility often shows clustering, meaning big changes tend to follow big changes, and small changes follow small ones. Unlike ARIMA, which focuses on the average value of a time series, GARCH looks at how the variability changes over time. It builds on the ARCH model by adding lagged variance terms, making it more adaptable and efficient. The GARCH(p,q) model includes two key equations: one for the average and one for the variance, where p represents the number of lagged variances and q represents the number of lagged squared errors.
Mathematically,​ 
A time series  can be represented as:
							[2.6]
where:
: conditional mean (can be modelled as ARMA, ARIMA, etc.)
: error term, 
  iid (0,1) Standardize White Noise
 : Conditional Variance at time t.
Hence, the GARCH (p,q) model for the conditional variance is:
 					[2.7]
: conditional variance (the forecasted volatility)
 : constant term (baseline variance)
 ≥ 0: ARCH parameters
≥ 0: GARCH parameters (long-run persistence of past variance).
: ensures stationarity (volatility does not explode)
            Forecasting in the GARCH Model
Forecasting in GARCH focuses on predicting future conditional variances  for horizon h= 1,2...    which is crucial for risk management, Value-at-Risk (VaR) estimation, option pricing, and portfolio optimisation. Unlike ARIMA models, which forecast the level of the series, GARCH captures volatility clustering, Value, and time-varying heteroskedasticity. ARCH forecasts are generated after estimating the model parameters using maximum likelihood estimation (MLE) on historical data. The process involves two components: the mean equation (often a simple constant or ARMA for returns) and the variance equation. Forecasting methods are recursive and rely on the autoregressive nature of the model. Below are the forecasting methods, along with their mathematical representations for the general GARCH(p,q) model and the commonly used GARCH(1,1) variant.
            One-Step Ahead Forecasting 
One-step ahead forecasting predicts the next period's volatility  using all information up to time (t ). This is the most accurate short-term forecast since it incorporates the latest observed residual and variance 
For h =1
 						[2.8]
 : constant term (long-run average variance).
: ARCH parameter: measures how much yesterday’s shock (​) affects today’s volatility.
: GARCH parameter: measures how much yesterday’s variance () carries over into today’s variance.
: the error/residual from the mean equation at time t.
 :  the error/residual from the mean equation at time t.
            Multi-Step Ahead Forecast
For horizons h≥2, forecasts are recursive because future residuals  (k>0) are unknown. The approach sets future shocks to their expectation (≈ 0) and uses previously forecasted variances. This leads to forecasts that decay toward the unconditional variance as (h ) increases, reflecting mean-reversion in volatility.
For GARCH (1,1):
)					[2.9]
This means:
As h→∞,

 
where:
ω: constant (baseline variance)
ɑ: ARCH coefficient
β: GARCH coefficient 
 : most recent conditional variance at time t.
h: forecast horizon (number of steps ahead).
  : unconditional (long-run) variance.				[2.10]
ARIMA-GARCH Model 
The hybrid ARIMA-GARCH model combines an ARIMA (p, d, q) process for the conditional mean of the 	time series yty_twith a GARCH(r, s) process for the conditional variance (volatility) of the residuals 
. The Mean equation (ARIMA p,d,q Component), is:
      							[2.11]
Expanded form:
 					[2.12]
where ϵt\epsilon_tis the innovation (residual) term that is not white noise.
The Variance Equation GARCH component
       ∼i.i.d. (0,1)
 							[2.13]
The most widely used specification in practice is GARCH(1,1), i.e., r = 1, s = 1.
Where: 
 Observed value of the time series at time ( t )
= Constant mean (drift) of the process
 = 1 AR (autoregressive) polynomial of order ( p )
 1- MA (moving average) polynomial of order ( q )
 = AR coefficients
 MA coefficients
Residual/innovation at time ( t )
 Conditional variance (volatility) at time ( t )
(B) = Backshift (lag) operator, where 
(d): Order of differencing (integration) to achieve stationarity
>0\omega > 0Constant term in the variance equation
  ARCH coefficients (impact of past squared shocks)
 GARCH coefficients (impact of past conditional variances)
  Standardized white-noise innovation
(r): Order of ARCH terms in GARCH
(s): Order of GARCH terms
The onstraints for GARCH stationarity:
ω>0\omega > 0 	> 0,    , 
  	Forecasting Model of ARIMA-GARCH
The hybrid model produces point forecasts for the mean and volatility forecasts for uncertainty.
· h-step-ahead forecast for the mean ( Obtained directly from the fitted ARIMA (p, d, q) equation using the recursive ARMA forecasting formula on the differenced series, then integrated back (undo differencing).
· h-step-ahead forecast for conditional variance Computed recursively from the GARCH equation
· h=1h = 1h = 1
 = 
                                                                 	[2.14]
Since 
E =   for future periods)
The full forecast interval for        is typically:
 
Where:
= is the critical value from the distribution of 
 = h-step-ahead point forecast of the original time series
(h): Forecast horizon (number of steps ahead)
  = h-step-ahead forecast of the conditional variance
Constant (intercept) term in the GARCH variance equation. 
 = ARCH coefficients
 GARCH coefficients
Residual (innovation) from the ARIMA mean equation at time t
Conditional variance at time t 
(r): Order of the ARCH terms in the GARCH model
(s): Order of the GARCH terms in the GARCH model
Critical value from the distribution of the standardized innovation
 	ANALYSIS AND RESULTS 
       Crude Oil Prices Returns 
The analysis of the crude oil return data reveals several key insights relevant to real-world applications in financial econometrics and commodity market analysis. 
Table 1: Descriptive Statistics and Preliminary Tests of the Crude Oil Price Returns 
	Sample Size
	50
	100
	250
	500
	1000

	Descriptive Statistics 

	Mean
	-0.0016355
	-0.002128
	-0.00075
	-0.000740
	-0.000276

	Min.
	-0.0430339
	-0.094261
	-0.09426
	-0.09426
	-1.086203

	Max.
	0.0515610
	0.051561
	0.06921
	0.06921
	1.102399

	SD
	0.0195205
	0.019979
	0.01993
	0.01942
	0.05408

	Preliminary Tests 

	ADF Test
	I(0)  0.0131*
	I(0)  0.01*
	I(0)  0.01*
	I(0)  0.01*
	I(0)  0.01*

	BDS
	0.0098*
	0.01*
	0.0326*
	0.0097*
	0.00002*

	ARCH Test
	0.7538
	0.9095
	0.0145*
	0.0031*
	2.20E-16*







Note: * denotes significant at 0.05 level		Source: Researchers’ Compilations from R-Output
Table 1 depicts the descriptive statistics and preliminary test of the crude oil price returns. 
Firstly, the descriptive statistics indicate that crude oil returns are centered around a near-zero mean, with small negative average returns observed across different sample sizes. This aligns with the typical 	behavior of financial 	asset returns, which generally fluctuate around zero due to the efficient and 	unpredictable nature of market prices. 	The small drift observed may reflect gradual market trends or 	macroeconomic factors, but overall, the data exhibit a 	high degree of unpredictability.

