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\section{Introduction}
In this paper, we consider the  nonlinear degenerate anisotropic problem
\begin{equation}\label{equation1}
\left\{\begin{array}{ll}
-\sum_{i=1}^{N}\partial_{x_{i}}a_{i}x(x,\partial_{x_{i}}u)+b(x)|u|^{p_{M(x)}-2}u=\lambda|u|^{q(x)-2}u \quad 
 & in \quad \Omega,\\\nonumber
 u(x)=constant \quad 
 & on\quad \partial\Omega\\\nonumber
 \sum_{i=1}^{N}\int_{\partial \Omega} a_{i}(x,\partial_{x_{i}}u)\nu_{i}d\sigma=0,
\end{array}\right.
\end{equation}
where $\Omega \subset \mathbb{R}^{N}$ is a bounded domain with smooth boundary, $b \in L^{\infty}(\Omega)
$ and
$a_{1} : \bar{\Omega}\times \mathbb{R}\rightarrow \mathbb{R}$ are Carath\'{e}odory functions fulfilling some adequate hypotheses.
We notice that the constant value of the boundary data in problem \eqref{equation1} is not specified
and corresponds to the one dimensional case $u(0) = u(1)$, whereas the requirement in one dimension
that $u^{'}(0)=u^{'}(1)$, corresponds to the no-flux boundary integral term, in the case
that $a_{i}(x,\xi) = \xi$ for all $i = 1, . . . , \mathbb{N}$.
The differential operator $\sum_{i=1}^{N}\partial_{x_{1}}a_{1}x(x,\partial_{x_{i}}u)$ is a $\overrightarrow{p}(.)$-Laplace type operator,
 $\overrightarrow{p}(.)=(p_{1}(x), p_{2}(x), . . . , p_{\mathbb{N}} (x))$ 
. For $i = 1, . . . , \mathbb{N},$ $p_{i}(x)$ and $q(x)$ are continuous functions on
$\bar{\Omega}$, while $a_{i}(x, \eta)$ is the continuous derivative with respect to $\eta$ of the mapping $A_{i}:\bar{\Omega}\times \mathbb{R}\rightarrow \mathbb{R}, A_{i}=A_{i}(x,\eta) $ that is, $a_{i}(x, \eta) =\dfrac{\partial}{\partial\eta}A_{i}(x, \eta).$
Throughout this paper we assume that the following hypotheses are fulfilled:
\begin{itemize}
	\item[$(A_{1})$] $ A_{i}(x,0)=0$ for a.e $x\in \Omega.$
\end{itemize}
\begin{itemize}
	\item[$(A_{2})$] Here exists a positive constant $c_{i}$ such that ai satisfies the growth condition
	$$|a_{i}(x,\eta)|\leq \bar{c}_{i}(1+|\eta|^{p_{i}(x)-1}),$$
	for all $x \in \bar{\Omega}$ and $\eta\in \mathbb{R}^{N}.$
\end{itemize}
\begin{itemize}
	\item[$(A_{3})$] The inequalities
	$$|\eta|^{p_{i}(x)}\leq a_{i}(x,\eta)\eta\leq p_{i}(x)A_{i}(x,\eta),$$
	hold for all $x\in \bar{\Omega}$ and $\eta\in \mathbb{R}$.
\end{itemize}
\begin{itemize}
	\item[$(A_{4})$] There exists $k_{i} > 0 $ such that
	$$A_{i}(x,\dfrac{\eta+\xi}{2})\leq \dfrac{1}{2}A_{i}(x,\eta)+\dfrac{1}{2}A_{i}(x,\xi)-k_{i}|\eta-\xi|^{p_{i}(x)},$$
	for all  $x\in \bar{\Omega}$ and $\eta,\xi\in \mathbb{R}^{N}$, with equality if and only if $\eta=\xi$.
\end{itemize}
\begin{itemize}
	\item[$(A_{5})$] $ a_{i}(x,0)=0$ for a.e $x\in \partial\Omega.$\\
\end{itemize}
\begin{itemize}
	\item[$(A_{6})$] $b\in L^{\infty}(\Omega)$
	and there exists $b_{0} > 0$ such that $b(x) \geq b_{0}$ for all $x\in \Omega.$
\end{itemize}
The operator presented above is the anisotropic
$\overrightarrow{p}(x)$ Laplace operator because when we
take
$$a_{i}(x,\eta)=|\eta|^{p_{i}(x)-2}\eta,$$
for all $i \in \{1, . . . , \mathbb{N}\},$ we have $A_{i}(x,\eta)=\dfrac{1}{p_{i}(x)}|\eta|^{p_{i}(x)}\eta$ for all $i \in \{1, . . . , \mathbb{N}\},$ therefore
$$\Delta_{\overrightarrow{p}(x)}(u)=\sum_{i=1}^{N}\partial_{x_{i}}(|\partial_{x_{i}u}|^{p_{i}(x)-2}\partial_{x_{i}}u).$$
There are many other operators deriving from
$\sum_{i=1}^{N}\partial_{x_{i}}a_{i}(x,\partial_{x_{i}}u)$. Indeed, if we take
$$a_{i}(x,\eta)=(1+|\eta|^{2})^{\dfrac{(p_{i}
		(x)-2)}{2}}\eta,$$
for all $i \in \{1, . . . , \mathbb{N}\},$ we have
$A_{i}(x,\eta)=\dfrac{1}{p_{i}
	(x)}[(1+|\eta|^{2})^{\dfrac{p_{i}
		(x)}{2}}-1]$
for all $i \in \{1, . . . , N\}$
and we obtain the anisotropic variable mean curvature operator
$$\sum_{i=1}^{N}\partial_{x_{i}}[(1+|\eta|^{2})^{\dfrac{(p_{i}
		(x)-2)}{2}}\partial_{x-{i}}u].$$
The constant value of the
boundary data is not specified, whereas the zero integral term corresponds to a no-flux
boundary condition. In the case when $|u|^{q(x)-2}u$ $\textquotedblleft$ dominates $\textquotedblright$ the left-hand side, we show
that a nontrivial solution exists for all positive values of $\lambda$. If the term $|u|^{q(x)-2}u$ is dominated
by the left-hand side, we prove that a solution exists either for small or for large values of
$\lambda > 0.$ The proofs combine variational arguments with energy estimates.


 

In this paper we are concerned with the existence of one, two and threes solutions for a class of
anisotropic equations in bounded domains of the Euclidean space.
Anisotropic operators appear in several places in the literature. Recent relevant applications
include models in physics \cite{E},\cite{EA},\cite{G}, \cite{GH}, biology \cite{BK}, \cite{BKS}, and image processing (see,
for instance, the monograph by Weickert \cite{W}),
and they established the existence of one solution.
No-flux problems were studied for the first time by Berestycki and Brezis \cite{BB}, in relationship
with models arising in plasma physics. As stated in \cite{BB}, these problems stem  \textquotedblleft from
a model describing the equilibrium of a plasma confined in a toroidal cavity. In \cite{ARD} Afrouzi, Mirzapour and 
 R\v{a}dulescu studied the problem \eqref{equation1} concerned with the existence of weak nontrivial solutions for a class of
 anisotropic equations in bounded domains of the Euclidean space.
 
