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		Abstract

First-order ODEs may be solved using the four-hybrid block approach, which is presented in this study. A continuous linear multistep technique was developed by interpolating and collocating the power series approximation. A discrete block strategy was developed after the resulting approach was evaluated at certain off-grid and grid locations. Analysis is done on the approach's fundamental characteristics, including order, consistency, error constant, and zero stability. Following evaluation on a few numerical examples, including initial value problems of ordinary differential equations, the unique approach exceeded the current approaches in the literature in terms of efficacy and approximation.
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1.0 	Introduction
The generic first order initial value problems (IVPs) of the following kind were examined in this article.

		. x ∈ [a, b].		 (1)

Ordinary differential equations (ODEs) are widely utilized in diverse fields for their accurate and efficient solving abilities. Indeed, methods have been devised to handle this Equation (1), among which include the block method [1], hybrid method [2] Euler's method [3], linear multistep method [4], Runge-Kutta [5], and extended backward differentiation formulas [6]. And these techniques are widely known for being efficient and accurate when tackling ODEs. Therefore, hybrid block methods have also been suggested which use both grid and off-grid points to directly solve Equation (1). This context has drawn the interest of several authors [1, 2, 3, 4, 5 and 8], who propose how to make error estimation better, each covering a unique aspect. There have been several literatures available on the linear multistep method [9], [10]. Based on the linear multistep method for the direct solution of first-order ODEs, other researchers, e. g. [6]; [11] have also introduced more advanced approaches. Note recently [15] claimed that the continuous linear multistep is indeed superior to the discrete version as it gives better error estimates and a simpler structure of the coefficients which enables more analytical work in other contexts. [25] reviewed the best Numerov method, which was employed to solve some types of ODEs. On top of that, various authors, e.g. [17] [22] [24] and [34] have suggested continuous linear multistep methods using different techniques like block methods, hybrid points and Taylor series expansions to obtain start values of their respective approaches. In [18], the multistep collocation idea is used by the authors to derive the block linear multistep collocation method. It uses self-starting techniques so that errors can be better estimated, and the structure of coefficients simplified to make analytical application more straightforward at each step. The efficiency and accuracy of these methods have been improved with recent developments in computational techniques. As an example, adaptive algorithms have been incorporated into multistep methods (known as Adams-Bashforth methods) which update the step sizes according to error estimates and provide optimal performance for stiff ODEs. As a result, researching the time-saving solutions that parallel computing strategies provide has made it possible to solve large sparse systems of ODEs for usages in real-time applications. This study seeks to develop a novel hybrid block technique based on the linear multistep method (LMM) of Sirisena (1994), introducing an off grid point to the initial value problem of ordinary differential equations. By implementing these techniques, we hope to improve both the accuracy and efficiency of the solution process through data analysis methods like adaptive step size control and parallel processing. The proposed method will attempt to use these recent advancements to establish a powerful method to solve complex ODEs encountered in numerous engineering and scientific problems.
Examinee the equation below.
[bookmark: _Hlk143075666]					(2)

For driving continuous systems, the Sirisena et al. (1994) method is employed. A k-step LMM obtained by. 

			(3)

Where  are the continuous coefficients of the method, where  are defined as   
[bookmark: _Hlk143075233]
			(4)

			(5)

 in above equation  are arbitrary chosen T-interpolation points taken from  and  1 are the m-collocation points belonging to .


1 

To get    Sirisena et, al.  (1994) arrived at a matrix equation of the form.

	DC = I 			(6)

where D and C are matrices defined as (8) and (9), I is a matrix of the same dimension (T+m)×(T+m).
Look at the following equation. 



 			(8)

C = 			(9)

2.0	 Methodology
Power series are used to approximate the generic (3). where T and m are the number of interpolation points and collocation points used, respectively, and ; and; are parameters that need to be found. The matrix  has columns that provide the continuous coefficients. Both; j=1, 2,…,k-1 and ; j=1,2,…,k-1 combined 
[bookmark: _Hlk189312504]In this section, our objective is to develop some new block hybrid method using the idea multistep collocation by Sirisena (1994). for k = 1, j = 0, 1, 2…, k.  i = 1 from (3), we develop a continuous scheme for the Single steps block hybrid method incorporating one off-grid points . We shall apply the above technique to obtain block hybrid methods, to obtain Single step block hybrids method with one off-point within the interval between  and .
We get our matrices D and C and  from (8) and (9) as

	D = 			(10)
And C=			(11)
From (6) above  , we get From above (3) we get.
		(12)

From (10) and (11) we obtain.
D = 			(13)

	 			(14) 
Using the element   we have

				(15)

(16)

	(17)

.		(18)

.	(19)

		(20)

Substituting the above equation  into 
		(21)

The continuous scheme is obtained as follows. 
.

