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ABSTRACT 
Bivariate multiwavelets extend the concept of multiwavelets to two dimensions, offering significant potential in applications such as image compression, feature extraction, radar signal processing, etc. Despite their wide-ranging applications, the construction of bivariate multiwavelets remains a less explored area of research. It gains importance because single variable multiwavelets are not sufficient to express a signal or a function that depends on two variables. In this paper, we explore the correspondence between a tuple of three matrices and a bivariate multiwavelet. We also find that bivariate multiwavelets can be constructed from a tuple of three matrices through a bivariate matrix polynomial, which serves as a bivariate symbol function for the bivariate multiwavelet. Additionally, we provide numerical illustrations for the proposed work.
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A multiwavelet system uses multiple wavelet functions to represent a signal. A bivariate multiwavelet specifically refers to a multiwavelet system where the wavelets are designed to operate in two dimensions. This is especially useful in applications like image processing, where two-dimensional data (images) need to be analyzed, transformed, and compressed.
A bivariate multiwavelet system involves a pair of functions: Multiscaling function,  and Multiwavelet function, . These functions are defined over a two-dimensional domain  and their properties such as compact support and the sum rule are crucial for efficient image representation.
The construction of multiwavelets typically involves selecting appropriate matrix refinement masks, commonly referred to as matrix filters. However one question arises naturally; where can one obtain these filters? This issue was addressed in the context of matrices in the single-variable case by A.T. Mithun and M.C. Lineesh [1] in 2020, who introduced matrix pairs that describe the spectral properties of the corresponding filters. While this approach is effective in the univariate case, its direct application to the bivariate scenario is insufficient. Specifically, a matrix pair alone does not fully determine the properties of a bivariate filter. In this work, we extend the method to the bivariate case by considering a tuple of three matrices. We explore the necessary and sufficient conditions that this tuple must satisfy for the construction of a bivariate filter such that this tuple fundamentally governs the spectral characteristics of the resulting bivariate filter. This study also investigates the existence of compactly supported bivariate multiwavelets that satisfies a sum rule of order 1, derived from the filter constructed using the matrix tuple.
This paper is organized as follows. Section 2 provides an in-depth discussion of the fundamental concepts in matrix polynomials and bivariate multiwavelets. Section 3 is dedicated to the construction of the bivariate matrix refinement mask from a tuple of three matrices, thereby establishing the existence of bivariate multiwavelets derived from this matrix tuple. The algorithm for the construction of bivariate matrix refinement mask is presented in section 4. Subsequently, a numerical illustration of the proposed theory is provided in section 5.
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Definition 2.1. [7] If  are  complex matrices and , (the zero matrix), then the matrix-valued function defined on the complex numbers by  is called a matrix polynomial of degree . The eigenvalues of  are the zeroes of the scalar polynomial .
Definition 2.2. [9] A bivariate matrix polynomial is a matrix polynomial in two variables. If  are  complex matrices where then the matrix-valued function defined by  is called a bivariate matrix polynomial.
Definition 2.3. [4] A matrix  is said to satisy the condition  if it has a -folded non-degenerate eigenvalue 1 , and all the other eigenvalues have absolute value smaller than 1 .
Definition 2.4. [4] A refinable function vector or a multiscaling function is a vector valued function,  where , satisfies a matrix refinement equation of the form,  is the dilation factor.
Throughout this paper, we take .
Definition 2.5. [4] A nested sequence of subspaces of  together with the vector valued function  (the multiscaling function) is called a multiresolution analysis (MRA), if the following conditions are satisfied:
(i) Union of the subspaces is dense in .
(ii) Intersection of all subspaces is the subspace .
(iii) A function  is in  if and only if  is in .
(iv) A function  is in  if and only if  is in , for all .
(v) The integer translates of components of  forms a basis for the space .
If , then its approximation at resolution  is the projection of  onto the subspace , given by  constitute a basis for . The difference between the approximations of a function  at resolution  and  is  is a projection with range , where  forms the complement of the subspace  considered as a subspace of . The function vector , such that the set  forms a basis for , is called a multiwavelet function. The dilates and translates of components of  give a basis for the space .
Definition 2.6. [6] The Fourier transform of a function  is given by .
Definition 2.7. [4] The symbol function or matrix refinement mask of a multiscaling function vector is the trigonometric matrix polynomial, .
If we replace  by , then it is a matrix polynomial .
Theorem 2.8. [6] The Fourier transform of the multiscaling function  satisfies the equation .
Definition 2.9. [4] The support of a function  is the closure of the set . Compact support means the same as bounded support.
Remark 2.10. [8] A solution vector  to a multiscaling equation corresponding to a matrix polynomial  is compactly supported if and only if all the components of  are trigonometric polynomials.
Definition 2.11. [4] The symbol function  is said to satisfy a sum rule of order 1 if there exists a nonzero vector  such that  and .
Remark 2.12. [4] If  satisfies condition , then  satisfies sum rule of order 1 .
Definition 2.13. [9] A bivariate multiscaling function is a function of the form,  where  satisfies a matrix refinement equation of the form, . Consequently, bivariate multiwavelets are multiwavelets in two dimensions. That is, dilations and translations of a bivariate multiwavelet form a basis for the space .
Theorem 2.14. [5] Let  be a compactly supported scaling function in . Then one can find compactly supported orthonormal wavelets  associated with  such that their translates and dilates form an orthonormal basis for .
Definition 2.15. [2] The Fourier transform of a bivariate function  is given by