Our approach is variational method and the main tools are four
local minimum theorems for differentiable functionals. In fact,
using a consequence of the local minimum theorem due Bonanno we
look into the existence one solution under algebraic conditions on
the nonlinear term and two solutions for the problem under
algebraic conditions with the classical Ambrosetti-Rabinowitz (AR)
condition on the nonlinear term (see \cite{ARD}).\\
Recent related works are generalized.
The remainder of the paper is organized as follows.\\
In Sect 2, we will
introduce some notations and definitions and theorems that we will need to illustrate my results. \\
In Sect 3 we will state the existence of one solution of the nonlinear degenerate anisotropic problem.\\
In Sect 4 we will investigate and prove the existence of two solutions of the problem.\\
In Sect 5 we will give some results to obtain at least two and
three solutions of the paper.
Here, we explain two special cases of our main results in the case we have single impulse.
\section{Preliminaries}
In this section, we present some definitions and theorems that will be used in the sequel.
We recall some definitions and basic properties of the spaces with variable
exponent together with some results that are needed in the sequel.
For any $\Omega \subset R^{N}$, we set
$$C_{+}(\bar{\Omega})=\{h\in C(\bar{\Omega}); 1< \min_{x\in \mathbb{R}} h(x)\}.$$
Define
$$h^{+}=\max \{h(x)\in x\in \Omega\},\quad h^{-}=\min \{h(x)\in x\in \Omega\}$$
For any $p \in C_{+}(\bar{\Omega}),$ we define the variable exponent Lebesgue space
\begin{equation}L^{p(x)}(\Omega)=\{u; \text{u is a measurable real - valued function such that} \int|u(x)|^{p(x)}dx<\infty \}, \end{equation}
endowed with the Luxemburg norm
$$\|u\|_{L^{p(x)}(\Omega)}=\inf\{\mu>0; \int_{\Omega}|\dfrac{u(x)}{\mu}|^{p(x)}dx\leq 1\}.$$
Then $(L^{p(x)}(\Omega),\|.\|_{L^{p(x)}(\Omega)})$
 is a separable and reflexive Banach space (\cite[Theorem 2.5, coroolary 2.7]{KR}). Also, by Theorem 2.8 in \cite{KR}, the embedding
$L^{p_{2}(x)}(\Omega)\hookrightarrow L^{p_{1}(x)}(\Omega)$
is continuous, provided that $\Omega$ is bounded and $p_{1}, p_{2} \in C_{+}(\bar{\Omega})$ are such that $p_{1}\leq p_{2}$ in $\Omega$. The isotropic Sobolev space $W^{1,p(x)}(\Omega)$ is defined by
$$W^{1,p(x)}(\Omega)=\{u\in L^{p(x)}; \partial_{x_{i}}u\in L^{p(x)},i\in\{1,...,\mathbb{N}\}\}.$$
If equipped with the norm
\begin{align}\label{norm1}
	\|u\|_{W^{1,p(x)}}=\|u\|_{L^{p(x)}}+\sum_{i=1}^{N}\|\partial_{x_{i}}u\|_{L^{p(x)}},
	\end{align}
then $(W^{1,p(x)},\|.\|_{W^{1,p(x)}})$ is a separable and reflexive Banach space (\cite[Theorem 1.3]{KR}).
The application $\rho_{p(x)}(u)=\int_{\Omega}|u|^{p(x)}$
 called the $p(x)-modular$ of $L^{p(x)}(\Omega)$ space, is
useful in handling the Lebesgue space with variable exponent. Indeed, cf. (\cite[Theorem 1.3 and 1.4]{FZ}), if $u \in L^{p(x)}(\Omega) $ then
\begin{align}
	&\|u\|_{L^{p(x)}(\Omega)}<1(=1;>1) \Leftrightarrow \rho_{p(x)}(u)<1 (=1;>1);
\end{align}
\begin{align}
	\|u\|_{L^{p(x)}(\Omega)}>1\Rightarrow
	 \|u\|^{-}_{L^{p(x)}}\leq \rho_{p(x)}(u)\leq \|u\|^{+}_{L^{p(x)}};
	\end{align}
	\begin{align}\label{ineq2.5}
	\|u\|_{L^{p(x)}(\Omega)}<1\Rightarrow \|u\|_{L^{p(x)}}^{+}\leq \rho_{p(x)}(u) \leq \|u\|_{L^{p(x)}}^{-};
	\end{align}
\begin{align}
\|u\|_{L^{p(x)}(\Omega)}\rightarrow 0 (\rightarrow \infty) \Rightarrow \rho_{p(x)}(u) \rightarrow 0 (\rightarrow \infty).
	\end{align}
In addition, if $(u_{n}) \subset L^{p(x)}(\Omega),$ then
$$\lim_{n\rightarrow\infty}\|u_{n}-u\|_{L^{p(x)}(\Omega)}
\Leftrightarrow \rho_{p(x)}(u_{n}-u)=0,$$
$$u_{n} \text{converges to u in measure and} \lim_{n\rightarrow \infty}\rho_{p(x)}(u_{n})=\rho_{p(x)}(u).$$
Finally, we introduce a natural generalization of the function space $W^{1,p(x)}$ that will
enable us to study with sufficient accuracy problem \eqref{equation1}. For this purpose, let us denote by $\overrightarrow{p}:\bar{\Omega}\rightarrow \mathbb{R}^{N}$ the vectorial function $\overrightarrow{p}(x)=(p_{1}(x),p_{2}(x),...,p_{N}(x))$
with $p_{i}(x)\in C_{+}(\bar{\Omega}),i\in \{1,...\mathbb{N}\}$ and we put
$$p_{M}(x)=\max\{p_{1}(x),...,p_{N}(x)\},\quad p_{m}(x)=\min\{p_{1}(x),...,p_{N}(x)\}.$$
The anisotropic Sobolev space with variable exponent is
$$W^{1,\overrightarrow{p}(x)}(\Omega)=\{u\in L^{p_{M}(x)}, \partial_{x_{i}}u\in L^{p_{i}(x)},i\in\{1,...,\mathbb{N}\}\}.$$
If equipped with the norm
$$\|u\|_{W^{1,\overrightarrow{p}(x)}}=\|u\|_{L^{p_{M}(x)}}+\sum_{i=1}^{N}\|\partial_{x_{i}}u\|_{L^{p_{i}(x)}}.$$
The space $(W^{1,\overrightarrow{p}(x)}(\Omega),\|.\|_{W^{1,\overrightarrow{p}(x)}(\Omega)})$ is a reflexive Banach space ( see\cite[Theorem 2.1 and 2.2]{KR}). Set
$$X=\{u\in W^{1,\overrightarrow{p}(x)}(\Omega), u|_{\partial\Omega}\cong constant\}.$$
Since $X$ is a closed subset of $ W^{1,\overrightarrow{p}}(\Omega)$, it follows that $X$ is a reflexive Banach space.
We also recall \cite[Theorem 2.2]{JA}) that if $\Omega\in \mathbb{R}^{\mathbb{N}}$ is a bounded domain with smooth
boundary and $q\in C_{+}(\bar{\Omega})$ satisfies $q(x) <\dfrac{N\bar{p}_{m}}{N-\bar{p}_{m}}$
for all $x \in \bar{\Omega}$ then the embedding
$W^{1,\overrightarrow{p}(x)}(\Omega)\hookrightarrow L^{q(x)}(\Omega)$ is compact.
In the sequel, we use $c_{i}$ and $\widetilde{c_{i}}$ to denote general nonnegative or positive constants (the
exact value may change from line to line).