+


(22)

Evaluate equation (22) at node     and  to obtained.

			(23)

			(24)

			(25)

					(26)

			(27)

Equation (23) – (27) can be written as in the form.
			(28)
[bookmark: _Hlk170825015]3.0	Fundamental Characteristics of the Approach.
 3.1	 Order, Error Constant and Consistency of the Method 
The five derived finite difference schemes (28) are discrete schemes of the kind that belong to the Linear Multistep Method (LMM) class.
			(29)
This technique is connected to a linear difference operator.

				

An arbitrary function that is continuously differentiable on the interval [a, b] is denoted by y(x). The extension of the Taylor series around the point x,
				

If for (3), the linear multistep method (LMM) (28) above is of order p if for 

 With  where  is the error constant.



Let 

	
	

Let , where j is fraction, we get. 

By transforming The aforementioned methodology may be used to determine the block linear multiscale method's truncation error.

Definition 3.1: According to Lambert (1973), the technique (28) is of order P if the error constant is Cp+1 ≠ 0 and  . By using this definition on the block method's equations (28) through it is confirmed that each of the five difference schemes has error constants and is of order 
    and       

 3.2	 The Consistency/ Zero Stability of the Method
[bookmark: _Hlk175141707]Definition 3.2: An LMM of type (28) is regarded as consistent if its order is p ≥1. The discrete schemes generated in (28) are consistent as they are of order ≥ 1 in accordance with Definition (3.1).
3.3 Definition: The linear multistep technique (a) is zero-stable if no root of the first characteristic polynomial ρ(ζ) has modulus greater than one; it is simple if all roots have modulus one. A linear multistep technique must be zero-stable and consistent (order 1) to converge, according to the Dahlquist Theorem. 

+	(31)
.
 	(32)

Let       so that we get. 



For the nontrivial solution, we require. 

. 
And       .          
[bookmark: _Hlk177303657]where  matrix.
The Single-step block hybrid method's initial characteristics polynomial (28) is provided by. 

	                      )	
Substituting into the characteristic’s polynomial (40) gives
					(33)
Therefore, the (28) technique is zero stable since the zeros of the initial roots of the characteristics polynomial ρ(r) satisfy |r| ≤ 1 and is consistent since it is of order ρ=1 for = [0,0,0,0,1] where i =1, 2..., k+1. Therefore, Henrici (1962) and Skwame et al. (2019) claim that the technique converges because it is zero stable and consistent.
given  is the stability eigenvalue.

=
= 
3.3 	Absolute Stability Region of the Block method
If, for a given , all roots  of the stability polynomial π () of (28) satisfy | |≤1, s = 0(1)k, then the LMM (28) is stable; if not, it is unstable for that .
					(34)



Let , we get

For nontrivial solution, we set.
		
Let , we get.  
		
And we will get.
		 			(35)
The stability polynomial is given below.
		
			(36)
The equation (36) above may be simplified to obtain. 


If all roots  of the stability polynomial π () of (28) meet |s |≤1, s=0(1)k, then the LMM (28) is stable for a given; if not, it is completely unstable for that .
3.4	 The Absolute Stability Region of the Single Steps Block Method.
 As shown in Figure 1, the zone of absolute stability of the new block technique k = 1 is created by entering the values of equation (28) into the stability matrix that is used in a MATLAB environment.
Note that the stability region is only plotted in the domain .
                                             [image: ]
Figure 1 Absolute Stability Region of the New Block Method
4.1 Result and discussion 
	The performance of our unique block approach is evaluated by a series of numerical tests presented in this section. The following is a list of the issues at hand. This technique, known as the multistep collocation method (MC), is based on the continuous finite difference approximation approach with the collocation criterion. We used the block technique to verify that the approach is more effective than the one being used now. MATLAB was used for all computations, and the outcomes were precise and effective. We took h = 0.01 into account.
4.2 Numerical Experiment
4.2.1 Example 1
	,   
exact solution is given as
	 
[see Areo et al. (2013 and 2014)] 
4.2.2 Example 2
	, ,   
exact solution is.
	 
