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Abstract- In present paper we find some important compositions
of p-k extended Mittag-Leffler function with their special cases
by using Marichev-Saigo-Maeda differential and integral
operators. These results are further expressed with relation of p-
k extended Mittag-Leffler function with Fox-H function and
Wright hypergeometric function.In last we obtained some special
cases of these functions.
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I. INTRODUCTION AND DEFINITIONS

The two parameter Pochhammer symbol is recently given by
[2](equation 2.1)

1.1 Definition: Two Parameter Pochhammer Symbol

Let x € C;k,p € R* — {0} and Re(x) > 0,n € N, the p-k
Pochhammer Symbol (i.e Two Parameter Pochhammer
Symbol), ,(x),,« is given by

p (i = (%) (% + p) (% + Zp) ......... (% +(n— l)p).

1.2 Definition: Two Parameter Gamma Function

Forx € C/kZ ;k,p € Rt —{0}and Re(x) > 0,n € N, the p-
k Gamma Function (i.e Two Parameter Gamma Function),
»Ik (x)is given by [2] (equation 2.6,2.7 and 2.14)

X
nlp™tl(np)k

1.
PFk (x) - ;llmn—)oo 1k (12)
Or
| 1 -1
pTic(x) = flim,, g, I (13)

» On ke

The integral representation of p-k Gamma Function is given
by,

tk
L) = [ e v 57t (1.4)
1.3 Definition: p-k Extended Mittag-Leffler Function

Let k,p€ Rt —{0}; A4 un€C/kZ™;Re(u) > 0,Re(n) >
0,Re(1) > 0,and q € (0,1) UN.

The p-k Mittag-Leffler function denoted by
defined as

A,
pEk*‘f,n (z) and

/1,q _ o) p(/.{)nq,k ﬁ
pEk,y,n (Z) - Zn:O Tk (g 7) ! (15)

Where (1), is the two parameter Pochhammer symbol

given by equation (1.1) and ,I} (x) is two parameter Gamma
function given by equation (1.2 and 1.3).

1.4 Definition: Marichev-Saigo-Maeda fractional Operators
Saigo Operators

The fractional integral and differential operators with Gauss
Hyper geometric functions as kernels, were introduced by
Saigo[11], which are interesting generalizations of the
classical Riemann Liouville and Erdelyi-Kober fractional
operators(see [8])(also see [4] and [5]).For «,pB,yeC and
xeR* with Re(a) > 0, the left-hand and the right-hand sided
generalized fractional integral operators associated with Gauss
hypergeometric function are defined by [11]

U7 N = [ = !

2F (a +8,-y;a;1—

(1.1)
Lyftde (1.6)
And
1 0 ( _ )a—l
(=)0 = [T R (et B-rvial-
xtftde @7
respectively.  Here, JF(a,B;y;2z) is  the Gauss

hypergeometric function [8] def'(qeg) for zeC,|z| <1 and
a,B eC,yeC\Zy by

@), 2
2Fi(a,B3v; 2) —( 4 WE‘

where(z),, = (z),,. The corresponding fractional differential
operators are

(DL 1)) = (L) (e ) ) (1.8)
And (1.4)
(Dg,ﬁ,}'f) x) = (_ %)l (1_—a+l.—ﬁ—l,a+yf) x), (1.9)
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wherel=[Re(a)] + 1 and [Re(a)] denotes the integer part of
Re(a).