Secondly, the volatility characteristics of crude oil returns demonstrate strong clustering behavior, a 	hallmark of financial time series affected by market shocks, geopolitical events, and macroeconomic 	fluctuations. The time series 	plots visually confirm periods of elevated volatility interspersed with calmer 	intervals, illustrating persistent 	
volatility that can last over extended periods. These patterns are driven by exogenous shocks such as geopolitical conflicts, supply disruptions, OPEC decisions, and macroeconomic policy changes, which induce abrupt and significant price movements.
Thirdly, the diagnostic tests reinforce the presence of nonlinear dependence and heteroskedasticity in the  data. The ARCH LM tests indicate significant conditional heteroskedasticity, especially in larger samples, confirming that volatility in crude oil markets is not constant but evolves over time. The BDS tests reveal 	strong nonlinear dependence, further suggesting that simple linear models like ARIMA are insufficient for 	capturing the complex dynamics of crude oil returns.
The stationarity tests consistently classify the return series as stationary (I(0)), which is an important 	property for modeling and forecasting. This stationarity implies that the statistical properties of returns do 	not change over time, 	making models like GARCH appropriate for capturing the persistent volatility 	patterns. It also supports the 	application of volatility models that focus on the conditional variance 	without requiring differencing or detrending.
The time series visualizations reinforce these statistical findings, with crude oil returns displaying irregular  spikes corresponding to real-world shocks. Unlike simulated data, where shocks are generated within a controlled process, the spikes in actual market data are motivated by tangible geopolitical and 	macroeconomic events. These irregular and often extreme deviations highlight the importance of models 	that can accommodate fat tails and asymmetric shocks.
Furthermore, the parameter estimates from GARCH(1,1) models consistently show high volatility persistence, with parameters close to unity. This indicates that shocks to volatility tend to persist over time, 	reflecting the structural nature of market uncertainty in crude oil trading. Such high persistence underscores 	the challenges in forecasting 	crude oil volatility and emphasizes the need for models that can adapt to 	prolonged periods of market turbulence.



Figure 1: Time Series Plots of Crude Oil Price Returns

Figure 1 presents the time series plots of the crude oil returns. The time series plot of crude oil returns, albeit with more pronounced spikes attributable to real market shocks. The plot displays clear periods of heightened volatility corresponding to global disruptions such as geopolitical conflicts, OPEC policy shifts, or macroeconomic crises. Volatility clustering is evident, reinforcing the presence of persistent volatility typical of commodity markets. The visual pattern demonstrates that the crude oil market behaves like other financial assets, with returns fluctuating around zero, interspersed with extreme deviations. These characteristics justify the use of volatility models such as GARCH and ARIMA–GARCH for modelling and forecasting such data.
Table 2: Estimation of Approximate ARIMA Model across the Crude Oil price Returns Sample Sizes 
	50
	100
	250
	500
	1000

	ARIMA(0,0,0)
	ARIMA(0,0,0)
	ARIMA(0,0,2)
	ARIMA(0,0,3)
	ARIMA(0,0,1)

	log-likelihood
97.47
	log-likelihood
233.73
	ma1
-0.0593*
	mar1
-0.0244*
	ma1
0.5436*

	AIC
-192.94

	AIC
-465.45

	ma2
0.1575*
	ma2
0.1501
	log-likelihood
1607.16

	-
	-
	log-likelihood
599.85
	ma3
0.0322*
	AIC
3210.31

	-
	-
	AIC
-1193.7
	log-likelihood
1234.67
	-

	-
	-
	-
	AIC
2467.33
	-



Note: * denotes significant at 0.05 level.Source: Researchers’ Compilations from R-Output
Table 2 examines the evolution of optimal ARIMA model structures as a function of sample size in the context of crude oil price return series. The model selection process, based on likelihood functions and the Akaike Information Criterion (AIC), reveals notable trends that inform understanding of the autocorrelation dynamics inherent in the data.
At all examined sample sizes, the selected models consistently feature an autoregressive (AR) parameter of zero, resulting in models of the form ARIMA (0,0,q). This consistent absence of autoregressive terms suggests that the return series exhibits minimal to no evidence of autocorrelation at prior lags, which aligns with the efficient market hypothesis where returns are often considered serially uncorrelated. The lack of AR terms indicates that past return values do not significantly predict future returns, and any autocorrelation present is better captured through moving average components rather than autoregressive structures.
At the smallest sample sizes (n=50 and n=100), the data favor a simple ARIMA (0,0,0) model, indicative of a white noise process with no significant autocorrelation detected. This suggests that limited data constrains the capacity to identify underlying temporal dependencies, resulting in a preference for minimal model complexity.
As the sample size increases to 250, the optimal model shifts to an ARIMA(0,0,2), incorporating MA(1) and MA(2) components. This transition indicates that larger datasets enhance the statistical power to detect short-term autocorrelation structures, which manifest as significant moving average terms. The inclusion of these additional parameters reflects a more nuanced understanding of the autocorrelation pattern, likely attributable to increased data-driven signal detection.
Further expansion of the sample size to 500 observations favors an ARIMA 0,0,3), suggesting the autocorrelation extends further into recent lags. This progression underscores the capacity of larger datasets to uncover more complex short-term dependencies within the return series.
Interestingly, at the largest sample size examined (n=1000), the optimal model reverts to the simpler ARIMA (0,0,1). This reversion may indicate a refinement of the autocorrelation structure, where the data support a more parsimonious model, or it may reflect overfitting concerns associated with higher-order models in smaller samples. The result underscores the importance of model parsimony and the potential for over-parameterization when datasets are overly complex relative to their true underlying structure.
Table 3: Estimation ofGARCH(1,1) Model across the Crude Oil price Returns Sample Sizes 
	Sample Size
	50
	100
	250
	500
	1000

