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ABSTRACT
A comprehensive study has been conducted on the numerical investigation of non-Newtonian Casson fluid flow with radiative heat transfer over a magnetized stretching surface. The study considers the influence of surface magnetization, thermal radiation, convection, and temperature fields. The study considers the influence of surface magnetization, thermal radiation, convection, and temperature fields. A novel modification to the Casson fluid model has been introduced by altering its order. Using a similarity approach, the governing equations are transformed into ordinary differential equations. The parameters governing the flow are analysed numerically. The effects of surface magnetization on the flow of this modified fluid are presented in tabular form. It is found that surface magnetization increases the thickness of the thermal boundary layer, thereby significantly enhancing heat transfer control. The magnetized surface also impacts skin friction, Nusselt number, and Sherwood number similarly. This study suggests the potential benefits of incorporating magnetized surfaces in fluid flow applications for efficient flow control, as well as the advantages of adjusting the Casson fluid order.
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INTRODUCTION
This review synthesizes recent developments in the dynamics of Casson fluids over stretching sheets, with a specific focus on the transition from external magnetic fields (MHD) to intrinsic surface magnetization. While standard MHD flows are well documented, they typically exert a retarding Lorentz force. The emergence of magnetized surfaces fills a critical gap by generating wall-parallel Lorentz forces that assist rather than retard flow. The Casson fluid, introduced by Casson (1959), is a classical fluid model with significant relevance to industrial applications. The complex rheological behaviour of the Casson fluid, characterized by both linear and nonlinear structures, has recently garnered increased attention due to its valuable applications and importance across a variety of industries. Since its development, this fluid has been recognized as one of the best of its kind. The Casson fluid is a shear-thinning liquid that is assumed to exhibit infinite viscosity at zero shear rate and zero viscosity at infinite shear rate, with a yield stress below which no flow occurs (Dash et al., 1996). Advances in science and technology have prompted researchers to explore various methods for optimizing heat transfer during the cooling of industrial products to achieve desired properties. Heat transfer in non-Newtonian fluids plays a crucial role in numerous industrial applications and is integral to modern industrial processes, where these fluids serve as media for heat transport. Non-Newtonian fluids, such as honey, blood, grease, and oil, are classified into various types, including Jeffrey fluids, Maxwell fluids, second- and third-grade fluids, Casson fluids, and viscoelastic fluids (Aliseda et al., 2008). These fluids have numerous technological applications, such as in the cooling processes of microchips, solar energy recovery, open-flow switching, and simulations of reservoirs and nuclear reactors. Casson fluid, a specific type of non-Newtonian fluid, has been characterized by Xiong et al. (2008) as a shear-thinning liquid exhibiting yield stress at zero shear rates. They noted that viscosity is a crucial property that governs the thinning and thickening of the boundary layer. Due to its nonlinearity and complex nature, a single constitutive relation cannot fully describe the rheological properties of Casson fluids. As a result, numerous studies have examined this model under various rheological conditions. Many engineering processes involve high temperatures and radiative environments, which are critical in the design of relevant equipment (Seddeek, 2001). Research on steady magnetohydrodynamic (MHD) flow over different surfaces has been reported by Makinde (2001) and Makinde and Ogulu (2008). A notable application of MHD is in the cooling of nuclear reactors using liquid sodium. Radiation effects on chemically reacting boundary layer flow with MHD are present in many practical heat transfer situations (Ibrahim and Makinde, 2011). Additionally, convective flows of non-Newtonian fluids play a crucial role in agriculture, particularly in the exploration of sub-ground water reservoirs (Sharmila and Kaleeswari, 2015). Arthur et al. (2015) employed similarity analysis to study the flow of Casson fluid over a vertical porous surface with chemical reactions in the presence of a transverse magnetic field. They observed a decrease in both velocity and temperature as the magnetic and Casson parameters increased. Mustafa et al. (2011) investigated the unsteady boundary layer flow and heat transfer of a Casson fluid over a moving flat plate with a parallel free stream using the Homotopy Analysis Method (HAM). El-Aziz and Afify (2016) studied the MHD flow of a Casson liquid film with variable thermal conductivity and thermal radiation. The growing application of non-Newtonian Casson fluids has spurred further research into the behaviour of Casson-type nanofluids, as noted by Ishak et al. (2010). 
