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ABSTRACT

Objectives: Previous studies have shown functional separability of 3'UTRs and CDSs in pluripotent cells. Other studies have provided a lot of evidence that NSCs have similar functional separability of mRNA domains. Previous mathematical models have also attempted to describe quiescent and active NSC states, but have struggled to implement nonlinearity to make them more biologically accurate. We seek to discover functional separability of 3'UTR and CDS and also solve the problem of nonlinearity in mathematical models of NSCs. 

Methods: We take already established ODEs and manipulate variables to connect them. We were able to develop a 5-ODE model where NSC population was divided into quiescent and active compartments, while molecular dynamics were represented by separate variables for CDS, 3'UTR fragment, and protein. Nonlinearity was introduced by replacing a constant with a first-order Hill function modeling 3'UTR-mediated inhibition of NSC activation.

Findings: The model exhibits bistability, with two stable steady states (quiescent and active) separated by an unstable state . The assumption that 3'UTRs and CDS have separable functions in NSCs is necessary for this behavior, and treating mRNA as a single variable collapses nonlinearity and eliminates bistability. The model provides a mechanistic explanation for age-related declines in NSC activation: 3'UTR accumulation over time progressively shifts the NSC population toward quiescence. 

Novelty: This work is the first to decompose mRNA expression into separate 3'UTR and CDS variables in an NSC mathematical model, which proves biological and mathematical bistability. 

Practical Applications: Our findings suggest potential therapeutic strategies for age-related cognitive disease by targeting 3'UTR as a target for modifying NSC activation. The model also motivates further data collection for specific 3'UTR and CDS mRNA sequences in NSCs. The model's predictions also provide experimentally testable hypotheses that could guide regenerative medical engineering and physics approaches for brain aging and injury repair.

INTRODUCTION

Messenger RNA (mRNA) carries genetic information from DNA and is made of 5’ untranslated regions, a coding sequence that encodes the protein, and a 3’ untranslated region (3’UTR) that provides regulatory (Navarro et al. 2021; Mayr 2017). Specifically, 3’UTRs are non-coding regulatory platforms controlling mRNA stability, localization, and translation (Navarro et al. 2021; Mayr 2019; Matoulková et al. 2012; Tian et al. 2025). They influence protein-protein interactions and protein features that are not encoded in the amino acid sequence (Ma and Mayr 2018; Berkovits and Mayr 2015). On the other hand, the CDS mainly encodes the protein, but it can also contain regulatory elements including microRNA (miRNA) binding sites (Brümmer and Hausser 2014). miRNA is a small, non-coding RNA molecule that helps cells regulate which proteins they produce. By binding to mRNA, miRNA prevents the cell’s ribosomes from translating that mRNA into a protein (Danciu et al. 2023).

Neural stem cells (NSCs) are a type of multipotent stem cell in the nervous system. They can be quiescent or active and play important roles in plasticity, aging, disease, and regeneration of the nervous system (Dabelow et al. 2022; Urbán and Guillemot 2019). Human pluripotent cells like embryonic stem cells and induced pluripotent stem cells have been shown to have the ability to generate NSCs by neural induction (Tabar and Studer 2014). Both NSCs and PSCs are thus similar as they both rely on similar chromatin remodelers and epigenetic modifiers to keep genes inhibited for transcription and to prevent premature differentiation (Colussi et al. 2021; Yao et al. 2016). Both types of stem cells share binding sites with their 3’UTRs for specific miRNA families too, which bind to 3’UTRs to suppress genes that promote differentiation, allowing both cell types to maintain their stemness (Shang et al. 2024). Both also have key 3’UTRs of key stemness genes such as SOX2 (Favaro et al. 2009). Mathematical models are used by all domains of science to predict and understand processes unable to be seen by the naked eye. Specifically, in neurobiology and regenerative biology, mathematical models have led to novel discoveries such as the identification that NSCs are the primary regulators of adult neurogenesis dynamics, with nonlinear feedback models revealing how different subtypes of NSCs govern these mechanisms (Danciu et al. 2025).

