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Abstract
    In this paper, I establish a fixed point theorem for cyclic contraction mapping in partial symmetric spaces. I establish Reich-type cyclic contraction in partial symmetric spaces and prove the existence and uniqueness of a fixed point under suitable completeness assumptions.  
Keywords: Fixed point, Reich-type cyclic contraction, partial symmetric space, complete space, Banach contraction principle.
1. Introduction
         Fixed point theory plays a fundamental role in nonlinear analysis and has extensive 
applications in optimization, differential equations, engineering, computer science, and economics. The celebrated Banach contraction principle provides a powerful tool for proving the existence and uniqueness of solutions to many mathematical problems.
     Several generalizations of metric spaces have been introduced to broaden the scope of fixed point theory. Among these, partial metric spaces introduced by Matthews have attracted considerable attention due to their applications in computer science and domain theory. Later, partial symmetric spaces emerged as a natural extension where self-distances need not vanish while the symmetry property is preserved.
      Mathews [2] introduced the concept of partial metric spaces. Combining the ideas involved in the concept of partial metric spaces and symmetric spaces, Mohamed Asim[10] introduced the class of partial symmetric spaces, where in they proved existence and uniqueness fixed point results for certain types of contractions in partial symmetric spaces. There are so many fixed point theorems in metric spaces, symmetric spaces and partial symmetric spaces for contractive mappings[1,4,5,6,7,8,9,11]. And the same can be extended in partial symmetric spaces. 
    The main purpose of this paper is to give a fixed point theorem for Reich-type contraction mappings in a partial symmetric space and prove the existence and uniqueness of a fixed point in partial symmetric spaces.
2. Preliminaries

Definition 2.1[10]: Let X be a nonempty set. A function p: X×X → [0, ∞) is called a partial symmetric if for all x, y, zX, 
1. x =y if and only if p(x, x) = p(x, y) = p(y, y),
2. p(x, x)≤ p(x, y),
3. p(x, y)=p(y, x),
4. p(x, y)≤ p(x, z) + p(z, y) - p(z, z).
Then (X, p) is called a partial symmetric space.
Definition 2.2[10]:


A sequence {xn} in (X, p) converges to xX if .
Definition 2.2[10]:

A sequence {xn} in (X, p) is called Cauchy sequence if  exists and is finite.
Definition 2.3[10]:
   A partial symmetric space (X, p) is said to be complete if every Cauchy sequence converges to a point in the space.
Definition 2.4:


Let A and B be nonempty subsets of X. A mapping T: AՍB→AՍB is called cyclic if 
T(A)  B, T(B)  A.
Definition 2.5[3]: Reich-Type Cyclic Contraction


Let (X, p) be a partial symmetric space and let A and B be nonempty subsets of X. A cyclic mapping T: AՍB→AՍB satisfying T(A)  B, T(B)  A is called a Reich-Type Cyclic Contraction if there exists constants a, b, c ≥ 0 such that a + b + c < 1 and 


p(Tx,Ty) ≤ a p(x,y) + b p(x,Tx) + c p(y,Ty) for all xA and yB.
3. Main Result
Theorem 3.1





     Let (X,p) be a complete partial symmetric space and let A and B be nonempty closed subsets of  X such that X=AՍB. Suppose that T:X→X is a cyclic mapping satisfying T(A)  B, T(B)  A and p(Tx,Ty) ≤ k p(x,y) for all xA and yB, where 0 < k < 1.Then T has a unique fixed point u AՈB.
Proof

Choose an arbitrary point x0A.


Define xn+1 = Txn
Since (T) is cyclic, x2nA and x2n+1B.
Applying the contraction condition to xn and xn-1,
P(xn+1,xn) = P(Txn,Txn-1) ≤ k p(xn,xn-1) 
By induction, P(xn+1,xn) ≤ kn p(x1,x0).
Using Partial Symmetric Triangle inequality,

For m > n, P(xm, xn) ≤ 

Thus, .
Hence, {xn}is a Cauchy sequence.



Completeness of X implies the existence of uX such that. Since even terms belong to A and odd terms belong to B, and both subsets are closed, we obtain u AՈB. 
Using continuity induced by the contraction condition, Tu=u.
Hence u is a fixed point. 
To prove uniqueness, suppose that u and v are fixed points.
Then p(u,v) = p(Tu,Tv) ≤ k p(u,v).
Thus, (1-k) p(u,v) ≤ 0.
Since k<1, p(u,v)=0.
By the axioms of partial symmetric spaces, u = v.
Therefore the fixed point is unique.
Theorem 3.2





     Let (X,p) be a complete partial symmetric space and let A and B be nonempty closed subsets of  X. Suppose that T: AՍB→ AՍB is a Reich -Type Cyclic Contraction mapping satisfying T(A)  B, T(B)  A and p(Tx,Ty) ≤ a p(x,y) + b p(x,Tx) + c p(y,Ty) for every xA and yB, where a, b, c ≥ 0 such that a + b + c < 1.Then T has a unique fixed point u AՈB.
Proof

Choose an arbitrary point x0A.


Define xn+1 = Txn
Since T is cyclic, x2nA and x2n+1B.
Applying the contraction condition to xn and xn-1,
P(xn+1,xn) = P(Txn,Txn-1) ≤ a p(xn,xn-1) + b p(xn, xn+1) + c p(xn-1, xn)
Hence (1-b) p(xn, xn+1) ≤ (a + c) p(xn,xn-1)
Therefore, p(xn, xn+1) ≤ λ p(xn,xn-1) where λ = (a + c)/ (1-b)
Since a + b + c < 1, λ< 1
By induction, P(xn+1,xn) ≤ λ n p(x1,x0).
Using Partial Symmetric Triangle inequality,

For m > n, P(xm, xn) ≤ 

Thus, .
Hence, {xn}is a Cauchy sequence.



Completeness of X implies the existence of uX such that. Since even terms belong to A and odd terms belong to B, and both subsets are closed, we obtain u AՈB. 
Using continuity induced by the contraction condition, Tu=u.
Hence u is a fixed point. 
To prove uniqueness, suppose that u and v are fixed points.
Then p(u,v) = p(Tu,Tv) ≤ a p(u,v) + b p(u,u) + c p(v,v).
Using p(u,u) ≤ p(u,v)  and  p(v,v) ≤ p(u,v)   
We obtain p(u,v) = p(Tu,Tv) ≤ (a + b + c) p(u,v)
Thus, p(u,v) ≤ p(u,v), since a + b + c < 1 .
Therefore, p(u,v)=0.
By the axioms of partial symmetric spaces, u = v.
Therefore the fixed point is unique.

4. Example
Let X=[0,1], and define p(x,y)=max{x,y}.
Then (X,p) is a complete partial symmetric space.



Let A = [0,1/2], B=[1/2,1].
Define T(x)=.
Then T(A)  B, T(B)  A.
Moreover, p(Tx,Ty)≤1/4 p(x,y)
Hence T satisfies the contraction condition with k=1/4.
By Theorem 3.1, T possesses a unique fixed point.
Solving T(x)=x, we obtain x=2/3.
Thus 2/3 is the unique fixed point.

5. Conclusion
I have established a fixed point theorem for Reich-Type cyclic contraction mappings in complete partial symmetric spaces. The theorem guarantees the existence and uniqueness of a fixed point under Reich-Type cyclic contraction condition. The obtained result generalizes several known fixed point theorems in metric and partial metric settings. Future work may focus on multivalued cyclic contractions, weak contractions, and applications to integral and differential equations.
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