Recent studies have extensively explored MHD flows influenced by thermal effects and chemical reactions in porous media. Chenna et al. (2025) examined chemical processes and Soret effects on MHD free convection along an accelerated vertical plate through a porous medium with a heat source. Their findings highlight the significance of thermal diffusion in isotope separation, especially in gas mixtures with light molecules like helium and hydrogen. Yahaya and Faisal (2018) studied temperature stratification in MHD nanofluid radiative flow over nonlinear stretching sheets, noting improvements in temperature, velocity, and nanoparticle concentration. Chenna et al. (2023) focused on chemical reactions affecting MHD-Casson nanofluid flow over a porous stretched sheet with suction or injection, enhancing understanding of how chemical processes and magnetic fields influence non-Newtonian fluids. Significant contributions also include Gireesha et al. (2019), who analyzed Ohmic heating in Casson fluid MHD mixed convection flow; Gbadeyan (2018), who explored Dufour and Soret effects on mass and heat transfer, finding wave-like patterns along the y-axis; and Oreyeni and Omokhuale (2019), who used the Homotopy analysis method to examine these effects in MHD natural convection with thermal stratification. Rasool et al. (2020) investigated the roles of Soret and Dufour numbers on binary chemical reactions and thermal radiation in Darcy-Forchheimer nanofluid flow, emphasizing temperature and concentration increases. Other researchers, such as Salleh et al. (2020), studied forced convection using Buongiorno’s nanofluid theory around a moving needle, discovering that greater needle thickness reduces heat and mass transfer rates; Jamel et al. (2021) assessed MHD mixed convection over nonlinear surfaces, concluding that stronger Soret effects raise the Soret number, while higher magnetic fields lower velocity. Abas et al. (2016) analyzed the numerical behavior of Casson fluid over a stretching sheet, while Ullah et al. (2017) investigated the effects of thermal diffusion and diffusion-thermo on unsteady mixed convection slip flow of Casson fluid over a nonlinear stretching sheet, finding that diffusion-thermo impacts temperature more than thermal diffusion. Rawi et al. (2017) noted that increasing the composite volume in fluid enhances the temperature profile in Casson fluid. Second-grade (viscoelastic) fluids like silicone exhibit both viscous and elastic properties, and scientists such as Raju and Sandeep (2017), Samrat et al. (2019), and Zuhra et al. (2018) have analyzed Casson fluids with nanoparticles for industrial use. The existing literature also covers fluid dynamics studies across various scientific and engineering fields (Seth et al., 2019; Muhammad et al., 2020). Bhattacharyya (2013) investigated the boundary layer flow of Casson fluid over a stretching or shrinking sheet, highlighting the importance of heat transfer rates on product quality. Bhattacharyya et al. (2013) further examined boundary layer flow with magnetic field effects. Hussanan et al. (2014), using Laplace transforms, explained heat transfer in time-dependent Casson fluid flow. Malik et al. (2014) studied heat transfer on a stretched cylinder with nanoparticles. Hayat et al. (2015) looked into heat sources/sinks and chemical reactions in non-Newtonian Casson fluid flow. Makanda et al. (2015) analyzed hydromagnetic free convection and radiation in viscous dissipative Casson fluids within non-Darcian porous media. Other researchers like Kataria and Patal (2016) and Ahmed (2017) examined various boundary conditions affecting hydromagnetic Casson fluid flows. 
Despite the extensive studies mentioned above, no investigation has been conducted on Casson fluid flow with magnetized stretching surfaces, including radiation and chemical reactions. The magnetization of the plate with radiation affects the boundary layer thickness past a steady stretching magnetized sheet, which has not been addressed in the literature. To fill this gap, the current study focuses on steady, incompressible flow of Casson fluid over a magnetized sheet. The study applies similarity transformation and the shooting method to solve the modeled momentum, energy, and concentration equations. Finally, the physical characteristics of the relevant parameters are analyzed and presented through tables and graphs.
Model Formulations
[image: ]
[bookmark: _Toc141722013]Figure 1: Schematic diagram of magnetized surface
Flow Assumptions for Inclined Magnetized Surface
A steady Casson fluid flowing over a vertically porous and stretched plate at y,v = 0, along a transverse magnetic field, is revealed in Figure 3.2. The plate direction is along the x-axis and normal to the y-axis. The fluid is made to occupy half of the space at y > 0. The mass transfer and chemical reactions are also retained. In the y-direction of the plate is an applied magnetic field  which is constant. A very small Reynolds number is considered so that the induced magnetic field will be less compared to the applied magnetic field. The tangential velocity, due to the stretched surface, is made to vary proportionally to the distance x so that, where a is the constant.
The rheological equation of state for the anisotropic flow of a Casson fluid can be expressed as (Shehzad et al. 2013):                                                                                                

