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Abstract: Hepatitis B has been a major global health menace for
it’s a potentially life-threatening liver disease. Around two billion
persons are living with this infectious disease across the world.
It’s transmitted by infected individual to uninfected person
either vertically (transmission before or during birth by carrier
mother to the baby) or horizontally—transmission when the
bodily fluid of an infected person comes into contact with the
hepatitis B virus-free person. This can happen through the
sharing of non-sterilized injection syringes, tattooing objects and
through sexual intercourse. This particular project studied a
mathematical model that combined both vaccination and
treatment as a means to controlling the hepatitis B virus (HBV).
In our mathematical model, equations are derived from the flow
chart representing the HBV transmission dynamics. We
determined the disease-free equilibrium (DFE) state, the endemic

equilibrium (EE) state and the basic reproduction number Ro-

The stability of these points are determined and the results show
that the disease-free equilibrium is both locally and globally

asymptotically stable ie Ry <1. The stability analysis of
endemic equilibrium point also reveals that the point is locally
and globally asymptotically stable, i.e Ro >1. The basic

reproduction number Ro is computed using the next generation

matrix method. The systems of ordinary differential equations
(ODEs), which are non-linear are solved by numerical
simulation. This was achieved by use of Runge-kutta method of
order four with the help of MATLAB software and techniques.
These results show that either of the method, treatment or
vaccination, administered is effective in alleviating the spread of
HBV disease, however, when both control strategies are
combined, the disease is quickly controlled and ultimately
brought to eradication.

Keywords: Mathematical model, Hepatitis B Virus (HBV),
Treatment, Reproduction number, stable, unstable, Disease-free
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I.  INTRODUCTION
1.1 Background Information

Hepatitis B Virus (HBV) is a hepadnavirus with circular
genome composed of partially double-stranded DNA and
replicates through intermediate form by reverse transcription,
Lacamini (2004). Hepatitis B therefore, is a liver infection
caused by HBV and always finally evolves to liver cirrhosis
and hepatocarcinom, Klysik (2001). This disease has two

routes through which it is transmitted’ One is a vertical
transmission from an infected mother to the child during birth.
This is a mode of infection in which 95 percent of the cases
becomes chronic. The second infection route is through
horizontal transmission between adults mainly through sexual
contact, sharing bloodied needles and injection equipment,
Liang (2009) and Rehermann & Nascimeni (2014). In this
case, it is known that more than 90 percent of infection
becomes acute. The first record of hepatitis B was made in
1885 and the discovery of its associated virus was later made
by Bruch Bloomberg in 1986 at the National Health Institute
in the USA. Since then, it has remained a major health
pandemic. Towards the end end of 19802 in an attempt to
address this menace, WHO designed and initiated a very
crucial Demonstration Project, in HBV history, on a large
scale controlled clinical trial to vaccinate 80,000 newborns in
high incident area of Qidong of Jiansu Province in China,
Zuckerman et al, (1983). The Project ended seven years later
and it was found that hepatitis B virus vaccination provided
75% protective efficiency against HBV infection. The
organization therefore, recommended that hepatitis B
vaccination should be included in all the national
immunization programs and systems in all the countries of the
world.

In Western Europe, and America, the prevalence of Hepatitis
B remains very significantly small below 1 percent, while in
both South East Asia and Sub-Saharan Africa, it is so high
with about 5 percent to 10 percent of the population
chronically infected with the disease, World Health
Organization [WHO] (2016). The basic control measures of
HBV are vaccination, treatment, educating the masses,
screening of the blood and all blood products, Centre for
Prevention and Control of Diseases [CDC](2005). According
to Kenya Medical Research Institute [KEMRI](2004), there is
an alarming increase of HBV cases in Kenya. It puts the
prevalence rate of HBV at about 10 percent in pregnant
women and more than 30 percent among the liver-diseased
patients attending clinics. KEMRI further stated that the
regions with high prevalence of HBV in Kenya are West
Pokot County, Turkana County, Garissa County and Wajir
County. The ostensible causes of HBV in the regions are
cultural practices such as tattooing and circumcision in which
they do not use sterilized implements and because the areas
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are dry and people may not be able to get proper nutrition that
ensures stronger immunity.

