



SOFT RELATION AND SOFT EQUIVALENCE RELATION
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ABSTRACT. Mathematical modeling of real-world problems frequently encoun- ters situations involving uncertainty, imprecision, and vagueness. Traditional mathematical tools have limitations when dealing with such complexities. A soft set is a parametrized family of subsets of a universe set. D. Melodtsov[12] introduced the theory of soft sets, which can deal uncertainty in mathematical models. The aim of this paper is to explore the basic facts of soft relation, soft equivalence relation, and soft partition. Furthermore, the connection between soft equivalence relation and soft partition is analyzed.
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1. INTRODUCTION

The notion of soft sets introduced by D. Molodtsov [12], is widely applied for solving problems in several areas including vagueness and uncertainties. He applied soft set theory in the smoothness of functions, game theory, op- eration research, Riemann integration, probability and so on. The addition made by P.K.Maji[10, 11], like new definitions on soft sets such as a subset, the complement of a soft set and discussed the application of soft set theory in decision making problems made it more powerful. The theory is in its inception and concepts are yet to be formulated. The soft set theory has a high potential for applications in real life problems in Economics, Engineer- ing, Social as well as Medical sciences. Later, X.Yang expanded this theory to fuzzy soft set theory and discussed some important results.
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In [2],K.V Babitha and J.J Sunil discussed soft relation as a subset of the product of two soft sets and made some remarkable results on soft equiv- alence relation and soft partition. K.Qin and Q. Liu [17] generalize the concept of soft relation and soft functions.

The purpose of this paper is to explore the concepts of soft relation and to develop a new point of view towards soft equivalence relation. In this context, the aim of this paper is to focus on the study of the behaviour and structure of the soft relation in a generalized sense. The article is organized as follows: In section 2, we present some basic facts about soft sets. In section 3, we propose to investigate S-cut of a soft set and its properties. In section 4, we introduce soft relation and soft equivalence relation in a special way and present some interesting results. In section 5, we point out the concept of soft partition and its correspondence between soft equivalence relation. In this paper, we consider only finite sets.



2. PRELIMINARIES
In this section, we recall some basic notions of soft sets. According to D. Molodtsov [12], a soft set F is a function from A to P(U ), where U is the universe set or reference set and A ⊆ E is the parameter set and is denoted by FE(U ). We can extend FA(U ) to E by defining

F (a) =  FA(a)  if a ∈ A;E

 ∅	if a ∈ E \ A
For two soft sets FA and GB over a common universe U and A, B ⊆ E, we say that
· [10] The union of FA and GB is the soft set HC(U ), where C = A∪ B
and for all e ∈ C,
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 F(e)	if e ∈ A \ B

HC (e) =	G(e)	if e ∈ B \ A
 F(e) ∪ G(e) if e ∈ A ∩ B

· [10] The intersection of FA and GB is the soft set HC(U ), where
C = A ∩ B and for all e ∈ C, HC(e) = F(e) ∩ G(e).
· The complement of a soft set FA(U ) is the soft set Fc (U ), is definedA

by Fc(a) = U \ F(a)
· [5, 16] FA is a soft subset of GB, if F(a) ⊆ G(a) for all a ∈ A and is denoted by F ⊆ G
· FA(U ) and GB(U ) are equal, if F ⊆ G and G ⊆ F and is denoted by
F = G
· FA(U ) and GB(U ) are disjoint. If F(e) ∩ G(e) = ∅, for all e ∈ E
(If F is not specified for some a ∈ E, then we take F(a) = ∅)

3. S-CUT OF A SOFT SET

In this section, we define the concept of S- cut of a soft set and its prop- erties. Also, shows that every soft set can be represented by the union of its S- cuts.
Definition 3.1. [19] Let U be an universe set. A subset of P(U ) of the form
A = [Al, Au] = {A ∈ P(U ) : Al ⊆ A ⊆ Au} is called a closed interval set (where Al ⊆ Au)
Example 3.2. Let U be the set of candidates appeared for a job. After the test, one may form three sets, the set of candidates in the sure list Al, the set of candidates who failed in the test U − Al and the set of candidates in the waiting list Au − Al . A candidates in the set Au − Al will be either got the job or not. Any subset A between Al and Au may be the set of candidates who got job FInally.
Definition 3.3. Let FE(U ) be a soft set and for any S ∈ P(U ), we deFIne
FS = F−1([S, U ]) = {e ∈ E : S ⊆ F(e)} and is called the S- cut of FE(U ).