	Mu
	-0.001774
	-0.001184
	-0.000650
	-0.00061
	-0.000225

	Omega
	0.00001
	0.00000
	0.000094*
	0.00004
	0.000093

	alpha1
	0.00000
	0.00000
	0.123083*
	0.10441*
	0.164807

	beta1
	0.99899*
	0.99900*
	0.64626*
	0.79678*
	0.659608

	logLikelihood
	97.6143
	233.9206
	603.2151
	1249.119
	2285.302

	AIC
	-4.6807
	-5.1093
	-4.9935
	-5.0821
	-4.6087







Note: * denotes significant at 0.05 level		. Source: Researchers’ Compilations from R-Output
Table 3 investigates the stability and characteristics of volatility modeling in crude oil returns through the estimation of a GARCH(1,1) model across different sample sizes: 50, 100, 250, 500, and 1000 observations. The parameters estimated, mean return (Mu), constant variance (Omega), ARCH effect (alpha1), and GARCH effect (beta1), along with model fit indices such as log-likelihood and AIC, provide insights into the evolving dynamics of volatility as the dataset expands.

The estimated mean return remains negative across all sample sizes, decreasing in magnitude from approximately -0.00177 at n=50 to -0.000225 at n=1000. This consistent negative mean aligns with the typical characteristics of crude oil returns, which often exhibit slight negative drift over time. The diminishing magnitude suggests that as the sample size increases, the average return tends toward zero, reflecting a more 
stable estimate of the underlying return process.


Omega estimates are near zero for the smaller samples (n=50, 100), with a significant positive estimate at n=250 (p<0.05). For larger samples (n=500, 1000), Omega again hovers around 0.00009 but is not statistically significant. The initial significance at n=250 indicates a persistent baseline level of volatility that is more detectable with moderate sample sizes, while at larger sizes, the variance estimate stabilizes and becomes less distinguishable from zero, suggesting that the model attributes most of the volatility clustering to the ARCH and GARCH effects rather than a constant component.

The ARCH parameter (alpha1) is negligible and statistically insignificant in the smallest samples (n=50, 100), implying that short-term shocks do not significantly influence volatility in these datasets. As sample size increases to 250 and above, alpha1 becomes statistically significant (p<0.05), with estimates ranging from approximately 0.123 to 0.165. This indicates that recent shocks have a meaningful impact on current volatility, and the strength of this effect appears to grow with larger samples, reflecting the model's capacity to capture more pronounced volatility clustering in extensive datasets.

The GARCH parameter (beta1) is highly significant and close to unity across all sample sizes, ranging from approximately 0.646 to 0.999. Notably, at smaller sample sizes (n=50, 100), beta1 is extremely close to 1 (≈0.999), suggesting persistent volatility shocks that decay very slowly over time. As the sample size increases, beta1 decreases somewhat (to around 0.646 at n=250 and 0.660 at n=1000), indicating a somewhat faster mean reversion of volatility in larger datasets. The high significance of beta1 across all samples emphasizes the presence of strong volatility persistence in crude oil returns.
Log-likelihood values increase substantially with sample size, from 97.6143 at n=50 to 2285.302 at n=1000, reflecting improved model estimation with more data. Correspondingly, AIC scores improve (become more negative), indicating better model fit in larger samples. The AIC decreases from about -4.6807 at n=50 to approximately -5.1093 at n=100, then stabilizes around -4.6 to -5.08, suggesting that the model captures volatility dynamics more effectively as the sample size grows.
Both the ARIMA and GARCH(1,1) models demonstrate valuable insights into the dynamics of crude oil returns, yet each exhibits distinct strengths in capturing different aspects of the data. The ARIMA models consistently favor simpler structures with no autoregressive terms across all sample sizes, indicating that crude oil returns exhibit minimal autocorrelation and are predominantly driven by short-term shocks rather than persistent autoregressive effects. In contrast, the GARCH(1,1) models reveal strong volatility clustering and persistence, with high and significant GARCH parameters close to unity across all sample sizes, emphasizing the importance of modeling volatility dynamics explicitly. While ARIMA models effectively capture the mean process and short-term dependencies, the GARCH models excel in modeling the heteroskedastic nature of returns, which is critical for risk management and derivative pricing.
Table 4: Estimation of ARIMAGARCH Model across the Crude Oil price Returns Sample Sizes 
	50
	100
	250
	500
	1000

	ARIMA(0,0,0)
GARCH(1,1)
	ARIMA(0,0,0)
GARCH(1,1)
	ARIMA(0,0,2)
GARCH(1,1)
	ARIMA(0,0,3)
GARCH(1,1)
	ARIMA(0,0,1)
GARCH(1,1)

	Mu
-0.0018

	Mu
-0.001184
	Mu
-0.000588
	Mu
0.000342
	Mu
-0.0002

	Omega
0.000001
	Omega
0.000000
	ma1
-0.083115
	mar1
-0.00243
	ma1
-0.0236

	alpha1
0.0000
	alpha1
0.000000
	ma2
0.125316
	ma2
0.06254*
	Omega
0.00009

	beta1
0.99899*

	beta1
0.999000*
	Omega
0.000100
	ma3
0.003292*
	alpha1
0.16221

	Loglikelihood
97.6143
	logLikelihood
233.9206
	alpha1
0.121281
	Omega
0.00002
	beta1
0.66789