In Equation (3.44), the (i, j)th component deformation rates are π = eijeij and eij.  The π is the product of the component of deformation rate with itself, πc is the critical value of this product based on the non-Newtonian model, and μB is the fluid's plastic dynamic viscosity of the Newtonian model. Fluid and Py is the yield stress of the fluid. 
The mathematical models are derived from the established Casson model. 
Casson modelled the viscosity in his equation in the form   where  is the Casson parameter. The new model for the viscosity for Casson-like fluids, known as the Casson fluid, is modified to give;

Where β is the Casson parameter, and ω is the order parameter. For Casson fluid, ω = 1. However, if ω is not one (1), then ω could take the value of odd, even, or a fraction. The omega (ω), taking any of these values, will produce another type of fluid Casson fluid. This type of fluid also has similar characteristics to Casson and other non-Newtonian fluids.
Assuming  to be a fraction, then the viscosity will be modified as: 

Let us consider a dissipative steady Casson fluid flow on a stretching magnetized plate that co-occurs with the plate at y = 0. Assuming the fluid flow is restricted to y > 0 with two equal but opposite forces acting along the horizontal (x-axis), so that the sheet is stretched to keep the origin rigid, is shown in Figure 1. Supposing the velocities along the x and y axes are respectively represented by u and v, with T being the temperature and C, the concentration of the fluid, then the governing models of the steady Casson fluid can be obtained from.
   


From equation (4),  can further be simplified as follows;
   
We assume that the temperature differences within the flow, such as the term T4, may be expressed as a linear function of temperature. Hence, expanding T4 in a Taylor series about T∞ and neglecting higher-order terms, we get;

Multiplying through (6) by  and ignoring higher terms gives,

Equation (7) simplifies:

Differentiating (8) with respect to y gives,      


                     
Boundary Conditions are;
The boundary conditions for the problem are;
                                                    

Similarity Analysis
Introducing the stream function defined asand a dimensionless variable,  and noting that the velocity components relate to the stream function in the usual way as
and 
Equation (6) simplifies to;  
	  
Equation (2) is satisfied identically by equation (7). 
Introducing the similarity variables,, equations (3), (4), and (5) transform into;




Where the number of times a function is differentiated with respect to η is represented by prime symbol(s). The local Grashof and the modified Grashof numbers, respectively  represented by  and ,   is the reaction rate parameter,  represents the Prandtl number,  represents the thermal radiation parameter,  but
 is the Eckert number,   is the heat source dimensionless parameter,  is the Schmidt number, and  is the Casson parameter when the order is a fraction.
The convective boundary conditions are;
When y = 0, ,  
Thus,

where  is the magnetic field at the surface
Numerical Procedure
Equations (10), (11), and (12) represent the coupled ordinary differential equations, while equation (13) defines the corresponding boundary conditions. These coupled ODEs are of third order and, as such, are challenging to solve directly. To simplify the solution process, we apply order reduction techniques by letting;

Eqs (8), (9), and (10) are then reduced to first-order ODEs as





The boundary conditions in (13) become;
 as 𝜂=0
 as 𝜂⟶
With the aid of MAPLE – 19 software package, numerical and graphical codes were developed and implemented. A step size of ∆h = 0.001 for a convergence criterion of  for all the cases was assumed. The highest value of to each parameter was known when the values of the unidentified boundary conditions remained unchanged to a final loop with an error not more than. 
RESULTS AND DISCUSSION 
[bookmark: _Toc141729539]The results of the investigation into the skin friction, denoted by f′′(0), and the Nusselt number, represented by −θ′(0), are compared with those of Arthur et al. (2015) and Salahuddin (2021) for varying values of the Prandtl number, as shown in Table 7. The results exhibit perfect agreement to six decimal places.
Table 1 Comparison of values of -𝞱ʹ(0) for different values of Pr.
	