MSM Operators

Marichev [9] introduced the generalization of the Saigo
operators as Mellin type convolution operators with Appell
function as the kernel, which were later extended and studied
by Saigo and Maeda [10]. For a,a’,8,8,y € C and x € R*
with Re(y) > 0, the left and right hand sided Marichev—
Saigo-Maeda (MSM) fractional integral operators associated
with third Appell function are defined by

aa BB Y i x (x— L’)V _
(577 ) @) = 55y S Fs (w.a 8.8 v
ty1—xtftat (1.10)
and
)~
(1288 £) ) = 55 [V, (a0 BB i1 -
xt1—txfrar (1.11)

respectively. The differential

operators are

(Dgf'./z.ﬂ’.y f) () = (%)m (lgf'.—a.—ﬁ#m.—ﬁ.—ﬁm f) (x)

corresponding  fractional

(1.12)
and
' ' d m —a' —Qa,— ' m,— m
(Do 04 7)) = (=) (= et amrim G
(1.13)
where m = [Re(y)] + 1 .The relation between the MSM

fractional operators are given as;

(1277 F) 00 = (R F) o, (114
(D9 27 £) @) = (D2 7 7 £) ) (L15)
and

(19 BB Y £)(x) = (1797 B £) (x), (1.16)
(DO 87 £)(0) = (D2 75 7 £) () (117)

1.5 Definition: Generalized Wright Hypergeometric Function:

Let  a;BerR\{0} and a;beCi=123...p;j=
1,2,3 .....q then the generalized Wright function is deflned by

3 (al,A1): . (ap’Ap) ]
‘Pq(Z) = ¥ C: 0 (B4 By)
g o iz Mectndy 22 ) e (1.18)

H]q 1l"(ﬁ'1+nB )n"

Where TI'(z) is the Gamma function. This function was
introduced by Wright [12] and the conditions for its existence
along with its representation in terms of Mellin-Bernes
integral were established by Kilbaset al.[7].

(alﬂAl)! . (ap) p)
Pqu
(2 :2) - (By» Bq)
Hl‘pﬂ [_Z (1—ap,4y), (1 ap,Ap)
P (0,1), (1 = B1,B1), eev ver e (1-pB,,B,)
Where H,';"[. Jdenotes the Fox H-fuction ([1] and [3]).
Il. REQUIRED RESULTS

The following MSM integral operators are required here [10,
p. 394] to obtain the MSM fractional integration of p-k

extended Mittag-Leffler function pE,f,',‘jﬂ (2)

] (1.19)

Let a, a’,ﬂ,ﬂ’,y,p € C suchthat Re(a) > 0.

(@) If Re(p) >max{0,Re(a’ —B),Re(a+a + B —
7, then

(Igf B.B J’tp—l) ®) =
r(p)(=a’+8 +p)

T +p)M(—a—a +y+p) = T(-a —B+y+p)

(b) If Re(p) > max{Re(B),Re(—a — a +

v, Re—a—/["+y, then
(12 BB Y t=p) () =
T(—B+p) (a+a —y+p)
T(p)T(a—B+p)
To obtain the MSM fractional
generalized special function Ek un(@)

F(_“_“I_ﬁﬂ’ﬂ’) t—a—(x'+y+p—1 (21)

T(a+8 —y+p)

—a—a'+y—p
T(a+a +8" —y+p) t (2'2)

differentiation of the

, following results will be used [6].
Let a,a’,ﬁ,ﬁl,y, peC.

(@ If Re(p) >max{0,Re(—a + B),Re(—a —a — B +
V4

(Dg_;-a BB .Ytp—l) ) =
M(p)M(—f+a+p)  T(a+a +B —y+p) ta+a'—y+p—1 (2.3)
T(—B+p)T(a+a’ —y+p) T(a+p —y+p) '
(b)  Re(p) > max{Re(—B),Re(a’ + B —y),Re(a +a —
y+Rey+1, then
(Do BB V=) (t) =

T(8 +p)T(—a—a +y+p) T(-a' —B+y+p)
T(p)I(-a +8 +p) T(—a—a —B+y+p)

gera v (2.4)

The relation between classical Pochhammer symbol and
two parameter Pochhammer symbol are given as[2]

Proposition 1. Let x€ C/kZ ;k,p,v,s € Rt —{0} and
Re(x) > 0,n € N, then the following identity holds,

=4 () @s)