[see Abdelrahim et al. (2016)]
 4.2.3 Example 3 Numerical examples (SIR model) (Tumba 2019)
The SIR model is an epidemiological model that computes the theoretical number of people infected with a contagious illness in a closed population over time. The name of this class of models derives from the fact that they involve coupled equations relating the number of susceptible people S(t) number of people infected I(t) and the number of people who have recovered R(t). This is a good and simple model for many infectious diseases including measles, mumps, and rubella. It is given by the following three coupled equations.
	 			(1)
	 			(2)
	 			(3)
where, , , and β are positive parameters. Define y to be.
 Y  S  I  R
and adding Equations (1) - (3) we obtain the following evolution equation for
y' ( 1 y)
Taking   0.5, y 0   0.5 and attaching an initial condition (for a particular closed population), we obtain,
	y' t  0.5(I  y), y (0)  ,0.5, h  0.01
with exact solution:
y(t)  1 0.5 e 0.5 x 

The table that follows compares the errors for problems 1, 2 and 3.

Table 1: Absolute Error Table for Problem 1 is compared to Abdelrahim et al. (2016)

	h
	Abdelrahim et al. (2016)

                 Error
	Proposed method 

                  Error
	Runge Kutta method, Abbas
F. A. Al-Shimmary (2017)
                      Error                       

	0.01
	
	
	



Table 2: Absolute Error for Problem 2 is compared to Abdelrahim et al. (2016)

	h
	Abdelrahim et al. (2016)

               Error
	Proposed method 

                       Error
	Runge Kutta method, Abbas
F. A. Al-Shimmary (2017)
                      Error

	0.01
	
	
	





Table 3: Absolute Error for Problem 3 is compared to Abdelrahim et al. (2016)

	h
	Abdelrahim et al. (2016)

                 Error
	Proposed method 

                       Error
	Runge Kutta method, Abbas
F. A. Al-Shimmary (2017)
                   Error

	0.01
	
	
	




[bookmark: _Hlk191911421]Figure 1, the Absolute Error Graph for Problem 1 is compared with Abdelrahim et al. (2016)

[image: ]
Figure 2, the Absolute Error Graph for Problem 2 is compared with Abdelrahim et al. (2016)

[image: ]
Figure 3, the Absolute Error Graph for Problem 3 is compared with Abdelrahim et al. (2016)
[image: ]

5.0 Conclusion 
This research report presents several numerical experiments to determine our new block hybrid method's performance. This method is based on the continuous finite difference approximation methodology, and the results were compared with the problem solved by Abdelrahim et al. (2016) using the collocation criterion outlined by Sirisena (1994). we implement the block hybrid method to verify their accuracy over existing method, we considered single step block hybrid methods, single step with one hybrid point is considered at h = 0.01. As a self-starting approach in block form for first order ordinary differential equations, a continuous block hybrid scheme with one grid points has been developed and implemented; it is accurate and efficient. For k = 1, the zone of absolute stability, order, consistency, and convergence of block techniques, including their hybrid variants, have been established. These illustrations show that the challenges of identifying the regions of convergence, consistency, order, and absolute stability of block linear multi-step algorithms have been addressed by the new techniques. The block technique for k = 1 is A-stable, and the (28) is of order p = 5, according to the region of absolute stability shown in the figures. As indicated in tables 1, 2, and 3, we have proven the block method's correctness when applied to linear problems. As a result, the results of our approach are contrasted with those of Abdelrahim et al. (2016) in tables 1, 2, and 3. Finally, it is evident that our methods outperform the current approach for solving first-order ordinary differential equations in this problem. In comparison to the method of Abdelrahim et al. (2016), the block hybrid method performs competitively well with accurate and efficient results and is appropriate for solving first order ordinary differential equations. This success is attributed to the new block methods' good stability properties. Since we have increased the accuracy of the novel block approaches for first order linear ordinary differential equations, our future research will concentrate on applying the method to systems of first order ordinary differential equations.
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