In the proofs of our main results, we will apply the following four theorems.
\begin{theorem} \label{th1}(\cite[Theorem 2.3]{B}). Let $X$ be a real Banach space and let $\Phi,\Psi:
X \rightarrow \mathbb{R}$ be two continuously G\^{a}teaux differentiable functions such that
$\inf_{u\in X}\Phi(u)=0,\Phi(0)=0, \Psi(0)=0$. Assume that there exist $r > 0$ and $\bar{u}\in X,$
with $0<\Phi(\bar{u})<r$, such that:
\begin{itemize}
\item[$(a_{1})$] $\dfrac{\sup_{\Phi(u)<r}\Psi(u)}{r}<\dfrac{\Psi(\bar{u})}{\Phi(\bar{u})}$,
\end{itemize}
\begin{itemize}
\item[$(a_{2})$] for each  $\Big(\dfrac{\Phi(\bar{u})}{\Psi(\bar{u})}<\dfrac{r}{\sup_{\Phi(u)<r}\Psi(u)}\Big)$,
the functional
$I_{\lambda}=\Phi-\Psi$
satisfies
$(PS)^{[r]}$-condition.
\end{itemize}
Then, for each $\lambda \in \varLambda_{r}=\Big(\dfrac{\Phi(\bar{u})}{\Psi(\bar{u})}<\dfrac{r}{\sup_{\Phi(u)<r}\Psi(u)}\Big)$
there exists $x_{0,\lambda}\in \Phi^{-1}(]0,r[)$
such that $I_{\lambda}'(x_{0,\lambda})=\vartheta$ and $I_{\lambda} (x_{0,\lambda})\leq I_{\lambda}(x)$ for all  $x\in \Phi^{-1}(]0,r[)$.
\end{theorem}
Other tool is the following abstract result.
\begin{theorem}\label{th2}(\cite[Theorem 3.2]{B})
Let $X$ be a real Banach space, $\Phi, \Psi :X�\rightarrow \mathbb{R}$  be two continuously differentiable functionals such that
 $\Phi$ is bounded from below and $\Phi(x)=\Phi(0)=\Psi(0)=0$. Fix $r>0$ and assume that, for each
$$\lambda\in \Big] 0, \dfrac{r}{\sup_{u\in \Phi^{-1}]\infty,r[}\Psi(u)}\Big[,$$
the functional $I_{\lambda}= \Phi-\lambda \Psi$ satisfies $(PS)$ condition and it is unbounded from below. Then, for each
$$\lambda\in \Big] 0, \dfrac{r}{\sup_{u\in \Phi^{-1}]\infty,r[}\Psi(u)}\Big[,$$
the functional $I_{\lambda}$ admits two distinct critical points.

Finally, we recall the following tool, obtained by G.Bonano and S.A.Marano in \cite{BM}, that we recall in a convenient form.
\end{theorem}
\begin{theorem}\label{th4}(\cite[Theorem A]{AB})
Let $X$ be a reflexive real Banach space, $\Phi:X \rightarrow \mathbb{R}$ is
a continuously differentiable and sequentially weakly lower semi continuous
functional whose continuous derivative admits a continuous inverse on $X^{*}$, and $\Psi:X \rightarrow \mathbb{R}$
is a continuously differentiable functional whose continuous derivative is
compact. Assume that:
\begin{itemize}
\item[$(b_{1})$] $\lim_{\|u\|\rightarrow +\infty}(\Phi(u)+\lambda\Psi(u))=\infty$ for all $\lambda\in[0,\infty[$;
\end{itemize}
\begin{itemize}
\item[$(b_{2})$] there is $r\in\mathbb{R}$ such that:
\end{itemize}
$$\inf_{X}\Phi< r,$$
and
$$\varphi_{1}(r)<\varphi_{2}(r),$$
where
$$\varphi_{1}(r):=\inf_{u\in\Phi^{-1}(]-\infty,r[)}\dfrac{\Psi(u)-\inf_{\overline{\Phi^{-1}(]-\infty,r[)}}\Psi(u)}{r-\Phi(u)},$$

$$\varphi_{2}(r):=\inf_{u\in\Phi^{-1}(]-\infty,r[)}\sup_{y\in\Phi^{-1}(]r,+\infty[)}\dfrac{\Psi(u)-\Psi(y)}{\Phi(y)-\Phi(u)}.$$
Then, for each $\lambda\in\Big]\dfrac{1}{\varphi_{2}(r)},\dfrac{1}{\varphi_{1}(r)}\Big[$
the functional $\Phi+\lambda\Psi$ has at least three critical points in $E$.
\end{theorem}
Note $\varphi_{1}(r)$ in Theorem \ref{th4} could be 0. In this and similar cases, here and in the
sequel, we agree to read $\dfrac{1}{0}$ as $+\infty$.

We also use the following two critical points theorem.
\begin{theorem}\label{th5.5}([\cite{BMul}Theorem 1.1])
Let $X$ be a reflexive real Banach space, and let $\Phi,\Psi:X\rightarrow\mathbb{R}$
be two sequentially weakly lower semi continuous and continuous differentiable
functions. Assume that $\Phi$ is continuous and satisfies $\lim_{\|u\|\rightarrow\infty}\Phi(u)=+\infty.$
Assume also that there exist two constants $r_{1}$ and $r_{2}$ such that

$(d_{1})$ $\inf_{X} \Phi<r_{1}<r_{2};$

$(d_{2})$ $\varphi_{1}(r_{1})<\varphi^{*}_{2}(r_{1},r_{2});$

$(d_{3})$ $\varphi_{1}(r_{2})<\varphi^{*}_{2}(r_{1},r_{2}),$
where $\varphi_{1}$ is defined as in Theorem \ref{th1} and
$$\varphi^{*}_{2}(r_{1},r_{2}):=\inf_{u\in\Phi^{-1}(]-\infty,r[)}\sup_{y\in\Phi^{-1}(]r_{1},r_{2}[)}\dfrac{\Psi(u)-\Psi(y)}{\Phi(y)-\Phi(u)}.$$
Then, for each $\lambda\in \Big]\dfrac{1}{\varphi^{*}_{2}(r_{1},r_{2})},\min\{\dfrac{1}{\varphi_{1}(r_{1})},\dfrac{1}{\varphi_{1}(r_{2})}\} \Big[$
, the functional $\Phi+\lambda\Psi$  admits
at least two critical points which lie in $\Phi^{-1}(]-\infty,r_{1}[)$ and $\Phi^{-1}(]r_{1},r_{2}[)$ respectively.
\end{theorem}

We refer the reader to the paper \cite{BCE} in which Theorems
\ref{th1} and \ref{th2} were successfully employed to ensure the
existence of at least one and two solutions for elliptic Dirichlet
problems with variable exponent.
In addition to, Caristi, Heidarkhani and Salari in \cite{CHS} continue the study of the multiplicity results
for a Kirchhoff-type second-order impulsive differential equation on the
half-line. In fact, using a consequence of the local minimum theorem, they look into the existence one solution under algebraic conditions
on the nonlinear term and two solutions for the problem under
algebraic conditions. Furthermore, by employing two critical point theorems,
one due Averna and Bonanno, and another one due Bonanno they
guarantee the existence of two and three solutions for the problem in a
special case.
 We also refer the readers to \cite{BO}
in which Theorems \ref{th4} and \ref{th5} were successfully
employed to ensure the existence of at least two and three
solutions for a boundary value problem on the half-line. 

 In
this section, we introduce the corresponding variational framework
for the problem \eqref{equation1}.