Previous mathematical models have modeled NSC quiescence and activation using ordinary differential equations (ODEs) (Ziebell et al. 2014). Researchers were able to implement factors such as self-renewal and negative feedback, making their mathematical models more biologically accurate. In their study, their time-dependent linear model outperformed their integral feedback mechanisms, making their model linear, which is not consistent with biological processes, which are nonlinear. Another mathematical model also uses ODEs to describe the dynamics of post-translational regulation by miRNAs (Danciu et al. 2023), and others introduce additional features into the model, incorporating a non-cooperative positive feedback loop in the transcriptional regulation of target gene expression (Bose and Ghosh 2012). This study looks at the mRNA as a whole, but recent studies have demonstrated that 3’UTRs and CDSs have distinct, separable functions that can be independently expressed and regulated, often in reciprocal patterns across tissues and developmental stages (Tushev et al. 2018; Kocabas et al. 2015b; Ji et al. 2021).

Together, these findings strongly suggest that 3’UTR- and CDS-derived RNAs have distinct functions in controlling neural stem cells that can be mathematically modeled. In this paper, we combine different models and treat 3’UTRs and CDSs as separate variables. We find that treating them as two separate but dependent variables resolves the issue of nonlinearity and provides a mathematical model that more accurately reflects the biological process of transcription.

METHODOLOGY

Deterministic Model

A previous study (Dabelow et al. 2022) gives the following mathematical framework to represent the relationship between quiescent neural stem cells (qNSC) and active neural stem cells (aNSC).
(1) 
(2) 
where qNSC(t) is the population of quiescent NSCs and aNSC(t) is the population of activated NSCs. For the parameters,  is defined as the activation rate (the rate at which quiescent cells become activated),  is the probability that activated stem cells self renew,  is the division rate of the stem cells.
Another study (Bose and Ghosh 2012) models the dynamics of miRNA concentration and turnover as follows:
(3)  
(4)  
(5)     
where free mRNA is  or is a part of a miRNA-mRNA complex (). The rate constant for transcription of mRNA , and it has natural degradation rate constant . The rate constants  and  represent the formation and dissociation of the bound complex of mRNA and miRNA. The rate constants  and  represent protein synthesis and degradation, and  represents the protein concentration. Here, the conservation condition for miRNA is

where  represents the total miRNA concentration.

While this model does not directly measure mRNA transcripts, its measure of miRNA is still significant. There is much evidence establishing that miRNAs have the primary function of binding to untranslated regions (3’UTRs) to induce mRNA degradation (Mayr 2019). Likewise, there is much evidence demonstrating that miRNAs bind to coding sequences (CDS) to stall translation (Hausser et al. 2013; Brümmer and Hausser 2014). Other significant studies evidence that miRNA binding in CDSs and 3’UTRs have different regulatory outcomes (Brümmer and Hausser 2014). Thus, we can manipulate this miRNA model to reveal the separable functionality of 3’UTRs and CDS. Connecting the two models (Dabelow et al. 2022; Bose and Ghosh 2012) would also provide nonlinearity.

Previous study by Yang et al. (Yang et al. 2026) demonstrated Nanog mRNA CDS and 3’UTR are spatially segregated and functionally distinct in pluripotent stem cells, specifically embryonic stem cells, and many other studies demonstrate differential expression of 3’UTRs and their cognate CDSs across tissues (Ji et al. 2021; Mercer et al. 2011; Reczko et al. 2012). In addition, Kocabas et al. showed that differential expression of CDS and 3’UTR sequences is widespread in many types of tissues, specifically neurons (Kocabas et al. 2015a). That being said, we can base our mathematical model on the assumption that 3’UTRs and CDSs are functionally separate and can be represented as separate variables.
Motivated by previous frameworks (Dabelow et al. 2022; Bose and Ghosh 2012), we make several substitutions to get the following 5 ordinary differential equation (ODE) system:
(6)   
(7)                                            
(8)   
(9)   
(10)     
Instead of , we use variables  and  to represent 3’UTR and CDS mRNA fragment amount, respectively, which have natural degradation rates of  and  and rate constants of  and . We let qNSC, aNSC, and  be represented by , , and  for simplicity, respectively. In a similar way to Bose and Ghosh (Bose and Ghosh 2012), we introduce parameter  to be the rate at which  produces  since when mRNA is fully transcribed, both CDS and 3’UTR are produced together.
Finally, we add nonlinearity by substituting  in Eq. (1) and (2) with a first-order Hill function:
(11)  
with  being equal to the maximum activation rate and  being equal to the inhibition constant. The first-order Hill function (Hill coefficient  describes non-cooperative independent binding and accurately describes how mRNA exhausts at a certain threshold, diminishing as input increases.
Results
Parameter Values
Parameter values were taken from established literature. Stem cell division rate was set to  days, the self-renewal probability to , and the activation rate to  days for the constant case, as in Dabelow et al. (Dabelow et al. 2022) and Kalamakis et al. (Kalamakis et al. 2019). Parameters were estimated within the bistable regime identified by Bose & Ghosh (Bose and Ghosh 2012), satisfying . We summarize parameter values in Table 1.


