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Abstract: We have reflected on the ratio of specific heat and 

temperature (γorCel) of selected electron and hole doped high-

Tccuprates. The electronic specific heat rises slowly and there is 

a sudden drop at the critical temperature and then it gradually 

decreases for temperatures above TC. The behavior of electronic 

specific heat below TC is in good agreement with the BCS result 

for d-wave superconductor. The electronic contribution to the 

total specific heat of these materials is less than 1 %.The 

relevance to high-Tc superconductivity in the cupratesis 

discussed. 
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I. INTRODUCTION 

igh transitional temperature (Tc) superconductors are 

commonly categorized into two groups: hole-doped (p-

type) and electron-doped (n-type) cuprates. To the former 

category belong, for example, the first high-Tc material La2-

xBaxCuO4[1], YBa2Cu3O7, Bi2Sr2Can-1CunO2n+4and the 

superconductor with the highest critical temperature 

HgBa2Can-1CunO2n+2. The latter category is formed by the 

materials Ln2-xCexCuO4, with Ln = La, Nd, Pr, Eu, or Sm [2] 

A. Hole-Doped Cuprate Superconductors 

Cuprates exhibiting high-temperature superconductivity 

have been intensively studied in the last roughly three 

decades. All series of high-TCcuprates, La-214, Y-123, 

Bi2212, etc, have the parent compounds which are anti-

ferromagnetic (AF) Mott insulators. In the hole-doped 

cuprates, doping of hole carriers into the parent compound 

destroys an AF order quickly, and then, the superconductivity 

appears. With increasing hole-doping, TC is raised in the 

under-doped regime and exhibits the maximum in the 

optimally doped regime. With further doping, TC turns into a 

decrease in the over-doped regime, and finally the 

superconductivity disappears in the heavily-over-doped 

regime where the system becomes a metal. Experiments 

[3]have shown that there exist AF fluctuations in the 

superconducting reegime, suggesting that AF fluctuations are 

a glue to form superconducting electron pairs. In the non-

heavily-over-doped regime, theories and experiments have 

suggested the existence of ferromagnetic fluctuations or 

itinerant carriers [4]. 

B. Electron Doped Cuprate Superconductors 

Electron-doped high-TCcuprates were first discovered by 

Tokura in 1989 [5]. There are pronounced different features 

from those in the hole-doped cuprates. Here, the current or 

charge carriers are electrons, and to obtain superconductivity 

in electron-doped cuprates, it is absolutely necessary to have 

reduction annealing. The doping of electrons into the parent 

compounds weakens the AF order, but the AF order is 

maintained around the optimally doped regime. The 

superconductivity with the maximum TC appears around the 

optimally doped regime and is monotonically suppressed with 

over-doping. Since AF fluctuations were observed around the 

optimally doped regime, the electron pairing mediated bu AF 

fluctuations is also believed to be the case in the electron-

doped cuprates. However, the mechanism of the un-doped 

superconductivity is still unclear, whereas there seems to be 

an intimate relation between the superconductivity and AF 

fluctuations, whether the cuprates are hole-doped or electron-

doped. 

The thermodynamics of superconductors at low 

temperatures is determined by the excitation of two quasi-

particles. In the conventional superconductors with BCS type 

pairing, the energy gap is isotropic, and the temperature 

dependence of the heat capacity has exponential form

TkB/exp   , where Δ is the superconductor’s gap. In 

superconductors with anisotropic pairing, the temperature 

dependence of the heat capacity has power character, namely, 

T
n
. The appearance of such temperature dependences is 

related to that of the superconductor’s gap which has zeros on 

the Fermi surface. The development of a model to explain the 

thermodynamics of high-temperature superconductors remain 

unsolved [6].  

The electronic specific heat capacity Cel of La2-

xSrxCuO4 (La214) was measured over a wide range and then, 

Uo evaluated from Cel. In highly doped samples, Uo agreed 

with the BCS value but it was significantly reduced in the 

under-doped region [7]. [8] in their research on the 

temperature dependence of specific heat capacity for 

BaFe1.8CO0.2AS2, clearly showed a specific heat discontinuity 

below TC peaking at 20 K. The fitted sommerfeld coefficient, 

γ was 0.471mJ/K
2
mol.The superconducting properties for the 

Sr1−xLaxFBiS2 system [9]have been studied. An anomaly 

relevant to the superconducting transition was discernible at 

H 
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T=3 K in the zero-field curve, reflecting the bulk 

superconductivity in this compound. The data for the normal 

state, on the other hand, were well fitted to the conventional 

relation:C/T = γn + βT
2
. The best-fitted result gave the 

normal-state specific-heat coefficient of γn=1.6 mJ/molK
2
. 

After subtracting the phononic contribution (βT
2
), the 

electronic specific heat Celshowed a clear jump which 

manifested itself at the superconducting transition. Taking the 

entropy balance into consideration, TC=3.0 K was obtained 

and the specific-heat jump of ∆C/γnTC=1.1. This value of 

specific-heat jump is less than that of the BCS weak-coupling 

limit (=1.43), but it can be comparable to the BCS value when 

considering the apparent shielding fraction. 

In this work we deduce the electronic specific heat, γ of 

selected hole and electron doped cuprates in the framework of 

Bose-Fermi-Hubbard model. The electron-doped compounds 

Nd2-x CexCuO4 (NCCO) and Pr2-x CexCuO4 are studied and 

compared with YBa2CuO7 (Y123) and La2-x SrxCuO4 

(LSCO)-hole-doped materials by using Bogoliubov-Valatin 

transformation technique.  