N

And particular case,

i) = (:;)% oI ()
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Also T (x) is further related to k- Gamma flJJ(nction and > Ong s = ()™ G)n
classical Gamma function as I, (x) = (%)" T, (x) = (2.8)
Pk (x I1l. MAIN RESULTS
TG 26)

In this section we present the formula for the MSM fractional
Proposition 2. Letx € C/kZ™;k,p € R* —{0}and Re(x) > integration and differentiation operators associated with the p-

0.n,q € N, then the following identity holds, k extended Mittag-Leffler function ,E,"7  (2).

p(x)nq,k = (%)nq (x)nq,k
(2.7

And particular case,

Theorem 3.1 Leta,a’, 8,8 ,y,p € C suchthatRe(a) > 0, k,p € R —{0}; 4, u,n € C/kZ~; Re() > 0,Re(n)) > 0,Re(A) >
0,and q € (0,1) U N. If Re(p) > max{0,Re(a’ — B),Re(a +a + B — )}, thenfort > 0

(I(z)xf'./?.ﬁ'.l/tp—l) kuﬂ(t) _

. A . ) .
kt o« +r4p-1 (k'q) :(P:l)r (_a +ﬁ +p' 1)’ (_a_a _ﬁ+y+p! 1) B
- .y ;tptTk
p%['(&) 44(n“)(ﬁ+ D, (—a—a +p+y,1),(—a —B+y +p1)
k k; k ) ,D; ,D ]/; ]/ ,D:
31
Proof: On using (1.5) and taking left hand side MSM fractional integral operator inside the summation
Co < ) 1
wa BB Y p-1) pha » Mg wa BB ¥ ntp—1
(10+ t ) pEiun ® = T (. + m) ! (1 t )
Making use of (2.1) ,(2.6) and (2.8)
w ( )nq ’1) C
_ ety Z p nq Fp+n)l'(—a + +p+n)
) TB +p+n)(—a—a +y+p+n)

”=° )k T (nu + 1)
(~a—a —B+y+p+n)t"
[(—a —B+y+p+n) nl
! oo A , ,
_kt—a—a +y+p—1Z F(E+n) F(p+n)(—a +B +p+n)
B 1 (A nu + ’ o — o
pkp(E) nzork(%)f'(ﬁ +p+n)(—a—a +y+p+n)
(~a—a —B+y+p+n)t"
[(—a —B+y+p+n) n!

wl

The required result of (3.1) can be obtained by using (1.18)

The right hand side expression of (3.1) is further reduced in Fox-H function as follows

kta«a +y+p-1

pir ()

A o ,
(1—E,q) (1=p 1, (+a - —p1),(A+at+a +B—y-p1)

(0,1),( %l;) (1—/)’ —p,1),(1+a+a’—p—y,l),(1+a’+[i’—y—p,1)

Corollary 3.1.1 The result in (3.1) is reduced to another Fox H function by settingp = k,q =1, k=1,1=1n=1andp =1

([gf"ﬁ'ﬁl'ytp_l) kun(t) _

&
X Hys =t pTF;
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" (01)(0." g, 1)(a+a'+/3'—y,1) ]
0,0, (=B D, (@+a -y, 1), (@ +B-v,1)

on setting u = 1in (3.1.1) following result can be obtained

11-a +f,1—a—a —f +y -t]
1+f,1—a—a' +y,1—a —B+V

11
(Igf B.B 1’) 1E1”1(t) = t—a- a+yH [

(IgtJ,ra B.B J’) 1E111(t) = t—a- a ' 3F3[

F(l—a'+ﬁ")l"(1—a—a'—ﬁ"+y)
r(1+8 )r(1—a—a' +y)r(1—a’ —B+y)

Here € =

In view of (1.14), the corresponding result of (3.1) for the operator (1.6) is as follows
Corollary 3.1.2 Let a, B,y, p €C such that Re(a) > 0, k,p € Rt —{0}; A, u,n € C/kZ; Re(u) > 0,Re(n) > 0,Re(1) >