	AIC
-4.6807
	AIC
-5.1093
	beta1
0.626822*
	alpha1
0.08695
	logLikelihood
2285.52

	-
	-
	logLikelihood
605.44
	beta1
0.84859*
	AIC
-4.582

	-
	-
	AIC
-4.9954
	logLikelihood
1259.123
	-

	-
	-
	-
	AIC
-5.1811
	-











Note: * denotes significant at 0.05 level. Source: Researchers’ Compilations from R-Output
Table 4 presents an extensive comparison of ARIMAGARCH models applied to crude oil price returns across varying sample sizes (50, 100, 250, 500, and 1000 observations), incorporating different ARIMA(0,0,0), (0,0,1), (0,0,2), and (0,0,3) specifications with GARCH(1,1) volatility modeling. The results highlight that models with minimal or no autoregressive components in the mean equation particularly ARIMA(0,0,0) yield high likelihoods and strong GARCH parameter estimates, with beta1 consistently close to unity (≈0.999), indicating persistent volatility. For smaller samples (n=50, 100), the models exhibit very high log-likelihoods and superior AIC scores, emphasizing their effectiveness in capturing the volatility clustering characteristic of crude oil returns. The inclusion of MA components (e.g., ma1, ma2, ma3) in the mean equation introduces additional dynamics, but their estimated coefficients are generally small or insignificant, suggesting limited impact on the mean process. Compared to the standalone ARIMA and GARCH models, the combined ARIMAGARCH models demonstrate enhanced flexibility by simultaneously modeling mean and volatility dynamics, with the best fit observed in models with no autoregressive terms and a simple GARCH (1,1) structure. Overall, the ARIMAGARCH framework, particularly with minimal mean model complexity, outperforms the previous models in capturing the persistent volatility and subtle mean dynamics of crude oil returns, providing a more comprehensive and effective approach for modeling such financial time series. Consequently, for comprehensive modeling of crude oil, a combined approach that incorporates both ARIMA for mean dynamics and GARCH for volatility clustering provide the most robust framework, with the GARCH component clearly demonstrating superior performance in capturing the persistent volatility characteristic of crude oil markets.
Table 5: Comparison Models’ Forecasting Performance across the Crude Oil price Returns Sample Sizes 
	 Sample Size
	 Models
	Fitting Performance
	Forecast Accuracy

	
	
	Loglikelihood
	AIC
	RMSE
	MAE

	50
	ARIMA(0,0,0)
	97.47
	-
	0.000405
	0.000390

	
	
	-
	192.24
	-
	-

	
	GARCH(1,1)
	97.6143
	-
	0.000404
	0.000389

	
	
	-
	4.6807
	-
	-

	
	ARIMA(0,1,0)+GARCH(1,1)
	97.6143
	-
	0.000403
	0.000389

	
	
	-
	46807
	-
	-

	100
	ARIMA(0,1,1)
	233.73
	-
	0.002724
	0.001139

	
	
	-
	465.45 
	-
	-

	
	GARCH(1,1)
	233.9206
	-
	0.002725
	0.001138

	
	
	-
	5.1093
	-
	-

	
	ARIMA(0,1,1)+GARCH(1,1)
	233.9206
	-
	0.002725
	0.001138

	
	
	-
	5.1093
	-
	-

	250
	ARIMA(1,0,0)
	599.85
	-
	0.000329
	0.0003167

	
	
	-
	1193.7
	-
	-

	
	GARCH(1,1)
	603.2151
	-
	0.000300
	0.000290

	
	
	
	4.9935
	
	

	
	ARIMA(1,0,0)+GARCH(1,1)
	605.44
	-
	0.000299
	0.000289

	
	
	
	4.9954
	-
	-

	500
	ARIMA(1,0,2)
	-
	-
	0.0004689 
	0.000363

	
	
	1234.67
	2467.3
	-
	-

	
	GARCH(1,1)
	1249.119
	-
	0.0008069 
	0.000786

	
	
	-
	5.0821
	-
	-

	
	ARIMA(1,0,2)+GARCH(1,1)
	1259.123
	-
	0.0000867 
	0.000079

	
	
	-
	5.1811
	-
	-

	10000
	ARIMA(4,0,4)
	1607.16
	-
	0.0021442 
	0.002129

	
	
	-
	3210.3
	-
	-

	
	GARCH(1,1)
	2285.302
	-
	0.000399 
	0.000389

	
	
	-
	4.6087
	-
	-

	
	ARIMA(4,0,4)+GARCH(1,1)
	2285.52
	-4.582
	0.0003957
	0.000387



Source: Researchers’ Compilations from R-Output
Table 5 provides a comprehensive evaluation of the forecasting performance of various time series models applied to crude oil price returns across differing sample sizes. The comparison encompasses both in-sample fitting metrics; log-likelihood and Akaike Information Criterion (AIC), and out-of-sample forecast accuracy measures; Root Mean Square Error (RMSE) and Mean Absolute Error (MAE). The results elucidate how model efficacy evolves with increasing data availability, offering valuable insights into model selection strategies for financial time series forecasting.
Across all sample sizes, the models demonstrate consistent in-sample fitting capabilities, with higher log-likelihood values indicating better fit. Notably, the ARIMA (1,0,2)+GARCH(1,1) model exhibits superior in-sample likelihood at larger sample sizes (e.g., 250 and 500 observations), suggesting its enhanced capacity to capture underlying data dynamics as the dataset grows. The AIC values, align with these findings, favoring models that balance fit and parsimony.
At the minimal sample size of 50, models achieve remarkably low RMSE (~0.0004) and MAE (~0.00039), indicating high forecast precision in short-term predictions with limited data. The ARIMA(0,1,0)+GARCH(1,1) model slightly outperforms others, highlighting its robustness in sparse data environments.
As the sample size increases, forecast errors decrease notably, with the ARIMA(1,0,2)+GARCH(1,1) model attaining the lowest RMSE (~0.0000867) and MAE (~0.000079) at 500 observations. This trend underscores the advantage of larger datasets in enhancing model accuracy, especially when volatility modeling via GARCH components is incorporated.
At the largest sample size examined, the ARIMA(4,0,4)+GARCH(1,1) model demonstrates superior forecast accuracy, evidenced by the lowest MAE (~0.000387). The results suggest that, with ample data, models capable of capturing complex dynamics, such as higher-order ARIMA components combined with GARCH, offer the most precise forecasts. Additionally, the substantial increase in in-sample likelihoods corroborates the improved fit and predictive power.
The findings highlight the importance of model complexity in relation to sample size. While simpler models like ARIMA(0,1,0)+GARCH(1,1) perform adequately with limited data, more sophisticated models with higher orders (e.g., ARIMA(4,0,4)+GARCH(1,1)) outperform in large-sample contexts, benefiting from their capacity to model intricate data structures. Incorporating volatility dynamics via GARCH consistently enhances forecast accuracy across different sample sizes, reaffirming the significance of volatility modeling in financial return series.
Overall, the analysis demonstrates that model performance in forecasting crude oil returns improves with increasing sample size, with complex models gaining prominence in larger datasets. The integration of GARCH components consistently contributes to reducing forecast errors, emphasizing the importance of capturing volatility in financial time series modeling. These insights provide a valuable framework for practitioners and researchers in selecting appropriate models based on data availability and the underlying data-generating process.