Example 3.4. Let U = {u1, u2, u3, u4, u5, u6} and E = {a, b, c, d} be the universe and parameter set respectively. A soft set FE(U ) is deFIned as F(a) = {u1, u2, u3, u4}  F(b) = {u2, u3, u5, u6}
F(c) = {u1, u2, u6}	F(d) = {u1, u2, u3, u5}
If S = {u2, u3, u5}, then FS = {b, d} and if S = {u2, u3}, then FS = {a, b, d}
Proposition 3.5. Let FE(U ) be a soft set. If S, T ∈ P(U ) with S ⊆ T, then FT ⊆ FS

Proof. Let e ∈ FT , then T ⊆ F(e).  So S ⊆ F(e) and e ∈ FS.  Hence
FT ⊆ FS	□

Proposition 3.6. Let FA(U ) be a soft set, then FS = A if and only if
S ⊆	F(a)T

a∈A
Proof. Suppose FS = A. Then for any a ∈ A, S ⊆ F(a). So S ⊆	F(a).T

a∈AT

Conversely assume that S ⊆	F(a), which implies S ⊆ F(a) for all a ∈ A.
a∈A
Therefore FS = A.	□

Proposition 3.7. Let FA(U ) and GB(U ) be two soft sets. Then FA ⊆ GB
if and only if FS ⊆ GS for all S ∈ P(U ).

Proof. Suppose FA ⊆ GB and S ∈ P(U ). For any a ∈ FS, we have S ⊆ F(a) and F(a) ⊆ G(a) implies S ⊆ G(a). Therefore a ∈ GS and FS ⊆ GS. Conversely suppose that FS ⊆ GS for all S ∈ P(U ).  For any a ∈ A, a ∈ FF(a). By assumption FF(a) ⊆ GF(a), which implies a ∈ GF(a). Hence F(a) ⊆ G(a), which completes the proof.	□
Theorem 3.8. (First Representation Theorem of soft sets) Let FA(U ) be a
soft set, then F =	SF, where SF is a soft set on A deFIned by SF(a) =S

S⊆U
S ∩ F(a)

Proof. For each a ∈ A, F(a) ⊆ U . Then,


( [
S⊆U

SF)(a)  =	[
S⊆U

SF(a)

=	[ (S ∩ F(a))
S⊆U

=  ( [
S⊆U
S) 
∩ F(a)

=  U ∩ F(a) = F(a)

□

Theorem 3.9. (Second Representation Theorem of soft sets) For every soft set FA(U ),

F =	SFS

S⊆U
 S	if a ∈ FS;
where SF is a soft set on A deFIned by SF(a) =
 ∅	otherwise

Proof. For each particular a ∈ A, we have



( [
S⊆U

S F)(a)  =	[
S⊆U

SF(a)

=	[
S⊆U,S∈FS
=	[

S

S = F(a)

S⊆U,S⊆F(a)
□

Example 3.10. Let U = {1, 2, 3, 4, 5, 6} and A = {a, b, c, d} be universe and parameter set respectively. A soft set FA(U ) is deFIned as
F(a) = {2}  F(b) = {2, 3, 5}  F(c) = {1, 4}  F(d) = {1, 2, 4}.  Using the

FIrst representation theorem, we have

	{2}F
	=
	{(a, {2}), (b, {2}), (c, ∅), (d, {2})}

	{2,3,5}F
	=
	{(a, {2}), (b, {2, 3, 5}), (c, ∅), (d, {2})}

	{1,4}F
	=
	{(a, ∅), (b, ∅), (c, {1, 4}), (d, {1, 4})}

	{1,2,4}F
	=
	{(a, {2}), (b, {2}), (c, {1, 4}), (d, {1, 2, 4})}



It is now easy to see that F = ({2}F) ∪ ({2,3,5}F) ∪ ({1,4}F) ∪ ({1,2,4}F) In the light of second representation theorem, we have the S- cuts