 A function $u\in X$ that verifies 
		for all $\varphi\in X$ is called a weak solution of problem \eqref{equation1}.
 Let $I_{\lambda} : X \rightarrow \mathbb{R}$ be
 the functional defined by
\begin{equation}
I_{\lambda}(u)=\int_{\Omega}\{\sum_{i=1}^{N}A_{i}(x,\partial_{x_{i}}u)+\dfrac{b(x)}{p_{M}(x)}|u|^{pM(x)}u-\dfrac{\lambda}{q(x)}|u|^{q(x)}\}dx
\end{equation}
where
$I_{\lambda}$ is well defined and $I\in C(X,\mathbb{R})$ with
\begin{equation}
\langle I^{'}_{\lambda}(u),\varphi\rangle=\int_{\Omega}\{\sum_{i=1}^{N}a_{i}(x,\partial_{x_{i}}u)\partial_{x_{1}}\phi+b(x)|u|^{pM(x)-2}u\varphi-\lambda|u|^{q(x)-2}u\varphi \}dx.
\end{equation}
for all $u,\varphi\in X.$ Hence any critical point $u\in X$ of $I_{\lambda}$ is a weak solution of problem \eqref{equation1}. The next result shows that if the variable exponent $q(.)$ \textquotedblleft dominates \textquotedblright $p(.)$ then the solution
exists for all positive values of the parameter $\lambda$. In otherwords, the right-hand side of problem
\eqref{equation1} is \textquotedblleft stronger\textquotedblright than the other side, even if $\lambda >0$ is small.
Also we put $f(x,u)=|u|^{q(x)-2}u$, and  
we introduce the
functions $F : \mathbb{R}^{N}\times \mathbb{R}  \rightarrow \mathbb{R}$ as follows:
$$F(x,u(x))=\int_{\Omega}f(x,\xi)d\xi.$$
So we rewrite $I(u)$ as follow
\begin{equation}
I_{\lambda}(u)=\int_{\Omega}\{\sum_{i=1}^{N}A_{i}x(x,\partial_{x_{i}}u)+\dfrac{b(x)}{p_{M}(x)}|u|^{pM(x)}u-\lambda F(x,u(x))\}dx
\end{equation}
for $u \in X$, we define two reals functionals $\Phi$ and $\Psi$ by
\begin{equation}\label{eq1.01}
\Phi(u)=\int_{\Omega}\{\sum_{i=1}^{N}A_{i}x(x,\partial_{x_{i}}u)+\dfrac{b(x)}{p_{M}(x)}|u|^{p_{M(x)}}u\}dx,
\end{equation}
and
\begin{equation}\label{eq2.01}
\Psi(u)=\int_{\Omega}\dfrac{1}{q(x)}|u|^{q(x)}dx.
\end{equation}
Then, the functional $I_{\lambda}$ can be rewritten as follows
\begin{equation}\label{eq3.01}
I_{\lambda}(u)=\Phi(u)-\lambda\Psi(u), \forall u\in X.
\end{equation}
It is clear that $u$ is a solution of \eqref{equation1}, if and only if $u$ is a critical point of the functional $I_{\lambda}$.
Thus, the search of solutions of the \eqref{equation1} problem  reduces to finding the critical points $u\in X$
of the functional $I_{\lambda}$.
\begin{theorem}\label{th2.5}([\cite{ARD}Theorem 4.2])
	Assume that the function $q\in C_{+}(\bar{\Omega})$ verifies the hypothesis
$$p_{M}^{+}< q^{-}\leq q^{+}< \dfrac{p_{m}^{-}}{N-p_{m}^{-}}.$$
Then for any $\lambda>0$ problem \eqref{equation1} possesses a nontrivial weak solution.
\end{theorem}
\section{main results}
In this section we deal with the existence of one solution for the problem \eqref{equation1}.

\begin{theorem}\label{th3.3}
Assume that there exist two positive constants $v$ and $\gamma$ with the
property
$\sqrt{\dfrac{p_{M}^{+}(N+1)^{p_{M}^{+}-1}}{p_{m}^{-}(N+1)^{p_{m}^{-}-1}}}v< \gamma$
and constant $\tau >1$ such that
\begin{itemize}
\item[$(A_{1})$] $\dfrac{\int\max_{|t|\leq \gamma}F(x,t)}{2\gamma^{2}}<
\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\int F(x,\tau v)}{p_{M}^{+}(N+1)^{p_{M}^{+}-1}v^{2}};$
\end{itemize}
\begin{itemize}
\item[$(A_{2})$] $\lim\sup_{\xi \rightarrow \infty}\dfrac{F(x,\xi)}{|\xi|^{2}}\leq 0$ uniformly in $\mathbb{R}.$\\
Then for each
$$\lambda\in \Lambda:= \Big(\dfrac{p_{M}^{+}(N+1)^{p_{M}^{+}-1}v^{2}}{\int 2F(x,\tau v)},\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\gamma^{2}}
{\int \max_{|t|\leq \gamma}F(x,t)}\Big),$$
\end{itemize}
there exists $\delta_{\lambda}$ given by
\begin{align}\label{align12}
\min\Big\{\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\gamma^{2}-\lambda \int \max_{|t|\leq \gamma}F(x,t)}{\gamma^{2}},\\\nonumber
\dfrac{\lambda\int F(x,\tau v)-\dfrac{p_{M}^{+}(N+1)^{p_{M}^{+}-1}}{2}v^{2}}{v^{2}}\Big\},
\end{align}
such that for each $\mu\in [0,\delta_{\lambda})$, the problem \eqref{equation1}
admits at least one
solution $u$ in $X$ such that $\max_{x\in\Omega}|u_{\lambda}(x)|<\gamma.$
\end{theorem}
\begin{proof}
We are going to apply Theorem \ref{th1} to the space $X$ with the norm is
defined in \eqref{norm1} and to the functionals $\Phi$ and $\Psi$ defined in \eqref{eq1.01} and \eqref{eq2.01}
for all $u\in X.$ By simple arguments, we find that $\Phi$ is G\^{a}teaux differentiable
and sequentially weakly lower semicontinuous, its G\^{a}teaux derivative is the
functional $\Phi'(u) \in X^{*},$ given by
\begin{equation}
\Phi^{'}(u)=\int_{\Omega}\{\sum_{i=1}^{N}a_{1}x(x,\partial_{x_{i}}u)+b(x)|u|^{p_{M(x)}-2}u\},
\end{equation}
for every $v \in X $and by Proposition 2.5, $\Phi^{*}$ admits a continuous inverse on
$X^{*}$. Moreover, The functional $\Psi$ is in $C^{1}(X,\mathbb{R})$ and $\Psi$ has compact derivative.
Moreover, for $\lambda > 0$, the functional $I_{\lambda}$ is coercive. From
the assumption $H_{1}$ there is a function $\rho_{\epsilon} \in L^{1}(0,\infty)$ such that
$$F(x,t)\leq \epsilon t^{2}+\rho_{\epsilon}(x),$$
for every $(x,t) \in \mathbb{R}^{N}\times \mathbb{R}.$ It follows that, for each $u \in X$
\begin{align}
I_{\lambda}(u)
&=\int_{\Omega}\{\sum_{i=1}^{N}A_{i}x(x,\partial_{x_{i}}u)+\dfrac{b(x)}{p_{M}(x)}|u|^{p_{M(x)}}u-\lambda F(x,u(x))\}dx\\\nonumber
&\geq\dfrac{1}{p_{M}^{+}}\sum_{i=1}^{N}\int_{\Omega}|\partial_{x_{i}}|^{p_{i}(x)}dx+
\dfrac{b_{0}}{p_{M}^{+}}\int_{\Omega}|u|^{p_{M}(x)}dx-\dfrac{\lambda}{q^{-}}(\|u\|_{L^{q^{-}}(\Omega)}^{q^{-}}+\|u\|_{L^{q^{+}}(\Omega)}^{q^{+}}).
	\end{align}
	So,
	$$\lim_{\|u\|\rightarrow \infty}I_{\lambda}(u)=\lim_{\|u\|\rightarrow \infty}(\Phi(u)-\lambda\Psi(u)),$$
	which means the functional $I_{\lambda} = \Phi-\lambda\Psi$ is coercive. Thus, by ([\cite{BMul}Proposition
	2.1]) the functional $I_{\lambda} = \Phi-\lambda\Psi$ verifies $(PS)^{[r]}$-condition for each $r > 0$
	and so condition $(a_{2})$ of Theorem \ref{th1} is verified. Also, for any $u \in X,$ one has
	\begin{align}\label{ineq3.4}
	\dfrac{\min\{1,b_{0}\}}{	p_{M}^{+}(N+1)^{p_{M}^{+}-1}}\|u\|^{2}\leq \Phi(u)\leq \dfrac{\min\{1,b_{0}\}}{p_{m}^{-}(N+1)^{p_{m}^{-}-1}}\|u\|^{2}
	\end{align}
	this means
\begin{equation}
\lambda^{*}= \dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\alpha^{2}}{2\sum_{i=1}^{m}\sum_{j=1}^{n}\max_{t\leq \alpha}F((i,j),t)}>0.
\end{equation}
Fix $\lambda\in (0,\lambda^{*}),$ thus
$$\dfrac{1}{\lambda}< \dfrac{\int_{\Omega} F((i,j),t)-v^{2}}{\frac{p_{M}^{+}(N+1)^{p_{M}^{+}-1}}{2}v^{2}}.$$
 Let $\varphi \in X$ and set
$w = \tau v$ that $\tau>1$ is a constant. It is clear that $w \in X $ and $\|w\| = \| \varphi\||\tau|$. 
Let $\alpha>0, $ 
so we have $\|w\| <\sqrt{\frac{p_{M}^{+}(N+1)^{p_{M}^{+}-1}}{p_{m}^{-}(N+1)^{p_{m}^{-}-1}}}\alpha, $ furthermore $w< r$ 
and put $r=\frac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}}{2}\alpha^{2}$, then $u\in E$ such that $\Phi(u)<r$, taking into account
\eqref{align4} we get that $\|u\|_{\infty}<\alpha.$\\
From \eqref{eq2.01} and according to the conditions
$(H_{1})$, we have
\begin{align}\label{align4}\Psi(u)< \int_{x\in \Omega}\max_{t\leq \alpha}F(x,t),\end{align}
which yelds that
\begin{align*}
\sup_{\Phi(u)<r}\Psi(u) &\leq \int_{x\in \Omega}\max_{t\leq \alpha}F(x,t).\\
\end{align*}
 Since $f(x,.)$
is continuous for all $x \in \Omega$, then $I_{\lambda}$ is continuous
and bounded from below. Therefore, by Theorem \ref{th1}, we deduce that $I_{\lambda}$ attains its minimum at some point $\bar{u}\in E$ which
 is also the critical point of $I_{\lambda}$.