0,and q € (0,1) U N, then for t > 0,
A
kt—B+r—1 (E’ q>, oD, (B+y+p 1) b

(57 e ) E,f;jn(t)= T 373 stp? Tk
pEF(F) (77,#)’( —B+p Dy +a+p1)

Theorem 3.2 Let a,a',ﬁ,ﬁ',y,p eCsuchthat Re(a) >0, k,p € R* —{0}; A, u,n € C/kZ~;Re(u) > 0,Re(n) > 0,Re(A) >
0,and q € (0,1) UN. If Re(p) > max{0,Re(a’ — B),Re(a + a + B — )}, thenfor t > 0

kt—a—al+y—p

n_

per (%)
J(=B+p,-D,(a+a —y+p,-1),(@+B +p—v,—1) ok

’ ’ tp k
). (=D, (@+p—B-D,(@+d +§ +p-y,-1)

(1@ Bb v er) 0 (8) =

A
E'q
(

Proof: On using (1.5) and taking right hand side MSM fractional integral operator inside the summation

X4 Wy (

3=

=

’

3.2)

o e 2 1
aa BB Y —p Aq p( nq k a, a B ﬁ Y +n—p
(10+ t ) pEicun ®) = L+ m) ! (1 t )

Making use of (2.2),(2.6) and (2.8)

] Fp—-nT(a-B+p—-—n)T(a+a+f —y+p—n) n!

_ pa—d +r—p i @)™ )nq I‘(—ﬁ+p—n)F(a+a'—y+p—n)1‘(a+,8'—y+p—n)ﬂ
"= %) T (npe + 1)

, w (A . ) B\
kt—a—@ +V—sz‘(E+nq)F(—,8 +p—-nla+a —y+p—n)T(a+p —y+p—n)(tpq k)

[‘(%) p% oy F(nk“ 77) Fp—n)T(a—F+p—n)(a+a'+p —y+p—n) n!
The required result of (3.2) can be obtained by using (1.18)

In view of (1.16),the corresponding result of (3.2) for the operator (1.7) is as follows

Corollary 3.2.1 Leta, B,y, p €C such that Re(a) > 0, k,p € Rt —{0}; A, u,n € C/kZ; Re(u) > 0,Re(n) > 0,Re(1) >
0,and q € (0,1) U N, then for t > 0,

(12 ve=r) Ed () =

A
(k,q>,(y+p,—1), B+p-1) gt
31{]3
n
k

;tp
( ,l;),(p, DB+y+a+tp-1)

£
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Theorem 3.3 Let a,a’,ﬁ,ﬁl,y,p € C suchthat Re(a) > 0, k,p € Rt —{0}; A, u,n € C/kZ™; Re(i) > 0,Re(n) > 0,Re(1) >
0,and q € (0,1) UN. If Re(p) > max{0,Re(—a + B),Re(—a —a’ — B +y)}, thenfort >0

' ' k ta+a +p—y—1
aa BB Y ip—1 —
(g ) BT (6) =

pir (3)
A , ,
(ba) D@-pHpD@rd +F +p-r D)
n nk,u stptTE
(k k)( B+p 1), (a+a +p—y,1,(@a+B —y+p1)

Proof: On using (1.5) and taking left hand side MSM fractional differential operator (2.3) inside the summation

g - L) 1
aa BB Y p—1 A.q P( nq .k aa BB Y ntp—1
(52 7e072) ety © = ) sy (063 20 7o)

On using (2.3),(2.6) and (2.8)

ta+a,—y+p+n—1

o (p)nq(&) .
ZZ k/ng FTo+n)I(—B+a+n+p)l(a+a +8 —y+p+n)

nu+n _ T T

n

k pata +p—r=1 & %+nq F(p+n)F( B+a+n+p)Ta+a +B —y+p+n) (tpq_%)
ka Z F( B+p+m)T@a+a —y+p+na+p —y+p+n) ™
The result follows on using (1.18).