F{2}	=  {a, b, d}
F{2,3,5}	=  {b}
F{1,4}	=  {c, d}
F{1,2,4}	=  {d}

Then the corresponding soft sets are

{2}F	= {(a, {2}), (b, {2}), (c, ∅), (d, {2})}
{2,3,5}F	=  {(a, ∅), (b, {2, 3, 5}), (c, ∅), (d, ∅)}
{1,4}F	=  {(a, ∅), (b, ∅), (c, {1, 4}), (d, {1, 4})}
{1,2,4}F	= {(a, ∅), (b, ∅), (c, ∅), (d, {1, 2, 4})}

Now we can represent F = ({2}F) ∪ ({2,3,5}F) ∪ ({1,4}F) ∪ ({1,2,4}F)



4. SOFT RELATION

In this section, we investigate the notion of soft relation as a soft set and soft equivalence relation in detail.

Definition 4.1. Let U be an initial universe set and A and B two sets of parameters. A soft relation from A to B is a function G : A × B → P(U ) and it represent by the soft set GA×B(U ). The domain of a soft relation
GA×B(U ) is the soft set GD : A → P(U ) deFIned by GD(a) =	G(a, b) andS

b∈BS

range is the soft set GR : B → P(U ) deFIned by GR(b) =	G(a, b).
a∈A
Example 4.2. Let U = {1, 2, ..., 10} be universe set and A = {a1, a2, a3}
and B = {b1, b2} be parameter sets. A soft relation GA×B(U ) deFIned by
G(a1, b1) = {1, 4, 5} G(a1, b2) = {1, 2, 9}
G(a2, b1) = {2, 6, 7}  G(a2, b2) = {2, 4, 6, 8}
G(a3, b1) = {1, 3, 6} G(a3, b2) = {2, 9}
The domain of G is the soft set GD deFIned by GD(a1) = {1, 2, 4, 5, 9},
GD(a2) = {2, 4, 6, 7, 8}, GD(a3) = {1, 2, 3, 6, 9}

The range of G is the soft set GR deFIned by GR(b1) = {1, 2, 3, 4, 5, 6, 7},
GR(b2) = {1, 2, 4, 6, 8, 9}
Definition 4.3. (Operations on Soft relations) Let GA×B(U ) and HA×B(U )
be two soft relations,
(1) Union : the soft set (G ∪ H)A×B deFIned by (G ∪ H)(a, b) = G(a, b) ∪ H(a, b)
(2) Intersection : the soft set (G ∩ H)A×B deFIned by (G ∩ H)(a, b) =
G(a, b) ∩ H(a, b)
(3) Transpose : the soft set Gt	is the transpose of G deFIned by Gt(b, a) =B×A

G(a, b)
(4) Composition of soft relations: Let GA×B(U ) and HB×C(U ) be two soft relations, the composite of G and H is a soft set (G ◦ H)A×C deFIned by
(G ◦ H)(a, c) =	[G(a, b) ∩ H(b, c)]S

b∈B
Proposition 4.4. Composition of soft relation is associative

Proof. Suppose GA×B(U ), HB×C(U ) and IC×D(U ) are three soft relations
((G ◦ H) ◦ I)(a, d)  =	[ ((G ◦ H)(a, c)) ∩ I(c, d))
c∈C
=	[ ( [ (G(a, b) ∩ H(b, c)) ∩ I(c, d))
c∈C b∈B
=	[ [ [(G(a, b) ∩ H(b, c)) ∩ I(c, d)]
c∈C b∈B
=	[ [ [G(a, b) ∩ (H(b, c) ∩ I(c, d))]
b∈B c∈C
=	[ [(G(a, b)) ∩ [ (H(b, c) ∩ I(c, d))]
b∈B	c∈C
=	[ [G(a, b) ∩ (H ◦ I)(b, d)]
b∈B
= (G ◦ (H ◦ I))(a, d)

□

Proposition 4.5. If GA×B(U ) and HB×C(U ) are two soft relations, then
(1) (G ◦ H)t = Ht ◦ Gt
(2) (Gt)t = G
(3) (G ∪ H)t = Gt ∪ Ht
(4) (G ∩ H)t = Gt ∩ Ht

Proof.	(1) Let (c, a) ∈ C × A, then
(Ht ◦ Gt)(c, a)  =	[ [Ht(c, b) ∩ Gt(b, a)]
b∈B
=	[ [G(a, b) ∩ H(b, c)]
b∈B
= (G ◦ H)(a, c) = (G ◦ H)t(c, a)