Pr
	Arthur et al.,
(2015)
	Salahuddin et al.(2021)

	Present Study
>0 

	1.5
	0.591354
	0.591354
	0.492951

	1.7
	0.668564
	0.668564
	0.569908

	1.9
	1.176445
	1.176445
	1.065134

	2.0
	3.231326
	3.231326
	2.833451





Effects of Parameters on Skin Friction and the Rate of Heat and Mass Transfer
The results of varying parameter values on the local skin friction coefficient, the local Nusselt number and the local Sherwood number, are shown in Table 2. It is observed that the skin friction decreases with increasing values of Pr, 𝝀, Ra, β, and fw with increasing values Q, Br, and Sc This means that the effect of high viscosity, thermal diffusion, the Casson parameter and suction at the surface of the sheet, the local skin friction decreases. A higher Prandtl number leads to a thicker velocity boundary layer, which reduces the velocity gradient at the wall, resulting in lower skin friction. Again a higher Prandtl number indicates a lower thermal conductivity, which reduces thermal gradients and consequently, reduces the velocity gradients thereby reducing the skin friction. These combine effects lead to decrease in the local skin friction. The combined effects of the heat sourse, Brinkmann number, and chemical reaction of the fluid collectively contribute to an increase in local skin friction at the plate's surface. Moreover, it is observed that the rate of mass transfer increases with increasing values of Pr, λ, fw and Ra; and decreases with increasing values of M. 
Table 2. Results of skin friction coefficient [(0)], Nusselt [-(0)] and Sherwood numbers [-(0)] for    various values of controlling parameters.

	Pr
	λ
	Br
	Ra
	N
	β
	Sc
	Gr
	Gm
	M
	Fw
	Q
	fʺ(0)
	−θʹ(0)
	−ɸʹ(0)

	1.0
	0.1
	0.1
	0.1
	1
	0.7
	0.5
	0.1
	0.1
	0.1
	0.1
	0.1
	-0.376552
	-6.639961
	0.426168

	2.0
	
	
	
	
	
	
	
	
	
	
	
	-0.521798
	-3.234456
	0.374175

	3.0
	
	
	
	
	
	
	
	
	
	
	
	-0.563334
	-1.625055
	0.361749

	
	0.2
	
	
	
	
	
	
	
	
	
	
	-0.377465
	-6.541430
	0.359847

	
	0.3
	
	
	
	
	
	
	
	
	
	
	-0.378702
	-6.398319
	0.279258

	
	
	0.2
	
	
	
	
	
	
	
	
	
	-0.375152
	-6.711542
	0.426557

	
	
	0.3
	
	
	
	
	
	
	
	
	
	-0.373556
	-6.782861
	0.426946

	
	
	
	0.2
	
	
	
	
	
	
	
	
	-0.409950
	-6.215859
	0.413300

	
	
	
	0.3
	
	
	
	
	
	
	
	
	-0.453472
	5.344798
	0.397246

	
	
	
	
	2.0
	
	
	
	
	
	
	
	-0.726783
	0.174228
	0.591740

	
	
	
	
	3.0
	
	
	
	
	
	
	
	-0.872573
	0.778369
	0.762934

	
	
	
	
	
	0.8
	
	
	
	
	
	
	-0.378360
	-6.838040
	0.426442

	
	
	
	
	
	0.9
	
	
	
	
	
	
	-0.379767
	6.997476
	0.426684

	
	
	
	
	
	
	0.6
	
	
	
	
	
	-0.375471
	6.776431
	0.482522

	
	
	
	
	
	
	0.7
	
	
	
	
	
	-0.374870
	-6.870185
	0.534455

	
	
	
	
	
	
	
	0.2
	
	
	
	
	-0.336286
	-3.436570
	0.430864

	
	
	
	
	
	
	
	0.3
	
	
	
