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Abstract: In this paper we introduce and study several new subclasses of analytic and univalent functions in the open unit disk defined by means of a generalized differential operator. The operator generalizes numerous differential operators which have been widely used in geometric function theory. Using standard techniques involving subordination and Carath’eodory functions, we derive comprehensive coefficient estimates, the Fekete–Szegő inequality, bounds for the second Hankel determinant, inclusion relationships, neighborhood properties, Growth and Distortion properties. The results obtained in this work generalize and unify several earlier results in the literature.
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1. INTRODUCTION
Let  denote the class of analytic functions of the form(1)


which are analytic in the open unit disk

The study of subclasses of analytic and univalent functions defined via differential operators has been an active area of research in geometric function theory ([4],[5],[8]). Many well–known subclasses such as starlike, convex, and close–to–convex functions have been characterized using differential operators.
Recently, several authors have introduced differential operators to generate new families of analytic functions and study their geometric properties. These operators often lead to interesting results involving coefficient bounds, distortion theorems, neighborhood problems, and Hankel determinants.
Motivated by these developments, we consider a generalized differential operator which extends several known operators. Using this operator, we introduce a new subclass of analytic functions defined through a real part condition.
For functions belonging to this class, we derive coefficient estimates, neighborhood properties, inclusion relations, growth and distortion bounds, the Fekete–Szegő inequality, and bounds for the second Hankel determinant.
2. PRELIMINARIES AND DEFINITIONS
In this section we introduce the generalized differential operator and define the subclass of analytic functions that will be studied throughout this paper.
Definition 1.  () Let  be given by (1).
The generalized differential operator  is defined by(2)
(3)
(4)





for 
If  then from (4),(5)


where(6)


This operator generalizes several classical differential operators used in geometric function theory as seen below:
(i) when   was developed by Amoural and Yussef [2].
(ii) When  is the Opoola differential operator [6].
(iii) When  is introduced and studied by Ramadan and Darus [9].
(iv) When  which was investigated and exploited by Darus and Ibrahim [3].
(v) When  was introduced by Swamy [11].
(vi) When  which Al-Oboudi studied [1].
(vii) When  which was studied by Sălăgean [10].
(viii) When 
Definition 2.  A function  is said to belong to the class

if it satisfies the condition

[bookmark: neig]Definition 3.  For a function

the –neighbourhood of  is defined by

[bookmark: cn]Lemma 1.  If  is analytic in  and satisfies

with

then

for all .
This lemma plays a crucial role in obtaining coefficient bounds and other related estimates.

3. RESULTS AND DISCUSSION
[bookmark: coef]Theorem 1 (Coefficient Estimates).  
If  then(7)


Proof. Suppose that . Then by definition(8)


This implies that there exists an analytic function  such that(9)


where  satisfies  and(10)


Hence, the right-hand side of (9) becomes(11)


Now from (5),(12)


which implies that(13)


Comparing (13) with (11), we obtain(14)


Thus

Using the bound  from Lemma 1 we obtain(16)
(15)


This completes the proof. 
Theorem 2 (Fekete–Szegö Inequality).  Let . Then for any real number (17)


Proof. From (15), we have(18)


and(19)


Therefore(20)


Taking modulus, we obtain(21)


Using the bound  from Lemma 1 we obtain

This completes the proof.
Next, we consider the second Hankel determinant defined by(22)


Theorem 3 (Second Hankel Determinant).  If  then(23)


Proof. Using the coefficient relations(24)


we obtain(25)


Hence(26)


Taking modulus gives(27)


Using  we obtain(28)


This completes the proof. 
Theorem 4 (Inclusion Relations).  If  then(29)


Proof. Let . Then(30)


Since , it follows that(31)


Hence  which proves

 
Theorem 5 (Neighborhood Theorem).  If  then

whenever

Proof. Since

we have

From (13), we have

Similarly,

so that

Consider

hence(32)


From definition 3,

Thus

so that (32) becomes

Since  is increasing in 

Thus

For analytic functions in the unit disk, the dominant term occurs at , giving

Applying triangle inequality, we have

and using

we have

For  to belong to the same class we require

Thus

Therefore,

Hence,

 Theorem 6 (Growth Theorem).  If  and  then

Proof. From (1),

For 

Using the triangle inequality, we have

Thus

From Theorem 1,

hence,

which gives the upper bound.
Using the reverse triangle inequality

we have

Thus


Therefore

 
Theorem 7 (Distortion Theorem).  If  and  then

Proof. From (1),

then

For 

Using the triangle inequality, we have

From Theorem 1,

hence,

which gives the upper bound.
Using the reverse triangle inequality

we have


Therefore


4. CONCLUSION
In this paper we introduced a new subclass of analytic functions defined by a generalized differential operator and investigated their geometric properties. Comprehensive coefficient bounds, Fekete–Szegö inequalities and estimates for the second Hankel determinant were obtained. The results extend numerous earlier works involving other differential operators and provide a unified framework for studying operator-defined subclasses of analytic functions.
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