(2) Let (a, b) ∈ A × B, then

[(Gt)t](a, b) =  (Gt)(b, a)
=  G(a, b)

(3) and (4) are trivial.	□

Definition 4.6. A soft relation GE×E(U ) on a set E is said to be

(1) reflexive  if	G(a, a) = U for all a ∈ E
(2) symmetric  if	G(a, b) = G(b, a) for all a, b ∈ E
(3) transitive  if	(G ◦ G)(a, b) ⊆ G(a, b) for all a, b ∈ E

A soft relation is said to be an soft equivalence relation if it is reflexive, symmetric and transitive.

Example 4.7. Let U = {1, 2, 3, 4, 5} be the universe set and E = {a, b, c}
be the parameter set. A soft equivalence relation GE×E(U ) deFIned by


	G(a, a) = U
	G(a, b) = {1, 3, 4}
	G(a, c) = {1, 3, 4, 5}

	G(b, a) = {1, 3, 4}
	G(b, b) = U
	G(b, c) = {2, 3, 4}

	G(c, a) = {1, 3, 4, 5}
	G(c, b) = {2, 3, 4}
	G(c, c) = U



Proposition 4.8. Let FE(U ) be a soft set, then the soft relation GE×E(U )
deFIned by

G(a, b) =  U	if a = b;
 F(a) ∩ F(b)  if otherwise
is a soft equivalence relation


Proof. Reflexivity and symmetry are trivial. To prove transitivity, we have to show that G(a, b) ∩ G(b, c) ⊆ G(a, c), for all a, b, c ∈ E.
Case (i): If a = b, a = c or b = c then G(a, b) = U, G(a, c) = U or
G(b, c) = U respectively, So G(a, b) ∩ G(b, c) ⊆ G(a, c)

Case (ii): If a, b and c are distinct, then

G(a, b) ∩ G(b, c)  =  [F(a) ∩ F(b)] ∩ [F(b) ∩ F(c)]
=  F(a) ∩ F(b) ∩ F(c)
⊆  F(a) ∩ F(c) = G(a, c)

□
Proposition 4.9. Let FE(U ) be a soft set, then the soft relation HE×E(U )
deFIned by

H(a, b) =  U	if a = b;
 F(a) ∪ F(b)  if otherwise
is not a soft equivalence relation on E

Example 4.10. Let U = {u1, u2, u3, u4} and E = {a, b, c} be universe and
parameter set respectively. A soft set FE(U ) is deFIned by F(a) = {u1, u2} F(b) = {u2, u3} F(c) =

By deFInition H(a, b) = F(a) ∪ F(b) = {u1, u2, u3} and (H ◦ H)(a, b) =
{u1, u2, u3, u4}. So (H ◦ H)(a, b) ⊈ H(a, b). Hence it is not transitive.

Proposition 4.11. If GE×E(U ) is a soft equivalence relation, then so Gt.

Proof. Since G reflexive, Gt(a, a) = G(a, a) = U for all a ∈ E. So Gt is reflexive.
Also since G symmetric, Gt(a, b) = G(b, a) = G(a, b) = Gt(b, a). Hence Gt is symmetric.
To prove transitive, let a, b, c ∈ E

Gt(a, b) ∩ Gt(b, c) =  G(b, a) ∩ G(c, b)
=  G(c, b) ∩ G(b, a)
⊆  G(c, a) = Gt(a, c)	(G is transitive)

Therefore Gt is transitive and it follows that Gt is a soft equivalence relation.
□
Proposition 4.12. Let GE×E(U ) be a soft equivalence relation on a set E, then any a ∈ E, Ga : E → P(U ) deFIned by Ga(e) = G(a, e) is a soft set on E.
Remark 4.13. The soft set Ga is called soft equivalence class of G on E and is denoted by [Ga]. The soft equivalence classes of a soft equivalence relation need not be disjoint.
Example 4.14. The soft equivalence classes of example 4.7 are