	
	-0.296655
	-2.357031
	0.435366

	
	
	
	
	
	
	
	
	0.2
	
	
	
	-0.357158
	-5.944008
	0.427051

	
	
	
	
	
	
	
	
	0.3
	
	
	
	-0.428032
	-5.264108
	0.428032

	
	
	
	
	
	
	
	
	
	0.2
	
	
	-0.232597
	-7.680573
	0.416130

	
	
	
	
	
	
	
	
	
	0.3
	
	
	-0.091507
	-8.760013
	0.406215

	
	
	
	
	
	
	
	
	
	
	0.2
	
	-0.427150
	-5.799135
	-0.451016

	
	
	
	
	
	
	
	
	
	
	0.3
	
	-0.479950
	-4.898831
	-0.476799

	
	
	
	
	
	
	
	
	
	
	
	1.1
	-0.307185
	-9.684424
	0.442119

	
	
	
	
	
	
	
	
	
	
	
	1.2
	-0.230357
	-13.352202
	0.457676






Graphical Results
Velocity Profiles
The influence of thermophysical parameters on the velocity field of the non-Newtonian Casson fluid is shown in Figures 2–12. The far-field boundary conditions are satisfied when the velocity at the plate’s surface is minimal and gradually increases to the free stream value. The effects of the suction parameter (fw​) and the surface magnetic parameter (M) on the velocity profiles are presented in Figures 7 and 4, respectively. The combined effects of M and fw​  result in a reduced velocity. This is due to the transverse magnetic field inducing a Lorentz force that opposes the fluid's motion, while suction also hinders the flow, thereby decreasing the velocity field near the surface.
The effect of the Casson parameter (β) on the velocity field is shown in Figure 6. It is observed that the Casson parameter negatively impacts the velocity field, as the increased plastic dynamic viscosity creates resistance to the flow. Additionally, the Grashof number, shown in Figure 2, favors buoyancy forces and enhances the flow speed.
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Figure 2: Velocity profiles with varying values of Grashof parameter 
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Figure 3: Velocity profiles with varying values of Heat source parameter.
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Figure 4: Velocity profiles with varying values of Magnetic parameter 
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Figure 6: Velocity profiles with varying values of Radiation parameter 
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Figure 7: Velocity profiles with varying values of Suction parameter.
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Figure 8: Velocity profiles with varying values of Prandtl parameter 
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Figure 9: Velocity profiles with varying values of Casson parameter
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Figure 10: Velocity profiles with varying values of Brinkman parameter 
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Figure 11: Velocity profiles with varying values of Schmidt parameter.
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Figure 12: Velocity profiles with varying values of Stretching parameter
Temperature Fields
Figures 13–24 illustrate the effects of parameter variation on the thermal distribution. Figure 14 shows how an increase in the Prandtl number affects the temperature distribution in the fluid. The Prandtl number represents the ratio of momentum diffusivity to thermal diffusivity; higher Prandtl numbers indicate lower thermal diffusivity or higher momentum diffusivity. As a result, increasing the Prandtl number makes convection more responsible for energy transfer than heat diffusion, which reduces the thickness of the thermal boundary layer and leads to faster heat diffusion from the surface.
Figure 13 highlight the effects of magnetic field parameters on the temperature fields. The presence of the magnetic field induces skin-frictional heating, leading to an increase in wall temperature distribution and the thickening of the thermal boundary layer. In Figure 23, it is noted that increasing suction (fw​) reduces the temperature distribution on the surface. Figure 21 illustrates the effect of the reaction rate parameter (λ) on the temperature distribution, showing that the thermal boundary layer thickness decreases with an increasing reaction rate parameter. Finally, Figure 18 indicates that thermal radiation (Ra) increases the temperature profiles.
This is because heat generation within the flow leads to an increase in the internal fluid temperature, as indicated by the sharp inclination of the thermal gradient.
The effect of the heat source parameter (Q) on the thermal distribution is shown in Figure 16. It is observed that increasing the heat source parameter (Q) enhances fluid conductivity, which results in the thickening of the thermal boundary layer. Figure 15 illustrates the impact of the viscous dissipation parameter (Br) on the thermal boundary layer. It is noted that increasing the viscous dissipation parameter Br raises the temperature profile, indicating that the temperature distribution improves with increasing viscous dissipation.
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Figure 13: Temperature profiles with varying values of Magnetic parameter 
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Figure 14: Temperature profiles with varying values of Stretching parameter.
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Figure 15: Temperature profiles with varying values of Brinkman parameter 
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Figure 16: Temperature profiles with varying values of Heat source parameter
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Figure 17: Temperature profiles with varying values of Prandtl parameter
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Figure 18: Temperature profiles with varying values of Radiation parameter.
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Figure 19: Temperature profiles with varying values of Modified Grashof parameter 
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Figure 20: Temperature profiles with varying values of local Grashof parameter
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Figure 21: Temperature profiles with varying values of Reaction rate parameter 
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Figure 22: Temperature profiles with varying values of Brinkman parameter.
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Figure 23: Temperature profiles with varying values of Suction parameter 
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Figure 24: Temperature profiles with varying values of Schmidt parameter