 Summary of Finding 
This analysis presents a comprehensive examination of the statistical properties and modeling strategies for crude oil return series. Descriptive statistics reveal that returns are centered near zero with small negative averages, consistent with typical financial asset behavior characterized by high unpredictability. Visual inspections of the time series indicate pronounced volatility clustering, with periods of elevated market turbulence often linked to geopolitical events, supply disruptions, and macroeconomic shocks. Diagnostic tests confirm the presence of nonlinear dependence and heteroskedasticity, notably through significant ARCH effects and nonlinear dynamics identified by the BDS test. Stationarity assessments verify that the return series are stationary (I(0)), supporting the suitability of volatility models such as GARCH.

Model selection procedures across varying sample sizes show a consistent preference for models with minimal autoregressive components, specifically ARIMA(0,0,q), indicating limited autocorrelation in returns’ a finding aligned with the efficient market hypothesis. As sample size increases, models incorporating short-term moving average terms (e.g., ARIMA(0,0,2) and ARIMA(0,0,3)) become optimal, reflecting the improved detection of subtle autocorrelation structures with more data. Volatility modeling via GARCH(1,1) consistently captures persistent volatility clusters, with high GARCH parameters close to unity across all sample sizes, underscoring the structural and enduring nature of market uncertainty.
Furthermore, combined ARIMA-GARCH models demonstrate superior performance in both in-sample fit and out-of-sample forecasting accuracy, especially when model complexity is balanced to prevent overfitting. The results indicate that while simple models effectively capture the mean process, the integration of GARCH components is crucial for accurately modeling volatility dynamics and risk estimation. Notably, larger datasets enable the use of more complex models; such as ARIMA(4,0,4)+GARCH(1,1); which outperform simpler specifications in forecasting accuracy, as evidenced by lower RMSE and MAE values.
Overall, the findings suggest that for modeling crude oil returns, a parsimonious mean model combined with a GARCH(1,1) volatility component offers an effective framework. As data availability increases, employing higher-order ARIMA models alongside GARCH structures enhances predictive performance, capturing both the short-term dependencies and persistent volatility characteristic of crude oil markets. These insights provide valuable guidance for practitioners and researchers aiming to develop robust forecasting models in the context of volatile commodity markets.
After spin-coating,  coated glass slide was placed on a hot plate and annealed at 70°C for 7 minutes. This final annealing step ensured the complete removal of any residual solvent and promoted stronger adhesion of the graphene film to the glass substrate.
[bookmark: CONCLUSION]CONCLUSION
Based on the comprehensive analysis conducted, the study provides valuable insights into the modeling and forecasting of crude oil returns, aligning with the stated objectives. The descriptive statistics and preliminary tests confirmed that crude oil returns are centered around zero, exhibit strong volatility clustering, and demonstrate nonlinear dependence and heteroskedasticity characteristics typical of financial time series affected by exogenous shocks such as geopolitical events and macroeconomic fluctuations. These findings underscore the importance of employing models capable of capturing complex volatility dynamics.
In terms of model fitting, the results reveal that simple ARIMA models, particularly those with no autoregressive components, are sufficient to capture the mean dynamics of crude oil returns, consistent with the efficient market hypothesis. Conversely, volatility modeling through GARCH(1,1) consistently captures persistent volatility clustering and high volatility persistence, highlighting the necessity of incorporating heteroskedasticity in the modeling framework.
The comparison of forecasting performances indicates that model accuracy improves with increasing sample size. While simpler models perform adequately with limited data, more sophisticated models, particularly the ARIMA-GARCH combinations with higher-order ARIMA components offer superior forecasting accuracy in larger datasets. Notably, the ARIMA(4,0,4)+GARCH(1,1) model consistently outperforms others in terms of forecast precision, as evidenced by the lowest out-of-sample RMSE and MAE at larger sample sizes. The integration of volatility modeling via GARCH enhances predictive performance across all models, emphasizing its critical role in capturing the persistent volatility characteristic of crude oil markets.
In conclusion, the findings demonstrate that the effectiveness of time series models in forecasting crude oil returns depends significantly on data size and complexity. The combination of ARIMA for mean dynamics and GARCH for volatility provides a robust and flexible framework capable of accurately modeling and forecasting the complex behavior of crude oil prices. This study affirms that incorporating volatility models such as GARCH into traditional ARIMA structures enhances forecast accuracy, thereby fulfilling the research objectives of evaluating and comparing the forecasting capabilities of these models in real-world data applications.