[Ga] = {(a, U ), (b, {1, 3, 4}), (c, {1, 3, 4, 5})}

[Gb] = {(a, {1, 3, 4}), (b, U ), (c, {2, 3, 4})}

[Gc] = {(a, {1, 3, 4, 5}), (b, {2, 3, 4}), (c, U )}
Since [Ga](b) ∩ [Gc](b) = {1, 3, 4} ∩ {2, 3, 4} = {3, 4} ≠	∅. Therefore the soft equivalence classes are need not be disjoint.
Proposition 4.15. Let [Ga] and [Gb] be two soft equivalence classes of a soft equivalence relation G on a set E, then

(1) [Ga](e) ∩ [Gb](e) ⊆ G(a, b), for all e ∈ E

(2) [Ga] = [Gb] if and only if G(a, b) = U

(3) [Ga] ̸= [Gb], then [Ga](e) ∩ [Gb](e) ⊊ U, for all e ∈ E

Proof. Let [Ga] and [Gb] be equivalence classes of G.

(1) For e ∈ E,

[Ga](e) ∩ [Gb](e)  =  G(a, e) ∩ G(b, e)
=  G(a, e) ∩ G(e, b), since G is symmetric
⊆  G(a, b), since G is transitive



(2) Suppose [Ga] = [Gb], then G(a, b) = [Ga](b) = [Gb](b) = U
Conversely suppose that G(a, b) = U , then

[Ga](e) = G(a, e)  ⊇ G(a, b) ∩ G(b, e)
=  U ∩ G(b, e)
=  G(b, e) = [Gb](e)

So [Ga](e) ⊇ [Gb](e). Similarly we can prove [Gb](e) ⊇ [Ga](e) Hence [Ga](e) = [Gb](e)

(3) Suppose [Ga](e) ∩ [Gb](e) = U , then

G(a, b)  ⊇  G(a, e) ∩ G(e, b)
=  G(a, e) ∩ G(b, e)
= [Ga](e) ∩ [Gb](e) = U.

Therefore G(a, b) = U . By (2), [Ga](e) = [Gb](e) Hence [Ga](e) ∩ [Gb](e) ⊊ U

□


Proposition 4.16. If {Gj}j∈J is a family of soft equivalence relations on a set E, then G = Tj∈J Gj is an soft equivalence relation on E.

Proposition 4.17. Let G be soft equivalence relation on A and let S ∈ P(A), GS = {(a, b) ∈ A × A|S ⊆ G(a, b)} be the S-cut of G. DeFIne a relation RS on A by aRSb, if (a, b) ∈ GS, for all a, b ∈ A. Then RS is an equivalence relation on A.


Proof. Let S ∈ P(A). For each a ∈ A, G(a, a) = A ⊇ S; hence aRSa. Also aRSb implies G(a, b) ⊇ S and so G(a, b) = G(b, a) ⊇ S implying bRSa. Finally, suppose aRSb and bRSc ; then


G(a, c)  =  G ◦ G(a, c)
=	[[G(a, t) ∩ G(t, c)]
t∈A
⊇ G(a, b) ∩ G(b, a)
⊇  S ∩ S = S

Therefore aRSc. That is RS is an equivalence relation on A.	□



5. SOFT PARTITION

In this section, we will give a definition of soft partition and correspon- dence between soft equivalence relation and soft partition.

Definition 5.1. A collection P of soft sets on a set E is said to be a soft partition of E, if
(1) for all F ∈ P, there is some a ∈ E such that F(a) = U
(2) for all a ∈ E, there is exactly one F ∈ P such that F(a) = U
(3) F, G ∈ P such that F(a) = G(b) = U for some a, b ∈ E, then
F(b) ∩ F(e) ⊆ G(e), for all e ∈ E

Example 5.2. Let U = {1, 2, 3, 4, 5, 6} and E = {a, b, c} be universal and parameter set respectively. The soft sets on E deFIned as

F	=  {(a, U ), (b, {2, 4, 5, 6}), (c, {1, 2, 4, 5, 6})}
G	= {(a, {2, 4, 5, 6}), (b, U ), (c, {2, 3, 4, 5, 6})}
H	=  {(a, {1, 2, 4, 5, 6}), (b, {2, 3, 4, 5, 6}), (c, U )}

{F, G, H} form a soft partition on E.

Proposition 5.3. Let P be a partition on E. If F, G ∈ P such that F(a) =
G(b) = U for some a, b ∈ E, then F(b) = G(a).