1.2 Statement of the Problem

Owing to the life-threatening nature of hepatitis B virus,
global community has attempted to understand its dynamics
and mathematics language has become one of the finest ways
to comprehend the phenomenon. As such, mathematical
modelers have modeled HBV epidemiology and their
recommendations have become extremely useful to the public
health policy makers in trying to control the disease. Despite
all of this work, the existence of HBV still indicates a slow
pace of control. Therefore, a lot of work is required to be done
in this area. Our work focuses on analyzing Hepatitis B. Virus
by using Mathematical model to assess the impacts of
vaccinating and treating HBV patients in Turkana County,
Kenya’s one of the regions, in which prevalence of HBV is so
high. In our model we assumed that babies born to carrier
mothers are vertically infected as usual but automatically
become carriers without incubating in the epidemiological
class of latent stage. Besides vaccination, we factored in and
focused on the role of treatment to supplement the vaccination
control strategy. In this study, we investigated the impact of
treatment in the carrier stage. This is because relapse and
resistance may occur after treating the patients at the acute
stage.

1.3 Justification of the Study

We do acknowledge that much work has been done in
attempting to understand the HBV properties and to control its
transmission as attested to by an inexhaustible list of models
currently in publications. However, to effectively control or
even eradicate the infectious hepatitis B virus, vaccination
alone, as a path taken by several modelers, is not enough
unless it’s coupled with treatment since the already infected
people cannot be helped by vaccination alone. This gap of
knowledge is what our study attempts to close by forming and
analyzing the HBV mathematical model. The research is also
affordable and time-friendly, making it a worthwhile research
undertaking.

1.4 Aim and Objectives
1.4.1 General Objective

The main objective of our study is to establish a mathematical
model for Hepatitis B Virus and make an investigative
analysis with a view to eradicating or fully control the spread
of HBV using vaccination and treatment as the control
strategy in a given population.

1.4.2 Specific Objectives

The particular or specific objectives of this study are:

1) Formulation of a mathematical model flowchart
ii) To derive the model equations

1ii) To find the reproduction number

IV) Analyze the stability of the model at both the

disease-free equilibrium and endemic equilibrium
points.

V) Use numerical simulation to investigate the impact of
combining vaccination and treatment in controlling
HBV pandemic

1.5 Significance of the Study

Since HBV is proving to be life-threatening disease and we
are looking for the possible best solutions, the work will help
us in understanding the dynamics and control of hepatitis B
Virus (HBV) through the effects of vaccination and treatment.
It will enable the public health policy makers, by applying the
recommendations of the study, to be able to make predictions
about HBV and hence accurate policies and control.

The model will enable us to apply the mathematical
knowledge, to our real-life situation which in this case is the
control of HBV. Because it closes the existing gap of
knowledge, just like any other research work, its tentative or
possible weaknesses that will have eluded our intellect by the
end of the study will excite further research from the
interested modeling researchers and hence the advancement of
knowledge in this particular field.