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Crude Oil Price	11/11/2025	10/11/2025	07/11/2025	06/11/2025	05/11/2025	04/11/2025	03/11/2025	31/10/2025	30/10/2025	29/10/2025	28/10/2025	27/10/2025	24/10/2025	23/10/2025	22/10/2025	21/10/2025	20/10/2025	17/10/2025	16/10/2025	15/10/2025	14/10/2025	13/10/2025	10/10/2025	09/10/2025	08/10/2025	07/10/2025	06/10/2025	03/10/2025	02/10/2025	01/10/2025	30/09/2025	29/09/2025	26/09/2025	25/09/2025	24/09/2025	23/09/2025	22/09/2025	19/09/2025	18/09/2025	17/09/2025	16/09/2025	15/09/2025	12/09/2025	11/09/2025	10/09/2025	09/09/2025	08/09/2025	05/09/2025	04/09/2025	03/09/2025	02/09/2025	01/09/2025	29/08/2025	28/08/2025	27/08/2025	26/08/2025	22/08/2025	21/08/2025	20/08/2025	19/08/2025	18/08/2025	15/08/2025	14/08/2025	13/08/2025	12/08/2025	11/08/2025	08/08/2025	07/08/2025	06/08/2025	05/08/2025	04/08/2025	01/08/2025	31/07/2025	30/07/2025	29/07/2025	28/07/2025	25/07/2025	24/07/2025	23/07/2025	22/07/2025	21/07/2025	18/07/2025	17/07/2025	16/07/2025	14/07/2025	11/07/2025	10/07/2025	09/07/2025	08/07/2025	07/07/2025	04/07/2025	03/07/2025	02/07/2025	01/07/2025	30/06/2025	27/06/2025	26/06/2025	25/06/2025	24/06/2025	23/06/2025	20/06/2025	19/06/2025	18/06/2025	17/06/2025	16/06/2025	13/06/2025	11/06/2025	10/06/2025	05/06/2025	04/06/2025	03/06/2025	02/06/2025	30/05/2025	29/05/2025	28/05/2025	27/05/2025	23/05/2025	22/05/2025	21/05/2025	20/05/2025	19/05/2025	16/05/2025	15/05/2025	14/05/2025	13/05/2025	12/05/2025	09/05/2025	08/05/2025	07/05/2025	06/05/2025	02/05/2025	30/04/2025	29/04/2025	28/04/2025	25/04/2025	24/04/2025	23/04/2025	22/04/2025	17/04/2025	16/04/2025	15/04/2025	14/04/2025	11/04/2025	10/04/2025	09/04/2025	08/04/2025	07/04/2025	04/04/2025	03/04/2025	02/04/2025	28/03/2025	27/03/2025	26/03/2025	25/03/2025	24/03/2025	21/03/2025	20/03/2025	19/03/2025	18/03/2025	17/03/2025	14/03/2025	13/03/2025	12/03/2025	11/03/2025	10/03/2025	07/03/2025	06/03/2025	05/03/2025	04/03/2025	03/03/2025	28/02/2025	27/02/2025	26/02/2025	25/02/2025	24/02/2025	21/02/2025	20/02/2025	19/02/2025	18/02/2025	17/02/2025	14/02/2025	13/02/2025	12/02/2025	11/02/2025	10/02/2025	07/02/2025	06/02/2025	05/02/2025	04/02/2025	03/02/2025	31/01/2025	30/01/2025	29/01/2025	28/01/2025	27/01/2025	24/01/2025	23/01/2025	22/01/2025	21/01/2025	20/01/2025	17/01/2025	16/01/2025	15/01/2025	14/01/2025	13/01/2025	10/01/2025	09/01/2025	08/01/2025	07/01/2025	06/01/2025	03/01/2025	02/01/2025	31/12/2024	30/12/2024	27/12/2024	24/12/2024	23/12/2024	20/12/2024	19/12/2024	18/12/2024	17/12/2024	16/12/2024	13/12/2024	12/12/2024	11/12/2024	10/12/2024	09/12/2024	06/12/2024	05/12/2024	04/12/2024	03/12/2024	02/12/2024	29/11/2024	28/11/2024	27/11/2024	26/11/2024	25/11/2024	22/11/2024	21/11/2024	20/11/2024	19/11/2024	18/11/2024	15/11/2024	14/11/2024	13/11/2024	12/11/2024	11/11/2024	08/11/2024	07/11/2024	06/11/2024	05/11/2024	04/11/2024	01/11/2024	31/10/2024	30/10/2024	29/10/2024	28/10/2024	25/10/2024	24/10/2024	23/10/2024	22/10/2024	21/10/2024	18/10/2024	17/10/2024	16/10/2024	15/10/2024	14/10/2024	11/10/2024	10/10/2024	09/10/2024	08/10/2024	07/10/2024	04/10/2024	03/10/2024	02/10/2024	30/09/2024	27/09/2024	26/09/2024	25/09/2024	24/09/2024	23/09/2024	20/09/2024	19/09/2024	18/09/2024	17/09/2024	16/09/2024	13/09/2024	12/09/2024	11/09/2024	10/09/2024	09/09/2024	06/09/2024	05/09/2024	04/09/2024	03/09/2024	02/09/2024	30/08/2024	29/08/2024	28/08/2024	27/08/2024	23/08/2024	22/08/2024	21/08/2024	20/08/2024	19/08/2024	16/08/2024	15/08/2024	14/08/2024	13/08/2024	12/08/2024	09/08/2024	08/08/2024	07/08/2024	06/08/2024	05/08/2024	02/08/2024	01/08/2024	31/07/2024	30/07/2024	29/07/2024	26/07/2024	25/07/2024	24/07/2024	23/07/2024	22/07/2024	19/07/2024	18/07/2024	17/07/2024	16/07/2024	15/07/2024	12/07/2024	11/07/2024	10/07/2024	09/07/2024	08/07/2024	05/07/2024	04/07/2024	03/07/2024	02/07/2024	01/07/2024	28/06/2024	27/06/2024	26/06/2024	25/06/2024	24/06/2024	21/06/2024	20/06/2024	19/06/2024	14/06/2024	13/06/2024	12/06/2024	11/06/2024	10/06/2024	07/06/2024	06/06/2024	05/06/2024	04/06/2024	03/06/2024	31/05/2024	30/05/2024	29/05/2024	28/05/2024	24/05/2024	23/05/2024	22/05/2024	21/05/2024	20/05/2024	17/05/2024	16/05/2024	15/05/2024	14/05/2024	13/05/2024	10/05/2024	09/05/2024	08/05/2024	07/05/2024	03/05/2024	02/05/2024	30/04/2024	29/04/2024	26/04/2024	25/04/2024	24/04/2024	23/04/2024	22/04/2024	19/04/2024	18/04/2024	17/04/2024	16/04/2024	15/04/2024	12/04/2024	08/04/2024	05/04/2024	04/04/2024	03/04/2024	02/04/2024	28/03/2024	27/03/2024	26/03/2024	25/03/2024	22/03/2024	21/03/2024	20/03/2024	19/03/2024	18/03/2024	15/03/2024	14/03/2024	13/03/2024	12/03/2024	11/03/2024	08/03/2024	07/03/2024	06/03/2024	05/03/2024	04/03/2024	01/03/2024	29/02/2024	28/02/2024	27/02/2024	26/02/2024	23/02/2024	22/02/2024	21/02/2024	20/02/2024	19/02/2024	16/02/2024	15/02/2024	14/02/2024	13/02/2024	12/02/2024	09/02/2024	08/02/2024	07/02/2024	06/02/2024	05/02/2024	02/02/2024	01/02/2024	31/01/2024	30/01/2024	29/01/2024	26/01/2024	25/01/2024	24/01/2024	23/01/2024	22/01/2024	19/01/2024	18/01/2024	17/01/2024	16/01/2024	15/01/2024	12/01/2024	11/01/2024	10/01/2024	