Table 1. Parameter values used in simulations
	Parameter
	Value
	Source

	​
	0.95 days
	Kalamakis 2019

	​
	0.489
	Kalamakis 2019

	​
	0.3 days
	Dabelow 2022

	​
	0.5
	Estimated

	​
	0.01
	Bose 2012

	​
	15
	Bose 2012 (bistable regime)

	​
	5
	Bose 2012 (bistable regime)

	​
	0.1
	Bose 2012

	​
	0.01
	Estimated

	​
	1
	Estimated

	​
	0.1
	Estimated

	​
	0.5
	Bose 2012

	​
	0.05
	Bose 2012



Steady State Analysis
In steady state, . Setting Eq. (10) and (11) equal to 0 then solving algebraically, one obtains the equations
(12)  
(13)  
Then, substitution of these equations into Eq. (9) to get a master equation to count steady states yields
(14) 
This master equation is analogous to Eq. 8 of Bose and Ghosh (Bose and Ghosh 2012) who proved that such equations exhibit three steady states (two stable, one unstable) for parameters satisfying  and appropriate  (Fig. 2 of Bose & Ghosh). Thus, we conclude that our system exhibits bistability where NSCs can maintain either a quiescent or active state.
Our master equation thus gives us 3 possible  values. Eq. (7) and (8) are linearly dependent, and we can use the ratio of  to  to show how those 3 possible  values map to different NSC population balances. Solving for the ratio:
(15)   
Substituting , one gets
(16)   
Variable  inhibits activation by lowering . Increasing 3’UTR fragments will increase NSC quiescence and decrease activation. Because  and  are linked (Eq. (13)), the bistability in the molecular system from the two stable  levels creates bistability in the NSC population since there are two stable ratios of quiescent to active cells. Thus, the separable functions of the 3’UTR and CDS directly control the balance between quiescent and active neural stem cells.

DISCUSSION

In our theoretical modeling study, we develop a 5-ODE mathematical model of NSC quiescence and activation that separates 3’UTRs and CDS into two distinct variables:  and . By introducing a Hill function  to model 3’UTR inhibition of activation as a function of CDSs, we show that the system exhibits bistability, allowing NSCs to maintain either a quiescent or active state, consistent with experimental biological data (Kalamakis et al. 2019).
Identified bistability suggests that NSCs can exist in two distinct, permanent states (quiescent and activated) under the same external conditions. We proved bistability by maintaining the positive feedback loop established by a previously proposed mathematical model and by adding nonlinearity. The assumption of the separable functions of the 3’UTR and CDS are essential for this behavior, as treating them as a single mRNA variable collapses the nonlinearity and eliminates bistability. This provides a mechanistic explanation for the experimental observation by Kalamakis et al. (Kalamakis et al. 2019) that activation decreases with age since as  accumulates over time,  declines, which progressively shifts the population toward quiescence.
There are several limitations to this study that should be noted. First, our model assumes that  and  are kinetically decoupled, which may oversimplify the relationship between CDS and 3’UTR fragments. Second, we did not explicitly model miRNA concentration as a dynamic variable. Instead, we use  to absorb its effects in the Hill function proposed. Third, we did not fit our model directly to NSC-specific data. Instead, our parameter values were taken from literature and estimated. Fourth, the model does not include the progenitor cell compartment or spatial heterogeneity within the subventricular zone (SVZ), a major site of adult neurogenesis.

Future work should fit the model directly to NSC-specific time-course data to constrain parameter values. To improve biological realism, progenitor compartment and spatial niche factors such as inflammation could be incorporated. Additionally, extending the model to include stochastic noise may help explain cell-to-cell variability in quiescence and activation.

CONCLUSION

Overall, our mathematical model shows that separating 3’UTRs and CDSs into two distinct variables introduces nonlinearity into NSC dynamics and enables bistability, which arises naturally from this nonlinear feedback between these mRNA domains. This work provides a mathematical model that acts as a foundation for understanding post-transcriptional stem cell trait transitions.
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