The functional $I_{\lambda} =\Phi \rightarrow\Psi$ verifies
$(PS)^{[r]}$-condition for each $r>0$ and so condition $(a_{2})$
of \ref{th1} is verified. Therefore, one has
$$\max_{|t|\leq \alpha} \int_{\Omega}F(x,u(x))\leq \int_{\Omega}\max_{|t|\leq \alpha} F(x,u(x)),$$
so, for positive constant $C$ we have
\begin{align}\label{ineq1}
\sup \Psi(u)
&=\int_{\Omega}\{\sum_{i=1}^{N}A_{i}x(x,\partial_{x_{i}}u)+\dfrac{b(x)}{p_{M}(x)}|u|^{p_{M}(x)}u\}\\\nonumber
&\leq C\sum_{i=1}^{N}\int_{\Omega}(|\partial_{x_{i}}u|+\dfrac{|\partial_{x_{i}}u|}{p_{i}})dx+\dfrac{1}{p_{M}^{+}}\int_{\Omega} b(x)|u|^{p_{M}(x)}dx.
\end{align}
On the other hand,
from the hypotheses of Theorem \ref{th2.5}, $W^{1,\overrightarrow{p}(x)}
(\Omega) $ is continuously embedded in $L^{q^{-}}(\Omega)$
and $L^{q^{+}}(\Omega).$
Then, there exist two positive constants $C_{1}$ and $C_{2}$ such that for all $u \in X$
\begin{align}\label{3.7}
	|u(x)|_{L^{q^{-}}}\leq C_{1}\|u\|_{W^{1,\overrightarrow{p}(x)}}
	\quad and\quad 
	|u(x)|_{L^{q^{+}}}\leq C_{2}\|u\|_{W^{1,\overrightarrow{p}(x)}}.
	\end{align}
	Here, we let, $\|u\|_{W^{1,\overrightarrow{p}(x)}}<1,$
so, $\|u\|_{L^{P_{M}}}<1,$ and $\|\partial_{x_{i}} u\|_{L^{P_{i}}}<1,$ $i\in \{1,...N\}.$
Taking into account relations \eqref{ineq2.5} and \eqref{3.7}, for positive constant $C_{3}$ we have
\begin{align}\label{ineq2}
\Psi(w)=\int_{\Omega}F(x,w(t)) &\geq 
\dfrac{1}{q^{-}}C_{3}\|u\|_{W^{1,\overrightarrow{p}(x)}}^{q^{-}} \\\nonumber
&\geq  \dfrac{1}{q^{-}}C_{3}\rho^{q^{-}}\\\nonumber
&\geq  \dfrac{1}{q^{-}}C_{3}.
\end{align}
Therfore, we have
\begin{align}
\dfrac{\sup_{u\in \Phi^{-1}(-\infty, r)}\Psi(u)}{r}
&\leq \dfrac{\max_{u\in \Phi^{-1}(-\infty, r)}\int_{\Omega}F(x,u(x))}{r}\\\nonumber
&= \dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\int_{\Omega}F(x,u(x))}{\min\{1,b_{0}\}}
\end{align}
and
\begin{align}
\dfrac{\Psi(w)}{\Phi(w)}\geq \dfrac{\int_{\Omega}F(x,\tau v)}{
p_{m}^{-}(N+1)^{p_{m}^{-}-1}\eta^{2}}.
\end{align}
Since

$$\mu< \dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\gamma^{2}-2\lambda \int_{\Omega}\max_{t\leq\alpha} F(x,t)}{\gamma^{2}}$$
this means
$$ \dfrac{\int_{\Omega}\max_{t\leq\alpha}F(x,t)+\gamma^{2}}{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\gamma^{2}}< \dfrac{1}{\lambda}.$$
Furthermore,
$$\mu< \dfrac{2\lambda\int_{\Omega}F(x,
\tau v)-p_{M}^{+}(N+1)^{p_{M}^{+}-1}v^{2}}{v^{2}}$$
this means
$$\dfrac{F(x,\tau v)-v^{2}}{p_{M}^{+}(N+1)^{p_{M}^{+}-1}v^{2}} > \dfrac{1}{\lambda}.$$

Then
\begin{align}\label{align la}
\dfrac{\int_{\Omega}\max_{|t|\leq \gamma}F(x,t)+
\gamma^{2}}{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\gamma^{2}}<\dfrac{1}{\lambda} < \dfrac{\int_{\Omega}F(x,\tau v)-v^{2}}{p_{M}^{+}(N+1)^{p_{M}^{+}-1}v^{2}}.
\end{align}
Hence, from \eqref{ineq2} and \eqref{align la}
the condition $a_{1}$ of Theorem \ref{th1} is fulfilled. Since
$$\lambda\in (\dfrac{\Psi(w)}{\Phi(w)},\dfrac{r}{\sup_{\Phi(u)\leq r} \Psi}).$$
Theorem \ref{th1} with $\bar{u} = w $  guarantees the existence of a local minimum point $u_{\lambda}$
for the functional $I_{\lambda}$ such that $0 < \Phi(u_{\lambda}) < r$ and so $u_{\lambda}$ is a nontrivial solution of the problem \eqref{equation1}
such that maxt�$u_{\lambda}(x)< \gamma.$
\end{proof}
Now we illustrate Theorem \ref{th3.3} by presenting the following example.
\begin{example}\label{exa1}
	Let $v=0.5, \gamma=1, N=3, \tau=2$ and constant $\delta=0.5.$ Setting
	$\overrightarrow{p}=[1,2]\rightarrow R^{3},$ such that 
	$\overrightarrow{p}(x_{i})=\dfrac{1}{x_{i}}$ for $ i\in\{1,2\}$, so we have
	$p_{M}=1$, $p_{m}=\dfrac{1}{2}.$
		
		Also for $(x,t)\in \mathbb{R}^{3}\times \mathbb{R}^{+}$ we put $F(x,t)=\dfrac{e^{x}}{t+1}$ and $\Omega=[1,2],$
		since 
		 $$ \dfrac{e^{2}-e^{1}}{t+1}<
		2\dfrac{ (e^{2}-e^{1})}{(0.5)};$$
		