09/01/2024	08/01/2024	05/01/2024	04/01/2024	03/01/2024	02/01/2024	29/12/2023	28/12/2023	27/12/2023	22/12/2023	21/12/2023	20/12/2023	19/12/2023	18/12/2023	15/12/2023	14/12/2023	13/12/2023	12/12/2023	11/12/2023	08/12/2023	07/12/2023	06/12/2023	05/12/2023	04/12/2023	01/12/2023	30/11/2023	29/11/2023	28/11/2023	27/11/2023	24/11/2023	23/11/2023	22/11/2023	21/11/2023	20/11/2023	17/11/2023	16/11/2023	15/11/2023	14/11/2023	13/11/2023	10/11/2023	09/11/2023	08/11/2023	07/11/2023	06/11/2023	03/11/2023	02/11/2023	01/11/2023	-0.00415929121533096	-0.00122906759979588	0.00292150588361028	-0.024038887650027	-0.00733920766035254	-0.000447594188748293	0.00448498285059986	0.0028509284821072	0.00180478316397075	0.0144040091742156	-0.0280096612299942	-0.0153259704782267	0.0224795032192026	0.0515609750933066	0.0176348997759509	0.00417604204709244	-0.00481696499805022	-0.0199816353096217	-0.00657279361589152	-0.00155860380679102	-0.0345917562475335	-0.000751936271236393	-0.0284547946992658	-0.0160884693454592	0.0163807388199933	-0.00204409474006573	0.0141012912406061	0.00563716075195878	-0.0190088977178481	-0.0144909070975868	-0.0108743380917117	-0.0430338627441031	0.0307290614279002	0.00450831983655157	0.0125037150485278	0.00789496672377218	-0.00373993531435732	-0.0231330829367391	-0.00712940742583781	0.00530727502737316	0.0149551320006206	-0.00905623849089645	0.0274185389504129	-0.0334574590654209	0.0357766367971859	0.0102101237024887	0.0162581174964799	-0.0385843565313271	0.0112457932582752	-0.0191001713734194	-0.00127940880342107	-0.00834693959831027	0.0100531820142441	0.00814464743762804	-0.0125465004806457	-0.00930764017433679	0.015846398368427	0.000142622834157442	0.00859481010648161	-0.00945024215180282	-0.000142500890871814	-0.00469117357588017	0.0268790885512425	-0.0130266714000086	-0.00430478495163141	0.00071617850228635	-0.00870253013493645	-0.0271839633599551	0.0143406564837396	-0.0186168199760797	-0.00672202270494315	-0.0428216345958486	0.00288600488913485	0.0223176106538988	0.0196709863105091	0.00687382415075463	-0.00892679140844885	0.0196057639843031	-0.0260112373336825	0.0158842173039232	-0.0198161591874647	0.00787940498265199	0.0169180845550169	-0.0100753043308	-0.0180994258366539	0.0204366785676491	-0.0300998862263019	0.00683511338935075	0.0144939889154843	0.0167863050014093	-0.00138657814783235	0.0108666435698127	0.0282709360016102	-0.0268691976167782	0.0021062986092281	-0.00742248348551869	-0.00681362574854029	-0.00937937910503909	-0.0942612548561255	-0.0012485954924658	-0.0284169437976094	0.0371900292686907	0.00340458055357468	0.0486575469687868	-0.0250127621255744	0.06920536912025	0.00235898256899525	0.0441676330942778	0.0130071252886368	-0.0173536983445233	0.0383132169998811	0.0126985833371273	-0.0119472120492419	-0.00315197259078837	0.0143387861546044	-0.0159858629662821	0.00585191856793859	-0.0230579200168523	0.0122809858973335	0.00852214173242972	0.006175183415512	0.011548525249184	-0.0263947153024993	-0.0099238020967313	0.0148480827329259	0.0347013969095765	0.0184437863423004	0.00236910795480382	-0.0195731606810146	0.0208389836348447	-0.0268682204197161	-0.0270656630724362	-0.00866323566082117	-0.0290215296667834	-0.0100618931400818	0.0157120349370073	-0.0245402283976333	-0.00141663148779858	0.0159820753385681	0.0159493014076778	-0.00393844867633152	0.0205919910255636	0.00700920027161636	0.0424945488000963	-0.0545437834583345	-0.0129280484279593	-0.0212297669247342	-0.0547739403938867	-0.0736537100560146	0.047220452987859	-0.00800476684217629	0.000130710411270521	0.0127608125071336	0.00119229000015466	0.013209879195184	-0.00455642707355825	0.0112949970467673	0.00352208437790089	-0.015485396626981	0.0150783686042663	-0.00473645922357522	-0.0142093543558715	0.0133996377124409	0.00962393059994002	-0.006381122731868	0.0238302155806763	0.00918970544111958	-0.0252758431927438	-0.0340561132892487	0.00541935104689498	-0.0131667471612135	0.024898650819368	-0.000402225654011725	-0.0299751761513256	-0.00389509710847097	-0.0209022163943217	0.00126984144047594	0.01124468786695	0.00903581725411709	0.00103788281242002	0.00090903194364413	-0.0172595732166204	-0.00775937239156829	0.0282722505792319	0.00300241724140825	-0.00222004661863434	-0.00273562340863172	-0.0245434741817192	0.0237632400719164	-0.0341181753794938	-0.00351141569727721	-0.000750844735563019	0.00501631350363273	-0.00125643941645094	-0.0138414829067703	-0.00197946371698235	-0.0149659319323527	-0.00715805300801807	0.00108860004702596	-0.016682055028143	0.00752646764234187	-0.0129864218590574	0.0129864218590574	-0.00299347646153879	0.034792464425166	0.0179869950490828	0.0135780272694374	-0.0062408659541782	0.0203944733014131	-0.00581434547124866	0.00750035845089009	0.0204570469895206	0.00384947711041392	0.00720771940473602	0.00335458214615326	0.0180380560359198	-0.0138626846254392	-0.00752995355663392	-0.0109247023115775	0.0188596508113104	-0.0159403281435185	-0.00715045419495271	0.0183760164147681	-0.0114913076372707	0.00974575499532804	-0.00107267374189941	0.0128129070982897	-0.0136166579787997	-0.0119793792478209	-0.00158646252206022	0.0260971652234739	-0.0182727104779912	0.00253282812203271	0.000801175099604829	-0.00864539533905141	0.00411386685954008	-0.0243033308103305	0.0131950441458963	0.0100450223431044	0.000132846230683675	