II. MODEL AND APPROACH 

The effective Hamiltonian, in the context of Bose-Fermi-

Hubbard model system in a strong coupling regime is given 

by [10]; 

                                                                                          (1.1) 

This Hamiltonian is diagonalized by both fermionic and 

bosonic canonical transformations resulting into ground state 

energy of the system from which specific heat is 

ascertained[10]. 

The quotient of specific heat and temperature results 

intosommerfeld coefficient (electronic specific heat)[10]given 

by; 

Cel =  
 𝑡 + 1.4∆ − 2𝜇 + 2𝐽 + 𝑈 2

100𝑘𝑇3
. 𝑒− 

 𝑡+1.4∆−2𝜇 +2𝐽  +𝑈 

100𝑘𝑇
   

                                                                                          (1.2) 

III. RESULTS AND DISCUSSION 

The specific heat is a bulk thermodynamic measurement 

that probes all excitations in a system. In order to extract the 

excitations arising only from the electronic quasi-particle 

density of states, we have considered the contributions by the 

electrons to the specific heat. Using data generated from 

expression (1.2), we have estimated the electronic specific 

heat of the high TC superconductors and drawn the variation 

of electronic specific heat of hole- and electron-doped 

materials in the temperature interval 0 K−500 K (figure 1.1 

and 1.2). It is observed that the electronic specific heat rises 

slowly and there is a sudden drop at the critical temperature 

and then it gradually decreases for temperatures above TC. 

The hump-like feature of γ or Cel is in good agreement, in 

both shape and size, with the BCS result for d-wave 

superconductor i.e LSCO [11]. The Cel is maximum at the 

peak (TC) and exponentially reduced below TC. Such behavior 

indeed resembles the work reported by [9],[12], [13][14],and 

[15]. Narrowing of the peak (curve for LSCO) at TC might 

characterize the phase transition into the second order type. 

This conforms to the work reported by [16], in which case the 

narrowing of the peak is related the conventional 

superconductivity scenario with Cooper pairs becoming more 

effective. 
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Figure 1.1: Variation of electronic specific heat with temperature for YBCO 

and LSCO. 
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Figure 1.2: Variation of electronic specific heat with temperature for NCCO 

and PCCO. 

In Figure (1.1), the electronic specific heat is higher for LSCO 

between 0-190 K after which YBCO records higher values. 
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This observation perhaps signify that Cel is dominated with 

other contributions (perhaps plsamons, phonons and 

magnetism) being insignificant for LSCO within the specified 

temperature ranges. The higher Cel for LSCO, could be 

attributed to the higher effective mass of LSCO hence 

increased population of the density of states. The maximum 

electronic specific heat for YBCO is 2.769 ×10
-5

eV/K
2
 

(~4.43×10
-24

JK
-1

), occurring at TC≈130 K and for LSCO is 

3.037×10
-5

eV/K
2
 (~4.89×10

-24
JK

-1
) at 130 K. At 

approximately 190 K, both cuprates have Cel=2.459×10
-

5
eV/K

2
 (~3.93×10

-24
JK

-1
). 

From figure 1.2, we deduce the maximum Cel to be 

3.505×10
-5

eV/K
2 
(~5.61×10

-24
JK

-1
) at T=170 K and 4.234×10

-

5
eV/K

2 
(~6.77×10

-24
JK

-1
) at T=110 K for NCCO and PCCO, 

respectively. [14], while studying the gap structure in the 

electron-doped Iron-Arsenide superconductor 

Ba(Fe0.92CO0.08)2As2 using the phonon part of CV obtained Cel 

of 18mJ/molK
2
 (~2.99×10

-26
JK

-2
). [15], in his work on the 

interaction of Cooper pair and an electron found (γ) or Cel of 

γ=60.4 mJ/molK
2
 (~1.0×10

-25
JK

-2
) for Y123 at T=62 K. 

Similar findings for Y123 were reported by [12] and [17] who 

obtained an electronic specific heat of 60 mJ/molK
2
 

(~9.96×10
-26

JK
-2

) and 56 mJ/molK
2
 (~9.3×10

-26
JK

-2
), 

respectively, while using different techniques and conditions. 

[18]obtained an electronic CV ~45 mJ/molK
2
 (~7.47×10

-26
JK

-

2
), while working on the specific heat of underdopedcuprate 

superconductors from a phenomenological layered Boson-

Fermion model. Indeed, our results agree in principle with the 

findings from other authors.  

IV. CONCLUSION 

We have examined the ratio of specific heat and temperature 

in the context ofBose-Fermi-Hubbard model and we infer that 

the electronic contribution to specific heat is lower for 

electron-doped cuprates compared to hole doped cuprates. 

This could be due to rare Earth magnetism in electron-doped 

cuprates which give rise to anomalies at low temperatures 

hence making extraction of Cel difficult. Besides, the presence 

of apical oxygen in electron-doped cuprates may alter the 

order of crystal structure of these materials there by 

suppressing the density of states. Clearly, the maximum 

contribution by electrons to the total specific heat occurs at 

lower critical temperatures. The maximum electronic 

contribution to the total specific heat of these materials is 

nearly 0.006 %.Above TC, the values decrease gradually and 

finally at 300 K it is about 0.0033 % for the four cuprates. Our 

% electronic contribution to the total CV concurs with that 

reported by [18]who noted that the electronic specific heat 

contributes less than 2 % to the total specific heat. Perhaps a 

large contribution to the total specific heat could be from 

bosons and plasmons which need to be explored. 
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