		 $\lim\sup_{\xi \rightarrow \infty}\dfrac{\xi e^{x}}{|\xi|^{2}}\leq 0$ uniformly in $\mathbb{R}.$\\
		Then for each
		$$\lambda\in \Lambda:= \Big(\dfrac{(0.5)^{2}}{e^{2}-e},\dfrac{4^{\frac{-1}{2}}}
		{e^{2}-e}\Big),$$
	
	there exists $\delta_{\lambda}$ given by
\begin{align}
	\min\Big\{\dfrac{4^{\frac{-1}{2}}-2\lambda (e^{2}-e) }{2},
	\dfrac{(0.5)\lambda (e^{2}-e)-\dfrac{1}{2}(0.5)^{2}}{(0.5)^{2}}\Big\},
\end{align}
the conditions $A_{1}$ and $A_{2}$ of Theorem \ref{th3.3} is verified for each $\mu\in [0,0.5)$, the problem \eqref{equation1}
admits at least one
solution $u$ in $X$ such that $\max_{x\in\Omega}|u_{\lambda}(x)|<1.$	
	
	
\end{example}
\section{ Existence of Two Solutions}
In this section, our goal is to obtain the existence of two distinct solutions
for the problem \eqref{equation1}
. The following result is obtained by applying theorem
\ref{th2}.
\begin{theorem}\label{th4}
Assume that there exist two positive constants  $\gamma$ and $v$ with the
property $\sqrt{\dfrac{p_{M}^{+}(N+1)^{p_{M}^{+}-1}}{p_{m}^{-}(N+1)^{p_{m}^{-}-1}}}v< \gamma$ such that
\begin{itemize}
\item[$(A_{3})$]
there exist $\nu>2$ and $R>0$ such that
\begin{equation}\label{equ 4}
0<\nu F(x,\varepsilon)\leq \varepsilon f(x,\varepsilon)
\end{equation}
for all $|\varepsilon|\geq R$
and for all  $x\in \Omega.$\\
Then, for each
\end{itemize}
$$\lambda \in \Big(0,\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\gamma^{2}}{\int_{x\in\Omega}\max_{|t|\leq \gamma}F(x,
t)}\Big),$$
there exists $\delta_{\lambda}$ given by \eqref{align12}
such that for each $\mu\in [0,\delta_{\lambda})$, the problem \eqref{equation1}
admits at least two
solutions $u_{1}$ and $u_{2}$ in $X$ such that $\max_{x\in \Omega}|u_{1}(x)|<\gamma.$
\end{theorem}
\begin{proof}
Our aim is to apply Theorem \ref{th2} to the space $X$ with the norm is
defined in \ref{norm1} and to the functionals $\Phi$ and $\Psi$ defined in the proof of Theorem
\ref{th1}. The functional $I_{\lambda}$ satisfies the $(PS)$-condition. Indeed, assume that
$\{u_{n}\}_{n\in\mathbb{N}}\subset X$  such that
$\{I_{\lambda}(\delta)\}_{n\in\mathbb{N}}$ is bounded and
$I^{'}_{\lambda}(\delta)\rightarrow 0 $ as $n\rightarrow \infty.$
Then, there exists a positive constant $c_{0}$ such that
$$|I_{\lambda}(u_{n})|\leq c_{0}, \|I^{'}_{\lambda}(u_{n})\|\leq c_{0}\quad \forall n\in\mathbb{N}.$$
Therefore, we infer to deduce from the definition of $I^{'}_{\lambda}$ and the assumption $(A_{3})$ that
\begin{align*}
c_{0}+c_{1}\|u_{n}\|
&\geq \nu I_{\lambda}(u_{n})-I^{'}_{\lambda}(u_{n})(u_{n})
\geq (\frac{\nu}{2}-1)\|u_{n}\|^{2}\\\nonumber
&-\lambda\int_{x\in \Omega}(\nu F(x,u_{n}(x))-
f(x,u_{n}(x)))\\\nonumber
&-\lambda (\nu-2)\|u_{n}\|_{\infty}
\geq(\dfrac{\nu}{2}-1)\|u_{n}\|
\end{align*}
for some $c_{1} > 0$. Since $\nu > 2$, this implies that $(u_{n})$ is bounded. Consequently,
since $X$ is a reflexive Banach space we have, up to a subsequence,
$$u_{n}\rightarrow u \quad in\quad X.$$
By $I^{'}_{\lambda}(u_{n})\rightarrow 0$ and $u_{n}\rightarrow u$ in $X$, we obtain
\begin{equation}
(I^{'}_{\lambda}(u_{n})-I^{'}_{\lambda}(u))(u_{n}-u)\rightarrow 0.
\end{equation}
From the continuity of $f$ we have
\begin{align*}
\int_{x\in\Omega}(F(x,u_{n}(x))-F(x,u(x))(u_{n}(x)-u(x)))
\rightarrow 0\quad as \quad n\rightarrow 0.
\end{align*}
Moreover, from \eqref{eq3.01} and easy computation shows that
\begin{align*}
(I^{'}(u_{n})-I^{'}(u))(u_{n}-u)
&=\mu (u_{n}-u)-\lambda (H(u_{n})-H(u))\\\nonumber
& \geq (\dfrac{\lambda_{1}}{2}-\alpha)\|u_{n}-u\|^{2}.
\end{align*}
Thus, since $\lambda_{1}>2\alpha$
the sequence ${u_{n}}$ converges to $u$ in $X$. Therefore,
$I_{\lambda}$ satisfies the $(PS)$-condition. Moreover, by integrating the condition
\eqref{equ 4}, there exist constants $a_{1}, a_{2} > 0$ such that
$$F(x,t)\geq a_{1}|t|^{\nu}-a_{2},$$
for every $(x, t) \in \mathbb{R}^{N}\times \mathbb{R}. $ It follows that, for each $u\in X$, one has
\begin{align}\label{ineq 2.2}
\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}}{2}\|u\|^{2} \leq \Phi(u)\leq \dfrac{p_{M}^{+}(N+1)^{p_{M}^{+}-1}}{2}\|u\|^{2}.
\end{align}
Now, choosing any $u \in X \setminus {0},$ for each $\tau > 0$ taking \eqref{ineq 2.2} into account one has
\begin{align}
I_{\lambda}(\tau u)
&=\Phi-\lambda\Psi(u)(\tau u)\\\nonumber
&\leq \dfrac{p_{M}^{+}(N+1)^{p_{M}^{+}-1}}{2}\|\tau u\|^{2}-\lambda\int_{x\in\Omega} F(x,\tau u(x))\\\nonumber
&\leq \dfrac{p_{M}^{+}(N+1)^{p_{M}^{+}-1}}{2}\|u\|^{2}-\lambda a_{1}
\int_{x\in\Omega}|u(x)|^{\nu}+\lambda a_{2}
\end{align}
Since $\nu > 2$, this condition guarantees that $I_{\lambda}$ is unbounded from below. Thus,
all hypotheses of Theorem \ref{th2} are verified. Therefore, for each
$$\lambda\in \Big(0,\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\gamma^{2}}{2\int_{x\in\Omega}\max_{|t|\leq \gamma}F(x,t)}\Big),$$
the functional $I_{\lambda}$ admits two distinct critical points that are solutions of
the problem \eqref{equation1}.
\end{proof}
Now, we give one remark of our results in this section.
\begin{remark}
In Theorem \ref{th1} we observe that, if $f(x, 0)\neq 0,$ then Theorem \ref{th4}
ensures the existence of two nontrivial solutions for the problem \eqref{equation1}.
If the condition $f(x, 0)\neq 0,$ for all $x \in [0,\infty) $ does not hold, the second solution $u_{2}$
of the problem \eqref{equation1}
may be trivial, but the problem has at least a nontrivial
solution.
\end{remark}
Now, we present the following example to illustrate better Theorem \ref{th4}.
\begin{example}
Let $N=4$ and Assume that there exist two positive constants  $\gamma=2$ and $v=(5)^{-\frac{1}{4}}$ with the
property $\sqrt{2 (5)^{\frac{1}{2}}}(5)^{-\frac{1}{4}}< 2.$ Putting $F(x,\varepsilon)=\varepsilon Ln(x), f(x,\varepsilon)= \dfrac{\varepsilon}{x}$ and $\Omega= (1,1.4]$ such that