Proof. Given F(a) = G(b) = U and since P is a partition, we have

F(b) ∩ F(a) ⊆ G(a) F(b) ∩ U	⊆  G(a)
which implies	F(b)  ⊆  G(a)



Also from G(a)∩G(b) ⊆ F(b), we get G(a) ⊆ F(b) and the proof is complete.
□
Theorem 5.4. Let P be a partition on E. DeFIne a soft relation HE×E(U )
by H(a, b) = F (b), where F ∈ P with F(a) = U is a soft equivalence relation.

Proof. By condition 5.1(2) of soft partition, H is well defined. From the definition of H, H(a, a) = F(a) = U . That is H is reflexive.
For symmetry, if H(a, b) = F(b) and H(b, a) = G(a), where F, G ∈ P with F(a) = G(b) = U . By proposition 5.3, F(b) = G(a) which implies H(a, b) = H(b, a).
Now we shall prove that H is transitive. For this we consider a, b, c ∈ E and
H(b, a) = F(a) with F(b) = U

H(a, c) = G(c) with G(a) = U
H(b, c) = F(c) with F(b) = U
Since F(b) = G(a) = U . By the condition 5.1(3) of soft partition,


F(a) ∩ F(c) ⊆ G(c)

i.e H(b, a) ∩ H(b.c) ⊆ H(a, c)

i.e H(a, b) ∩ H(b.c) ⊆ H(a, c), since H is symmetric.


Therefore H is transitive. This completes the proof.	□

Remark 5.5. The collection of soft equivalence classes of the soft equiva- lence relation H deFIned in theorem 5.4 is precisely the partition P.

Theorem 5.6. If G is a soft equivalence relation on E, then the collection
C of soft equivalence classes form a soft partition on E.

Proof. Suppose that G is a soft equivalence relation on E. Then C = {[Ga] : a ∈ E} is the collection of soft equivalence classes of G, where Ga is a soft set and is defined by Ga(e) = G(a, e) for e ∈ E.

For any Ga ∈ C, we have Ga(a) = G(a, a) = U . Hence condition (1) of soft partition is satisfied.

Now any a ∈ E, we have Ga(a) = U . Suppose there exist an x ∈ E such that Gx(a) = U , then by proposition 4.15(2) [Gx] = [Ga]. Which establish the condition (2) of soft partition.

Finally, if [Ga], [Gb] ∈ C such that Ga(x) = Gb(y) = U . For any e ∈ E, we have

Ga(y) ∩ Ga(e)  =  G(a, y) ∩ G(a, e)
=  G(y, a) ∩ G(a, e)
⊆ G(y, e) = Gy(e)
=  Gb(e)	(Since Gb(y) = U )

Which completes the condition (3) and hence C form a soft partition on
E.	□

Remark 5.7. The soft equivalence relation deFIned by using the soft parti- tion C in theorem 5.6 is precisely the G.

Thus we can establish a one to one correspondence between soft equiva- lence relation and soft partition.

Proposition 5.8. Let P be a soft partition of a set E, then the soft relationS

F on E deFIned by G(a, b) =	(F(a) ∩ F(b)) is a soft equivalence relation
F∈P
on E.


Proof. Symmetry is trivial. For reflexivity, any a ∈ E



G(a, a)  =	[ (F(a) ∩ F(a))
F∈P

=	[
F∈P

F(a) = U	by 5.1(2)



For transitivity, let a, b, c ∈ E



G(a, b) ∩ G(b, c) =  [ [ (F(a) ∩ F(b))] ∩ [ [ (F(b) ∩ F(c))]
F∈P	F∈P
=	[ [F(a) ∩ F(b) ∩ F(c)]
F∈P
⊆	[ [F(a) ∩ F(c)] = G(a, c)
F∈P
□
Proposition 5.9. Let P be a partition on E. If |E| = n, then P contains at most n soft sets.
Proof. If |P | > n, then ∃ F, G ∈ P and a ∈ E such that F(a) = G(a) = U . So P is not a partition.	□
6. CONCLUSIONS

In this paper, we have investigated soft relation, soft equivalence relation and soft partition and the correspondence between them. All these concepts are basic supporting structures for research and development on soft set theory. Using these ideas, one can think about soft relation on a soft set, soft graph, and soft hyper graph.
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