SEMI PRIME IDEALS

1.1  Introduction
In this chapter I introduced on fuzzy semi prime ideal of lattice the scope of this chapter is to implement to the conditions of semi prime ideal of lattice. It is found from the literature that during many researchers are interested in the study of lattice. Finally all the conditions are implemented in this chapter and the outcome was successful in my view.

1.2 Main Result
Definition 1.2.1
An ideal I of a lattice L is called a semi prime ideal if for every x, y, z ∈ L, I ∈ L

(i) x ∧ y ∈ I
(ii) x ∧ z ∈ I
(iii) x ∧ (y ∨ z) ∈ I
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Theorem 1.2.2
Let µ ∈ FI(L) Then µ is a fuzzy semi prime ideal of L if and only if for any α ∈ [0; 1] such that µα is a proper ideal of L, µα is a semi prime ideal of L Proof:
Suppose that µ is a fuzzy semi prime ideal of L let α ∈ [0,1] such that
µα is proper ideal of L
Let a,b ∈ L such that a ∧ b ∈ µα then µ ( a ∧ b ) ≥ α
Therefore
µ (a ∧ b) ≥ α ⇒ µ (a) ∨ µ (b) ≥ α
Thus
µ (a) ≥ α (or) µ (b) ≥ α so a ∈ µα or b ∈ µα
Since µα is an ideal of L

Let a , c ∈ L such that a ∧ c ∈ µα then µ ( a ∧ c ) ≥ α
Therefore
µ (a ∧ c ) ≥ α ⇒ µ (a) ∨ µ(c) ≥ α
[Since µ is a fuzzy prime ideal]
Thus
µ (a) ≥ α (or) µ (c) ≥ α So a ∈ µα (or) c ∈ µα µα is an ideal of L

Let a , b , c ∈ L
Such that b ∨ c ∈ µα then µ (b ∨ c) ≥ α
therefore
µ ( b ∨ c ) ≥ α ⇒ µ (b) ∨ µ (c) ≥ α
[Since the fuzzy prime filter]
thus
µ (b) ≥ α (or) µ (c) ≥ α so b ∈ µα (or) c ∈ µα
a ∧ ( b ∨ c ) ∈ µα then µ [ a ∧ ( b ∨ c ) ] ≥ α
therefore
µ [ a ∧ ( b ∨ c ) ] ≥ α ⇒ µ (a) ∨ µ (b) ∨ µ (c) ≥ α

thus


µ (a) ≥ α (or) µ (b) ≥ α (or) µ (c) ≥ α so a ∈ µα (or) b ∈ µα (or) c ∈ µα .
µα is an ideal of L.
Hence µα is a semi prime ideal of L.


Conversely,
suppose that for any α ∈ [0,1]
Such that
µα is a proper ideal of L .
µα is a semi prime ideal of L.
Let x , y , z ∈ L and α = µ [ x ∧ ( y ∨ z ) ]
We have
x ∧ ( y ∨ z ) ∈ µα
Hence
x ∈ µα (or) y ∈ µα (or) z ∈ µα
it follow that
µ (x) ≥ α = µ ( x ∧ ( y ∨ z )) (or)
µ (y) ≥ α = µ ( x ∧ ( y ∨ z )) (or)
µ (z) ≥ α = µ ( x ∧ ( y ∨ z )) then
µ ( x ∧ ( y ∨ z )) ≤ µ (x) ∨ µ (y) ∨ µ (z) therefore
µ is a fuzzy semi prime ideal of L.

Theorem 1.2.3
For any µ ∈ FI(L) if µ is maximal in FI(L) then for any α ∈ [0,1] such that
µα is a proper ideal of L. µα is maximal in I(L)
Proof:
Let µ ∈ FI(L) such that
µ is maximal in FI(L).
Let α ∈ [0,1] such that
µα is a proper ideal of L . Let J ∈ I(L)
such that µα ⊈ J .
Suppose that J ̸= L
then there is a ∈ L such that a ∈/ J
Therefore
a ∈/ µα that is µ (a) < α. Let γ be the fuzzy subset of L defined by
γ (x) = µ (x) if x ̸= a and γ (a) = a
Thus
µ ≤ γ ≤ ⟨ γ ⟩
(the fuzzy ideal of L induced by γ)
since γ ̸= 1
which is a contraction to the fact that
µ is maximal Thus J = L
therefore
µα is maximal.

Corollary 1.2.4
Let µ ∈ FI(L). If µ is a proper and maximal in FI(L) then µ is a fuzzy semi prime ideal of L
Proof:
Suppose µ is proper and maximal in FI(L) .
Then by theorem 3.2.3.
µα is maximal for any α ∈ [0;1] such that
µα is a proper ideal of L Therefore
since in any bounded distributive lattice maximal implies semi prime we have for any α ∈ [0;1] if
µα is a proper ideal of L
then
µα is semi prime
thus
according to theorem 2.3
µ is a fuzzy semi prime ideal of L.



Theorem 1.2.5
If µ is a semi prime ideal of lattice L containing any semi prime ideal J. then J(µ) is a semi prime ideal.
Proof:
Let a, b ∈ J (µ).
then a ∧ v ∈ J and b ∧ s ∈ J for some v, s ∈ L - µ
Thus
a ∧ v ∧ s ∈ J and b ∧ v ∧ s ∈ J. since J is semi prime,
so v ∧ s ∧ ( a ∨ b ) ∈ J and v ∧ s ∈ L - µ as it is a filter. Hence a ∨ b ∈ J (µ) and so

J(µ ) is an ideal as it is a down set.
Now
suppose x ∧ y , x ∧ z ∈ J(µ )
then
x ∧ y ∧ v , x ∧ z ∧ s ∈ J for some v, s ∈ L-µ
then by the semi prime of J
[(x ∧ y) ∨ (x ∧ z)] ∧ v ∧ s ∈ J where v ∧ s ∈ L- µ .
This implies (x ∧ y) ∨ ( x ∧ z ) ∈ J(µ )  we have J(µ ) is semi prime.


Theorem 1.2.6
Let L be a 0-distributive lattice then A ⊆ L then µ ∈ A then µ is a semi prime ideal
Proof:
let x, y ∈ µ
then
x ∧ a = 0 = y ∧ a for all a ∈ L
hence
a ∧ (x∨ y)=0 for all a ∈ A
this implies x ∨ y ∈ µ and so
µ is an ideal
Now
[bookmark: _GoBack]let x ∧ y ∈ µ and x ∧ z ∈ µ
then x ∧ y ∧ a = 0 = x ∧ z ∧ a for all a ∈A This implies x ∧ a ∧ (y∨z)=0 for all a ∈ L as
L is a 0-distributive Hence x ∧ (y ∧ z) ∈ A
µ is a semi prime ideal.
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