1. LITERATURE REVIEW

The World Health Organization [WHQ] (2017) reported that
more than 0.25 billion people are living with hepatitis B virus
infection, most of which resulted in several deaths. According
to the WHO reports in 2021, there were more than 820,000
HBV-related deaths in 2019 with 1.5 million infections each
year. The infection is spread when the bodily fluid of an
infected individual comes into contact with someone who is
not yet infected, Sirlert et al, (2014). Hepatitis B virus causes
chronic liver disease and chronic infections and puts people at
a higher risk of death from cirrhosis of the liver and liver
cancer. Hepatitis B infection acquired in adulthood leads to
chronic Hepatitis in less than 5 percent of the cases while
many of the infant-related infections develop into chronic
infection, Hyams (1995) and this is the basis for strengthening
and prioritizing infant and childhood vaccination, WHO
(2013). The Hepatitis B virus nfant vaccination series (three
doses of HBV vaccination) which provides infants with long
term protection from HBV infection Peto T.J. (2014), was
introduced in immunization programs in all but 12 countries,
by 2017, WHO (2016). Elimination of Hepatitis B Virus from
liver tissue remains an elusive goal. Chronic HBV results
mainly from maternal-neonatal vertical infection, Rehermann
(2013). Direct study of the initial HBV-immune dynamics in
patients is simply difficult hence, the attention is given to
animals and Mathematical modelling, Murray and Goyal,
2015; Congelosi et al, 2017. Mathematical models have
therefore, been used to study HBV quite extensively, Ciupe et
at, 2007; Fetahi Chenar et al, 2018. Such models have
revealed various protection levels, virus clearance rate and
half-life of infected cells. The use of mathematical modeling
has improved our understanding of contracting factors and
how we should control it. Modeling has ranged from simple
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model, Anderson 2008; Halfmann et al, 2008, to more
complex models involving the contribution of controls such as
vaccine, Pang and Zou (2010) and the analysis of impact of
immigration, Khan et al, 2013. Hepatitis B infection was one
of the two greatest attributes proportion of cancer deaths by
risk factor in China, S. Islami et al, 2017. The risk of
developing a carrier is dependent on age of infection and the
transmission has different routes for adults and children, L.
Zou et al, (2017). It is known that sexual transmission is an
important route of HBV spread in adults, L. Zou et al, (2015).
Looking at all the available literature on this particular
disease, research has intensively been geared towards
vaccination to control the disease. However, it must be
implemented along with treatment if HBV is going to be
effectively controlled or eliminated altogether. Our study
therefore, introduced treatment to back up vaccination as a
means to control HBV. The gap stems from Zou et al (2010)
paper who proposed a mathematical model to investigate the
transmission dynamics and prevalence of HBV in China
where they implemented vaccination alone. Our case study is
confined to Turkana County, Kenya where the prevalence is
high.

Since the risk of contracting hepatitis B is essentially related
to sexual exposure and/ or other fluid contacts between
carriers and uninfected individuals, treating carriers becomes
so important. This backs up the immune system which usually
mounts high response to fight HBV but sometimes fail due to
viral resistance. We have divided the host population into five
epidemiological classes in proportions: susceptible class S(t),
acutely infected class I(t), chronic carrier class C(t),
vaccinated class V(t) and recovered class R(t) where
parameter t is the time variable.

I1l. THE HEPATITIS B VIRUS MODEL
3.1 Mathematical Formation Description of the Model

We formulate a mathematical model in which the total human
population is compartmentalized into the following:
susceptible individuals S(t), acutely infected persons I(t),
chronic carriers C(t), vaccinated individuals V(t) and

recovered patients R(t). ,ua)(l—vc) is the rate of recruitment
of population into susceptible group. £ is the transmission

coefficient from susceptible group to acutely infected class
while ¢&is a reduced transmission rate relative to acute

infection by chronic carriers. 4, £ and g are the birth rate

recruited into susceptible class, natural death rate which
occurs in all the five classes and the Hepatitis B Virus -related
death rate respectively in the model system. @ is the

proportion of birth without vaccination while (1— @) is the
vaccinated proportion. Vv is the proportion of birth vertically
infected i.e those children infected during birth. y; is the rate
of vaccination while / is the rate of waning back to

susceptibility when vaccination does not clear the disease. y;

is the rate of moving from acute stage to other compartments
while g is an average probability an individual fails to clear

acute infection but develops carrier stage. qy; is the rate of

moving from acute stage to carrier. Chronic carriers are
treated at the rate of « and these treated individuals move

from chronic carriers to immunity at the rate of y,. (1-q) 7,
is the rate of recovery from acute infection.

