Finding the Condition for the Existence of a Special Coset of a Subgroup ofSnof Even Order
Ayush Tiwari
National Institute of Technology Durgapur

Abstract
I worked on finding a condition for the existence of a special coset that satisfies certain properties. Let us name this coset the Perfect Cosetof a subgroup of Sn.I will describe the conditions later. I studied whether a subgroup of even order in Sn can produce a coset with some special properties in a generalizedform. I started with the following approach: under what conditions can such a coset exist.

Introduction
Cosets formed by a subgroup of Sn can be large and may cause confusion,making it difficult to determine whether a Perfect Coset exists for a given subgroup ofSn.Instead, we can examine certain conditions in a generalized form to reach a conclusion.Now,we define what the so-called Perfect Coset looks like (Definition).
· The elements of that particular coset of the subgroup in Sn contain no self-inverse elements.
· The inverse of every element in that coset must also lie within the same coset.

Notations
· Sn:The symmetric group on n elements.
· H<Sn:H Is a proper subgroup of Sn.
· gHg−1:Conjugation of H by g∈Sn.
· N(H):The normalize of H in Sn,defined as
N(H)={g∈Sn|gHg−1=H}.

 (
1
)
· ∀:Universal quantifier,meaning “forall”.
· ∈:Set membership,meaning“belongs to”.
· g−1:The inverse of the element g.
· gH:The left coset of H in Sn determined by g.

Methodology
For a group Sn,consider a Proper subgroup H<Sn which is of even order.if there exists
x∈N(H) such that∀am∈H,amx=xamandx2=a−1fora1∈H,wherea1̸=e,a2̸=a1,
1	m
Then,for a coset xH by x in Sn,we can say that every element in xH has its inverse in
 (
m
)that coset only,and that coset does not contain any self-inverse element(a2̸=a1).Hence,
H will form perfect cosset.
Inshort:ifx∈N(H)suchthatx2=a−1andamx=xam,forallam∈Handa2̸=a1,

Then xH forms a perfect coset.
Proof.Suppose

Forx∈N(H),

1	m


H={e,a1,a2,...,ak}.

xH={xe,xa1,xa2,...,xak}.

 (
m
)Given:a2̸=a1.
 (
1
)Sincex2=a−1(given),
a2a−1̸=e,
m1
 (
1
)amama−1̸=e, ama−1̸=a−1,
1	m


Thus,

amx2̸=a−1

 (
m
)amx̸=(amx)−1

 (
r
)Hence ,xH contains**no self-inverse element**. Now, if for any ar∈ H,



Then But since
Hence,

letas= a1a−1∈H
 (
r
) (
r
)(xas) ̸= (xar)−1. xas̸= a−1x−1. (xar)−1=x−1a−1


 (
1
)Usingx2=a−1,

x2as̸=a−1

 (
r
)a−1as̸=a−1.

1	r

Thus,

But from(*),we had

So this gives a contradiction. Therefore,

as̸=a1a−1. as=a1a−1.

 (
r
) (
r
)(xas)=(xar)−1.

This means: for any ar∈H,we can make
 (
r
)a1a−1∈H


such that

—
Now,

Forx,xa1∈xH:
Since

We have

Now compute the inverse:


(xas)=(xar)−1.
 (
1
)xH={x,xa1,xa2,...}. x2= a−1

a1x2=e.


 (
1
)(xa1)−1=a−1x−1=x2x−1=x.

Hence,likewise,we can form pairs of elements that are inverses of each other.
Example.ConsiderH≤S7,where
H={I,(45)(67),(13),(13)(45)(67)}.
Now, there exists(4657)∈N(H)such that
(4657)2=(45)(67)∈H,
and
(45)(67)(4657)=(4657)(45)(67)
=(4756).
Also,
(13)(4657)=(4657)(13),

and



Therefore,


Moreover,


(4657)(13)(45)(67)=(13)(45)(67)(4657)
=(4756)(13).


(4657)H={(4657),(4756),(4657)(13),(4756)(13)}.


(4657)−1=(4756),
(4657)(13)−1=(13)(4756).

Hence,(4657)H is a perfect cosset.

Theoretical Implications
1. The inverse of some elements of Sn(elements in perfect cosets) can be directly identified from the perfect coset.
2. In case of existence of a perfect coset, we can say that if
H={e,a1,a2,...,ak},
then
xH={xe,xa1,xa2,...,xak}.

Forsome ar,as∈H, we have Then
and


xar=(xas)−1.
 (
s
) (
s
)xar=a−1x−1, arx=a−1x−1.

Multiplying both sides by x on the right,
 (
s
)xarx=xa−1x−1,


Hence, and

x2ar=xa−1x−1.
 (
s
) (
s
)x2ar∈ [a−1], a−1ar∈ [a−1].

1	s
Just multiply with a−1and ar to get a conjugate of a−1.
1	s

3. Since, for any am∈H, and for some as∈H,

(amx)̸=(amx)−1,

(amx)−1=(asx).

Hence,
(amx)̸=(asx),
Thatis,
xam̸=asx,


Therefore, So,
 (
1
)Leta−1=t∈H,


xamx−1̸=as,

 (
1
)x2amx−2̸=xasx−1,	a−1ama1̸=as

tamt−1̸=as.

 (
1
)If am  and as are elements of H,they may be conjugate ;however,they are certainly not conjugate with respecttoa−1.

Conclusion
Concluding, studying a subgroup of even order may be challenging; however, some of its properties can be studied if there exists a special coset of that subgroup, which we call aperfect coset.
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