The right-hand sided expression of (3.3) is further expressed in terms of Fox’s H function as

",,” _ ta+a+py1
R W ROt

A
A , ,
(1-%.0) .G-pD.A-a+p-pD.-a-a ~f -p+7,D

(0,1),(1—%,%),(1—p+,8,1),(1—a—a'+y—p,1),(1—a—,8’+y—p,1)

1,4 9-%.
H4'5 —tp" k;

The next theorem yields the right- hand side MSM fractional derivative of E,?;’n

Corollary 3.3.1The result in (3.3) is reduced to another Fox H function by settingp =k,q=1,k=1,A=1,n=1landp =1
o ODB-al),(ca—a - +y1) ]

’ (O,M), (Bl 1)1(_a —a + Y, 1)) (_a - ﬁ + Y, 1)
On setting u = 1 in (3.3.1) the result is obtained in Gauss Hypergeometric function as follows

L1-f+al+a+a +8 -y _t]
1-B1l+a+a +8 —-y,1+a+p -y

@ BB, 1,1 "y 13
(Dg+a B.B V) 1E1,H,1(t) = tata VH3_4

@ BB 1,1 T
(Dgf Pl y) 111, () =t*tere 3F3[

F(l—ﬁ+a)F(1+a+a,+ﬂ,—y)

Here € = i rGrata 8 T rats )

In view of (1.15), the corresponding result of (3.3) for the operator (1.8) is as follows

Corollary 3.3.2 Let a, B,y, p €C such that Re(a) > 0, k,p € Rt —{0}; A, u,n € C/kZ; Re(u) > 0,Re(n) > 0,Re(1) >
0,and q € (0,1) U N, then for t > 0,
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A
k th+e—1 (—,q) (D), (B+2y,1) i
(D57 6071) Bl (6) = x5 Wy [ M) stp T

Theorem 3.4 Leta,a’, B, B ,y, p € Csuch that Re(a) > 0, k,p € R* —{0}; A, u,n € C/kZ~; Re(u) > 0,Re(n) > 0,Re(1) >
0,and q € (0,1) U N.IfRe(p) > max{Re(—=pB"), Re(a' + B —y),Re(a +a —y) + [Re(y) + 1]} thenfor t > 0

k ta+a'—p—y
()

A ) ) .
(;.q) B +p-D,(ca—a +y+p-1,(-a =B+p+y,-1) 4
X4 Wy nu ;tp
(%) =D~ +B +p~D,(~a—a' B +y+p,-1)

Proof: On using (1.5) and (2.4) ,we have

(D BB Y1) B (6) =

S P (l)nq K l

D BB =) EM (1) =
( )oEein® = 2 G+

(Do BB np)

Making use of (2.6) and (2.8) with (2.4)

o), | | |
_Z p k)wg TB +p—n(—a—a +y+p—n)I(-a —B+p+y—n)teterrin
B e Fp—n)'(—a' +B +p—-n)(—~a—a —B+y+p—n) n!

()

i kpn(E) F(’%+ ng)T(B +p—m(—a—a +y+p—m)(=a = +p+y—n) et =
- ] + L ,
Sopir(f) (DTG -mr(-a + 5 +p-m(—a—a —f+y+p-n) n

The required result of (3.4) can be easily obtained by using (1.18).

In view of (1.17),the corresponding result of (3.4) for the operator (1.9) is as follows

Corollary 3.4.1 Leta, 8,7, p €C such that Re(a) > 0, k,p € Rt —{0}; A, u,n € C/kZ~; Re(n) > 0,Re(n) > 0,Re() >
0,and q € (0,1) UN, then fort > 0,

A
l
Wy p—p 1q kp_ktﬁ_p (E'q) ,(2)/+p,—1), (_.8 +p,—1) q_ﬁ
(D7) B, @ === xs ws [ '
r(z (%) o =D.r =B +p.-D)
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