	there exist $\nu=2.1$ and $R>0$ such that
$	0<3 \varepsilon Ln(x)\leq \dfrac{\varepsilon}{x}$
	for all $|\varepsilon|\geq R$
	and  $x\in (1,1.4].$\\
	Therfore the condition $(A_{3})$ of Theorem \ref{th4} is fulfilled, so for each
$$\lambda \in \Big(0,\dfrac{1}{(5)^{\frac{1}{2}}Ln(x)}\Big),$$
 there exists $\delta_{\lambda}$ given by \eqref{align12}
such that for each $\mu\in [0,\delta_{\lambda})$, the problem \eqref{equation1}
admits at least two
solutions $u_{1}$ and $u_{2}$ in $X$ such that $\max_{x\in \Omega}|u_{1}(x)|<2.$
\end{example} 
\section{ Existence of Three Solutions}
In this section we deal with the existence of at least two and three
solutions for the problem \ref{equation1}.
\begin{theorem}\label{th5}
Assume that there exist two positive constants $\bar{\gamma}$ and $\bar{v}$ such that
\begin{align}
\label{ineq4}\bar{\gamma}< \sqrt{\dfrac{1}{2}}\bar{v}\end{align}
and let the assumption $(A_{2})$ in Theorem \ref{th3.3} holds. Moreover let
\begin{itemize}
\item[$(A_{4})$] $\int_{x\in\Omega}F(x,\tau v)\geq 0;$
\end{itemize}
\begin{itemize}
\item[$(A_{5})$] \begin{align*}\dfrac{\int_{x\in\Omega}\max_{|t|\leq \bar{\gamma}}F(x,t)}{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\bar{\gamma}^{2}}
	&<\\
&\dfrac{(\bar{\gamma}^{2}+\bar{v}^{2})-\int_{x\in\Omega}\max_{|t|\leq \bar{\gamma}}F(x,t)}{1+2\bar{v}^{2}}.\end{align*}
\end{itemize}
Then, for each
\begin{align*}\lambda\in \Big(&\dfrac{1+2\bar{v}^{2}}{2(\bar{\gamma}^{2}+\bar{v}^{2})-2\int_{x\in\Omega}\max_{|t|\leq \bar{\gamma}}F(x,t)},
\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\bar{\gamma}^{2}}{2\int_{x\in\Omega}\max_{|t|\leq \bar{\gamma}}F(x,t)}\Big),\end{align*}
then for the problem \eqref{equation1}
in the case admits at least three
solutions in $E$.
\end{theorem}
\begin{proof}
Let $I_{\lambda}=\Phi+\lambda\Psi$, where
\begin{equation}
\Phi(u)=\int_{\Omega}\{\sum_{i=1}^{N}A_{i}x(x,\partial_{x_{i}}u)+\dfrac{b(x)}{p_{M}(x)}|u|^{p_{M}(x)}u\}dx,
\end{equation}
and
\begin{equation}
\Psi(u)=\int_{\Omega}\dfrac{1}{q(x)}|u|^{q(x)}dx.
\end{equation}
for all $u\in X$. Standard arguments show that $\Phi$ and $\Psi$ are G\^{a}teaux differentiable
functionals whose G\^{a}teaux derivatives at the point $u\in X$ are given by
\begin{equation}
I^{'}_{\lambda}(u)=\int_{\Omega}\{\sum_{i=1}^{N}a_{1}x(x,\partial_{x_{i}}u)+b(x)|u|^{p_{M}(x)-2}u-\lambda|u|^{q(x)-2}u \}.
\end{equation}
for all $u,\varphi\in X.$
Hence, a critical point of the functional $\Phi+\lambda\Psi$,
gives us a  solution of \eqref{equation1}. Our goal is to apply
Theorem \ref{th3.3} to $\Phi$ and $\Psi.$
By sequentially lower semicontinuity of norm
, the functional $\Phi$ is sequentially lower semicontinuous.
Moreover, from Sect. 2, $\Phi$ is continuously G\'{a}teaux differentiable
while its G\'{a}teaux derivative admits a continuous
inverse on $X$. The functional $\Psi : X \rightarrow \mathbb{R}$ is well defined and is continuously
G\'{a}teaux differentiable whose G\'{a}teaux derivative is compact. Thus it is enough
to show that $\Psi$ and $\Phi$ satisfy $(c_{1})$ and $(c_{2})$ in Theorem \ref{th3.3}
\begin{equation}
I^{'}_{\lambda}(u)(v)=\int_{\Omega}\{\sum_{i=1}^{N}a_{1}x(x,\partial_{x_{i}}u)+b(x)|u|^{p_{M}(x)-2}u-\lambda|u|^{q(x)-2}u \}.
\end{equation}
From
the assumption $(A_{2})$, such that
$F(x,t)< a|t|^{\alpha}+\beta$
for all $x\in \Omega, t>T,$
it follows that, for each $u\in X$,
\begin{align}
	I_{\lambda}(u)
	&=\int_{\Omega}\{\sum_{i=1}^{N}A_{i}x(x,\partial_{x_{i}}u)+\dfrac{b(x)}{p_{M}(x)}|u|^{p_{M(x)}}u-\lambda F(x,u(x))\}dx\\\nonumber
	&\geq\dfrac{1}{p_{M}^{+}}\sum_{i=1}^{N}\int_{\Omega}|\partial_{x_{i}}|^{p_{i}(x)}dx+
	\dfrac{b_{0}}{p_{M}^{+}}\int_{\Omega}|u|^{p_{M}(x)}dx-\dfrac{\lambda}{q^{-}}(\|u\|_{L^{q^{-}}(\Omega)}^{q^{-}}+\|u\|_{L^{q^{+}}(\Omega)}^{q^{+}}).
\end{align}
and thus
$$\lim_{\|u\|\rightarrow \infty}(\Phi(u)+\lambda\Psi(u))=\infty,$$
which means the functional $I_{\lambda}=\Phi+\lambda\Psi$ is coercive. Now it remains to show
$(c_{2})$ of Theorem \ref{th3.3}. Let $\bar{r}:=\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}}{2}\bar{\gamma}^{2}$
and
$w(x) = \tau v(x)$ for all $x\in \Omega$.
Clearly, one has $w \in C.$ Hence, by \eqref{ineq3.4}, we have
\begin{align}
\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}}{2}\bar{v}^{2}\leq \Phi(w) \leq\dfrac{p_{M}^{+}(N+1)^{p_{M}^{+}-1}}{2}\bar{v}^{2}.
\end{align}
Thus by \eqref{ineq4}, $\Phi(w) > r.$ Morever by
$(A_{4})$ we have
$$\Psi(w)< \int_{x\in \Omega}\max_{t\leq\bar{\gamma}}F(x,w).$$
From embedding of the norm, for every $u\in X$ such that $\Phi(u)\leq  r$, we have
$$\max_{x\in \Omega}|u(x)|\leq \bar{\gamma}.$$
So
\begin{align*}
\max_{t\leq\bar{\gamma}}\int_{x\in\Omega}F(x,u(x))
\leq \int_{x\in\Omega}\max_{t\leq\bar{\gamma}}F(x,w),
\end{align*}
for every $u\in E$ with $\Phi(u)\leq \bar{r}$. Thus
$$\max_{t\leq\bar{\gamma}}\Psi(u)\leq \int_{x\in\Omega}\max_{t\leq\alpha}F(x,t).$$
Therefore, from Theorem \ref{th3.3}, we obtain the desired conclusion.
\end{proof}
Now, we present a remark of our results for the above Theorem.
\begin{remark}\label{remark5.1}
A simple calculations show that the condition
\begin{itemize}
\item[$(A_{6})$]    $\dfrac{\int_{x\in\Omega}\max_{t\leq\bar{\gamma}}F(x,t)}{\bar{\gamma}^{2}}<
\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\bar{v}^{2}}{1+2\bar{v}^{2}}$
\end{itemize}
implies $(A_{5})$ of Theorem \ref{th5}. Hence, if the assumptions \ref{ineq4}, $(A_{4})$ and $(A_{6})$
hold, then for each
$$\lambda\in \Big(\dfrac{1+2\bar{v}^{2}}{2\bar{v}^{2}},\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\bar{\gamma}^{2}}{2\int_{x\in\Omega}
\max_{t\leq\bar{\gamma}}F(x,t)}\Big),$$
the problem \eqref{equation1}
admits at least three solutions.
\end{remark}