-0.000398485759407349	0.00880357826675948	0.000670106572016523	0.00713087448160527	0.00405899623712817	0.00502889269136692	-0.0248953178758581	-0.0222129130380138	-0.0108598352360084	-0.00589745299013744	0.0269481263558183	0.0169518030985769	0.00898912606925916	0.000539228915735174	0.0290034009498444	-0.0107691224395319	-0.0503453033018611	0.017918793006958	-0.00543587682574779	-0.0119604501296182	0.0305103915196112	0.00730028928265416	-0.0217429045936606	0.00960519657923655	-0.000402063933580934	-0.0622076545598095	-0.0224112965550463	0.00952564881975941	0.0275992566561257	-0.0143357989547555	-0.0437450390812131	0.0297360545063457	0.0218491865966565	0.0297644854469663	0.0333785391114578	0.00841938705110078	-0.019313180481654	-0.023007758245128	0.00143894327922176	-0.00665407895833006	-0.0130484378311684	0.000385133838767951	0.0182706734478652	-0.000392233776356364	0.00800581741666866	0.00329967962556477	-0.00356318423842004	0.0472040166279476	-0.000414221614483216	-0.0349961116385286	-0.00598048164303586	-0.0216274240055132	-0.00259000403783982	-0.0203553081928135	-0.0170879896105419	-0.0334446556531125	-0.0161342011953793	0.0184259819463686	-0.0179516548889755	0.0142151351436124	0.0184560848209108	0.00036771465757231	-0.00098027210398526	-0.0270645974417291	0.00513894169479683	-0.0181661273471283	0.0111217426559102	-0.004274018141004	-0.00649467949800002	0.0237014608174348	-0.00468948132886284	0.0304493137924319	0.0204904720188542	-0.0150341092753574	-0.0102679197407189	-0.036495108574415	-0.00023730422512887	0.0255946683890882	-0.0100515529900538	-0.00492819075434461	-0.0146405043173134	-0.00506807614347298	0.00933096004122551	-0.0143734802538804	-0.0201488984069849	-0.0123050430355836	0.00579185083963994	-0.009634531879146	0.00203252102492243	-0.010457170684174	0.0101181301655847	-0.00112930559715141	0.000564493382192587	-0.0073136753571212	-0.0171172346498541	0.00386463242549831	0.000996181387379906	-0.000332170738812375	0.0191120653904087	-0.0077558979244512	0.00302775672850527	0.0139103175953852	-0.0118867081358582	0.000675447509637973	0.00372313850282974	0.0176753561070657	0.0032265526954938	0.049084528820095	0.000606317850381935	0.0112223671077889	0.00454909495386898	0.00382740142518007	0.0183514294326361	0.00631953569288465	0.0284208674574905	0.00104411390326049	-0.0145193113244534	-0.0373875320716202	-0.0360399364831969	-0.0010757187435459	0.0020328856029355	0.0293960192261563	-0.00405979520518114	-0.00794868141032826	-0.0159500723104168	-0.00823737720554676	-0.00391575700577386	0.00701173471090197	0.0189014234844614	-0.0123204843880405	-0.0258338812781499	-0.00245370223008044	0.00128452169235662	0.00986386579025768	0.00354652221829317	-0.0217883751092624	-0.0139234744583576	-0.0383369071900817	-0.00208733940110524	-0.0166516335924421	0.0201696671241212	-0.0175759122927014	0.00760377332909634	0.0110740674497618	-0.00725038878660909	-0.00415074326132583	-0.0129956344878064	-0.0186542743385764	0.00370312013929303	-0.0237769776733026	0.0196515156419751	-0.0113363237753388	0.0263326165095528	-0.00385027213623282	0.0319966561079243	0.0162225779902669	0.0138742285330097	-0.0109574663125792	-0.00302877566216059	0.0147816513684177	-0.000568214118362127	-0.00961056636743855	-0.0177331362993131	0.00988732156259325	0.0020116233873426	-0.00857705063175961	0.0248173985479537	0.00902296110714819	0.00252728451577319	-0.00938759040632882	-0.00703988373561903	-0.0192744649116983	0.00869473764233519	-0.00836171882369437	0.0196205632668663	0.00283462971141702	0.00569347928323497	0.00308801068857655	-0.00240260970218334	-0.00194075065196572	-0.0132557314009548	0.0122297979966341	0.0044533330807364	-0.00274285886246263	0.00733107521625996	0.00437839160110308	-0.000692600743373856	-0.00368579085772905	0.00993653467333009	0.00337307676603375	0.0066631843930642	0.0216974544230811	0.00866744321016834	0.0159652406953203	-0.00294406493314934	-0.0320625270661657	-0.00921012532422665	-0.0133101789869521	0.00150890864912522	0.00992245343944694	0.00895598727246486	0.00213295495014159	0.00130571565823714	0.00404666108035489	0.0118770516199621	-0.00397471164654056	0.0261842883553684	-0.0154282477425961	0.00475002415551345	-0.00146395048714787	-0.00365052729567608	0.0209888036213148	0.00622124689140217	0.0355728564574875	-0.0360719829964245	0.0320706869189658	-0.0178735767992951	0.0140165393614143	-0.0186873803976204	-0.0192097711946293	-0.0241681481198594	0.0114009724913874	-0.00559544094606668	-0.00520235883869292	0.0158115675484621	0.0114667429894304	0.0257503394449749	-0.00266853198574982	0.0376280734480119	-0.0320286696605185	0.0338751486868615	-0.00316330829221493	0.0200711197128817	-0.00348479108852604	-0.0470429041803476	-0.00178548701942242	-0.0327158336993583	-0.0184500315704663	0.00594986880623483	0.00219458756697407	0.024588870870546	-0.0211654661332968	-0.00829374189386049	0.0180162970977099	-0.0323668599217037	-0.0217914828591694	0.0389395905351155	0.0277881417973611	-0.0898876373355735	-0.0256525733726754	0.0126875333553865	0.0049841516862761	0.0125701575146539	0.000575142363585332	-0.017677371990812	-0.0396727927269846	0.00261096754072034	-0.00716382093363459	0.00194868525452638	-0.0163374227066261	


Crude Oil Price Returns n=1000
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