Theorem 2.16. [5] Fourier transform of the bivariate multiscaling function  satisfies the equation , where  is the bivariate symbol function or the bivariate matrix refinement mask.
Theorem 2.17. [3] The equation  corresponding to a symbol function  has a solution vector  which is continuous and , if  satisfies condition .
[bookmark: bm_3_existence_of_bivariate_multi_7855ee]3 Existence of Bivariate Multiwavelets from a Matrix tuple
The existence of multiwavelets using matrix pairs was explored by Mithun and Lineesh [1]. In this paper, we extend their work by considering a tuple of three matrices, thereby establishing the existence of a bivariate multiwavelet derived from these matrices.
Theorem 3.1. Let (  ) be a tuple of three matrices where  such that; (I) the matrix  defined by,  is non-singular.
(II) .
Then, there exists a symbol function  satisfying  and  satifies the condition .
Proof. The matrix  is an  matrix and hence can be considered as a block matrix with  blocks of  matrices as;
.
Correspondingly, a matrix polynomial can be formed as,
Then  by (II).
Therefore, it is possible to find an elementary matrix  such that  satisfies the condition .
Now, Define .
Then  is a matrix polynomial in two variables of degree .
Substituting  and  implies

which is a trigonometric matrix polynomial (bivariate symbol function) with  satisfying the condition .
Now, we need to show that , that is,  carries the spectral information of the matrix polynomial.
Consider block matrices  where  denotes the  identity matrix and 0 denotes the  zero matrix,

Then,
implies,

implies,

implies,

Theorem 3.2. Let (  ) be a tuple of three matrices,  such that matrix  (as defined in theorem 3.1) is non-singular. If there exists a matrix polynomial  such that  and  satisfies the condition , then .
Proof. If ,
then, .
Hence,  does not satisfy the condition .
Remark 3.3. Theorem 3.1 states the necessary and sufficient conditions for the existence of a bivariate matrix refinement mask from a tuple of three matrices.
[bookmark: theorem_3_4_existence_of_compactl_dfdf13]Theorem 3.4. - Existence of compactly supported bivariate multiwavelets
Let  be a tuple of 3 matrices where . Then there exists compactly supported bivariate multiwavelets corresponding to the tuple  if (I)  (as defined in theorem 3.1) is nonsingular and
(II) .
Proof. By theorem 3.1, there exists a bivariate symbol function, , which is a trigonometric matrix polynomial of degree  and order  and  satisfies condition .
Then by theorem 2.17, there exists a bivariate multiscaling funcion  which is continuous and  corresponding to the equation .
By remark 2.10,  is compactly supported.
Therefore, by theorem 2.14, there exists compactly supported bivariate multiwavelets whose dilations and translations form an orthonormal basis to the space .
Moreover, by remark 2.12,  satisfies sum rule of order 1.
Hence, a tuple of matrices (  ) satisfying the properties (I) and (II) corresponds to a bivariate multiwavelet, which is compactly supported and satisfies the sum rule of order 1 .
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Based on the theory proposed in section 3, an algorithm for the construction of bivariate matrix refinement mask is presented as follows.
Step 1 : Start with matrices  such that  is non-singular and .
Step 2 : Form the matrix  and find the matrix polynomial .
Step 3 : Choose an elementary matrix  such that  satisfies the condition .
Step 4 : Find the matrix polynomial  and replace  by  and  by  to obtain the required bivariate symbol function (bivariate matrix refinement mask).
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In this section, numerical illustrations of the algorithm proposed is presented.
Example 5.1. Let  and 
Then

is invertible.
Also,

Then

Therefore, by theorem 3.1, we can construct a matrix polynomial  in two variables as;

Then

Now, we find  such that .
That is,

Now define, .

Substituting  and , we get
, the required bivariate symbol function.
Example 5.2. Let ,


Then

And

Then

Therefore, by Theorem 3.1, we can construct a matrix polynomial  in two variables as;

implies,

Thus the required bivariate symbol function is obtained.
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In this work, we have constructed bivariate symbol functions to identify the existence of corresponding bivariate multiwavelets. We have presented an algorithm for the construction of bivariate symbol functions and provided the numerical illustrations of the same. We have also demonstrated that these multiwavelets possess important properties such as compact support and sum rule of order 1, that enhance their utility in improved data compression, efficient storage, faster signal processing, and a better approximation of functions.
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