Concentration Profiles
Figures 25–35 illustrate the chemical concentration distribution for non-Newtonian Casson fluid across various thermophysical parameters. The effects of the magnetic parameter (M​) is shown in Figures 26. It is noteworthy that increasing the magnetic parameter leads to an increase in the concentration boundary layer thickness. Similarly, the buoyancy force due to species concentration, triggered by an increase in the Grashof number (Gm​), reduces the concentration boundary layer thickness, as shown in Figure 31.
Figure 34 confirms that increasing the reaction rate parameter (λ) decreases the concentration of chemical species within the boundary layer. Figure 35 illustrates the effect of the Schmidt number (Sc) on the concentration boundary layer thickness. In practice, increasing the Schmidt number indicates a higher momentum diffusion relative to mass diffusion, which in turn reduces the chemical concentration profile. At a point where λ=0, no chemical reaction occurs. Conversely, increasing the reaction rate parameter (λ) reduces the concentration of chemical species due to the destructive chemical reaction near the boundary. Figure 29 shows that suction (fw​) adversely affects the concentration boundary layer thickness.
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Figure 25: Concentration profiles with varying values of Heat source parameter 
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[bookmark: _Toc141722069]Figure 26: Concentration profiles with varying values of Magnetic parameter.
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Figure 27: Concentration profiles with varying values of Brinkman parameter 
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Figure 28: Concentration profiles with varying values of Prandtl parameter.
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Figure 29: Concentration profiles with varying values of Suction parameter
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Figure 30: Concentration profiles with varying values of Stretching parameter.
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Figure 31: Concentration profiles with varying values of Modified Grashof parameter
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Figure 32: Concentration profiles with varying values of Grashof parameter.
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Figure 33: Concentration profiles with varying values of Radiation parameter 
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Figure 34: Concentration profiles with varying values of Suction parameter.
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Figure 35: Concentration profiles with varying values of (a) Schmidt parameter 
CONCLUSION 
This conclusion summarizes the key findings from the research on the mass and thermal energy transfer of Casson fluid on magnetized stretching (or shrinking) sheet under the influence of thermal radiation and suction. Here’s a breakdown of the findings:
Fluid Velocity:
The velocity gradient decreases with an increase in the magnetic parameter (M).
The velocity component increases with rising values of M and m.
Fluid Temperature:
The temperature of the fluid increases with the rise in thermal radiation parameter (Ra)  and suction parameter (fw).
It decreases as the Prandtl number (Pr) increases.
Concentration of Fluid:
The concentration decreases with the increase in Schmidt number (Sc).
The engineering parameters
1. Skin Friction Coefficients (Cf):
The skin friction coefficient in the z-direction (Cf ) increases with increasing M
2. Local Nusselt Number:
The local Nusselt number decreases with thermal radiation parameter (Ra).
3. Validation of Results:
The results obtained in this study are consistent with previously published results, thereby confirming the accuracy of the analytical method employed (Homotopy Analysis Method, HAM).
These findings contribute to a deeper understanding of the hydromagnetic behaviour and thermal-concentration interactions in Carreau fluids, offering valuable insights for industrial applications where such fluids are involved, such as in heat exchangers, polymer processing, and other engineering systems. 
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