Now, we give an application of Theorem \ref{th4} which will be used later to
obtain multiple solutions for the problem \eqref{equation1}, where the
assumption $(A_{2})$ is not required.
\begin{theorem}
Assume that there exist three positive constants   $\bar{\gamma_{1}},\bar{v}$ and $\bar{\gamma_{2}}$ with
\begin{equation}\label{ine5.3}\sqrt{2}\bar{\gamma_{1}} <\bar{v}<\sqrt{\dfrac{2p_{m}^{-}(N+1)^{p_{m}^{-}-1}}
{p_{M}^{+}(N+1)^{p_{M}^{+}-1}}}\bar{\gamma_{2}},\end{equation}
such that the assumption $(A_{4})$ in Theorem \ref{th5} holds and
\begin{itemize}
\item[$(A_{7})$]\end{itemize}
\begin{align*}\max\Big\{
&\dfrac{\int_{x\in\Omega}\max_{t\leq\bar{\gamma_{1}}}F(x,t)+\gamma_{1}^{2}}{\bar{\gamma_{1}}},
\dfrac{\int_{x\in\Omega}\max_{t\leq\bar{\gamma_{2}}}F(x,t)+\gamma_{2}^{2}}{\bar{\gamma_{2}}}\Big\}\\
&< \dfrac{\bar{v}^{2}}{1+2\bar{v}^{2}}.
\end{align*}
Then, for each

\begin{align}
\lambda\in\varLambda :=&\Big(\dfrac{1+2\bar{v}^{2}}{\bar{v}^{2}},\\\nonumber
&\min\Big\{\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\lambda_{1}\bar{\gamma_{1}}}{\int_{x\in\Omega}
\max_{t\leq\bar{\gamma_{1}}}F(x,t)+\gamma_{1}^{2}},
\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}\bar{\gamma_{2}}}{\int_{x\in\Omega}\max_{t\leq\bar{\gamma_{2}}}F(x,t)+\gamma_{2}^{2}}\Big\}\Big),
\end{align}
the problem \eqref{equation1}
admits at least two  solutions $u_{1,\lambda}$
and $u_{2,\lambda}$ such that $$\max_{x\in\Omega}|u_{1,\lambda}(x)|< \bar{\gamma_{1}}$$
and $$\max_{x\in\Omega}|u_{2,\lambda}(x)|< \bar{\gamma_{2}}.$$
\begin{proof}
Put
\begin{equation}\label{eq4}
\bar{f}(x,t)=\left\{\begin{array}{ll}
f(x,-\bar{\gamma_{2}})\quad & if \quad(x,t)\in \Omega\times(-\infty,\bar{\gamma_{2}}),\\
f(x,t)\quad & if \quad(x,t) \in \Omega\times(-\bar{\gamma_{2}},\bar{\gamma_{2}}),\\
f(x,\bar{\gamma_{2}})\quad & if \quad(x,t)\in \Omega \times(\bar{\gamma_{2}},\infty).
\\
\end{array}\right.
\end{equation}
Clearly, $\bar{f} : \Omega\times\mathbb{R} \rightarrow \mathbb{R} $ is a Carath\'{a}odory function. Now put
$\bar{F}(x,\xi)=\int_{0}^{\xi}\bar{f}(x,t)dt$ for all $(x,\xi)\in \Omega\times\mathbb{R}$ and
take $X$ be a Banach space and $\Phi$ as \eqref{eq1.01} and
\begin{equation*}
\Psi(u)=\int_{x\in\Omega}\bar{F}(x,u(x))
\end{equation*}
for all $u \in X.$ We want to apply Theorem \ref{th5.5} to $\Phi$ and $\Psi$. It is well known
that $\lim_{\|u\|\rightarrow\infty}\Phi(u)=\infty$ and $\Psi$ is a differentiable functional whose differential
at the point $u\in X$ is
\begin{equation*}
\Psi^{'}(u)(v)=\int_{x\in\Omega}\bar{f}(x,u(x))v(x)
\end{equation*}
for any $v\in X$ as well as it is sequentially lower semicontinuous. Furthermore
$\Psi^{'}:X\rightarrow X^{*}$ is a compact operator. Thus, it is enough to show that
$\Phi$ and $\Psi$ satisfy in conditions $(d_{1})$, $(d_{2})$ and $(d_{3})$ in Theorem \ref{th5.5}. Let
$$\bar{r}_{1}=\dfrac{p_{m}^{-}(N+1)^{p_{m}^{-}-1}}{2}\bar{\gamma_{1}},\quad \bar{r}_{2}=\dfrac{p_{M}^{+}(N+1)^{p_{M}^{+}-1}}{2}\bar{\gamma_{2}}$$
and $w$ as in the proof of Theorem \ref{th4}. Due to the assumptions \eqref{ine5.3} and \eqref{ineq3.4}
we have $\bar{r}_{1}<\Phi(w)<\bar{r}_{2}$ and $\inf_{E}\Phi<\bar{r}_{1}<\bar{r}_{2}$. Moreover, arguing as in
the proof of Theorem \ref{th5} and taking also into account Remark \eqref{remark5.1} we obtain

$$\varphi_{1}(\bar{r_{1}})\leq \dfrac{2}{\lambda_{1}}\dfrac{\int_{x\in\Omega}F(x,t)+\bar{\gamma_{1}}}{\bar{\gamma_{1}}},$$
$$\varphi_{1}(\bar{r_{2}})\leq \dfrac{2}{\lambda_{1}}\dfrac{\int_{x\in\Omega}F(x,t)+\bar{\gamma_{2}}}{\bar{\gamma_{2}}}$$
and
$$\varphi_{2}^{*}(\bar{r_{1}},\bar{r_{2}})\geq \dfrac{\bar{v}^{2}}{1+2\bar{v}^{2}}.$$
Hence, from $(A_{4})$ and $(A_{6})$, conditions $(d_{2})$ and $(d_{3})$ of Theorem \ref{th5.5} are hold.
Therefore, from Theorem \ref{th5} we obtain that, for each $\lambda\in \varLambda$ the problem
\begin{equation}
\left\{\begin{array}{ll}
-\sum_{i=1}^{N}\partial_{x_{1}}a_{1}x(x,\partial_{x_{i}}u)+b(x)|u|^{p_{M}(x)-2}u=\lambda|u|^{q(x)-2}u \quad 
& in \quad \Omega\\\nonumber
u(x)=constant \quad 
& on\quad \Omega\\\nonumber
\sum_{i=1}^{N}\int_{\partial \Omega} x(x,\partial_{x_{i}}u)\nu_{i}d\sigma=0,
\end{array}\right.
\end{equation}
admits at least two solutions $u_{1,\lambda}$ and $u_{2,\lambda}$ such that $\max_{x\in\Omega}|u_{1,\lambda}(x)|<
\bar{\gamma}_{1}$ and $\max_{x\in\Omega}|u_{2,\lambda}(x)|< \bar{\gamma}_{2}.$  Observing that these solutions are also solutions
for the problem \eqref{equation1},
the conclusion follows.
\end{proof}
\end{theorem}
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