Table 3.1: Variables and parameters of the model

Description of variable Symbol

Susceptible population S(t)

Acutely Infected Members of the Population I(t)

Individuals who are chronic carriers C(t)

Vaccinated Individuals of the population V(t)

Recovered individuals R(t)

Rate at which children are born into the U
population
Natural death portion U,

Hepatitis B Virus -related death rate

Percentage of birth that is not vaccinated @

Percentage of birth vaccinated

(1)

Percentage of birth that has vertical infection | V

Rate of waning back to susceptibility by
vaccinated individuals

W
Coefficient of transmission to any class ﬂ

Rate of transition from acute stage to other | 7,
compartments
Probability of failure of individual to clear
acute infection stage but instead develops N q
carrier stage
Rate of transitioning from acute infection to
chronic carrier

Rate of transitioning from acute infection to 71
recovered class (1-q)
Rate of moving from chronic carrier to
immunity
Vaccination rate of susceptible individuals

Reduced transmission rate by acute infection
relative to carriers

Rate at which chronic carriers are treated

3.1.1 Model Assumptions
The following assumptions are made regarding the model:

i) The members of the population are the same
(homogeneous population)

ii) Recruitment of individuals into the population is only
through birth

iif) Exiting out of the population is through both natural
death and Hepatitis B Virus-related death only

iv) Individuals who received vaccination may not
necessarily achieve permanent immunity

v) Infants born to carrier mothers proceed to chronic
carrier stage immediately

vi) Treated carriers recover
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3.1.2 Flow chart Describing the Model and its associated Equations
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Figure 3.1: Flow chart

The following are the equations we can possibly draw from
the flow chart above

C;—fzya)(l—vC)H//V =ty + 75+ Bl +£fC)$
(jcl—\::y(l—w)—(ﬂo+W)V +75S
%: (Bl +8AC)S (1 + 72)!

dc
Eﬂml + uovC —(uy + 14 +7, +a)C

drR
Ez(l_Q)hl +(0{-I—}/2)C—,UOR

(3.1)

Since R appears only in the last equation, it’s sufficient that
we discuss only the first four equations which are independent
of R.

ds

ot = puw@L—VC)+yNV — (y + 73+ Bl +&6C)S
dav

E:[u(l—a))—(ﬂo +y )V + 73S

di

Gt = B +aC)S — (4o + 7))

dC

e =gyl + puawvC — (g + 14 +y, +@)C

32
3.2 Analysis of the Model

In this section, we discuss the positivity, boundedness,
existence and uniqueness of the solutions. We also discuss the
equilibrium points (Disease-free Equilibrium and Endemic
equilibrium) and the basic reproduction number.

3.2.1 Positivity of the Solutions
We give the proof that for all
te[O, to], S(t), V(t), I(t), C(t) will be positive in R,

Since it’s already known that all the parameters used in the
model system are entirely positive, we will place a lower
bound on each of the equations of the system (3.2), such that
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ds

Eww(l—vC)wV —(Uo+73+ Bl +eC)S 2 ~(uy +75+ BI)S
dv

ot = pl=0) = (o +y )V +73S 2 =(1y +y )V

di

a:(ﬂl +&fC)S — (1 + 7)1 2 (15 + 7)1

dC
E:qﬂl +uvC —(uy + iy +y, +a)C > —(uy + 4y +y, +)C

By the method of separation of variables, we obtain the
following solutions;

S(t) > S(O)e—[(yo+y3)t+ﬁj|(t)dt+gﬁj0(t)dt]

As t —oc, we have
S(t)>0,vt>0

In view of the second equation and using the method of
separation of variables, we have

V(t) >V (0)e o)

As t —oc, we have;
V({t)>0vt>0

The third equation gives us;

(t) > 1(0)e ok

As t —>oc, we have
I(t)>0Vvt>0

Finally, we solve for C(t)

C(t) > C(0) (ormrnrak

As t —oc,we get C(t) >0,Vt>0
Hence for all te(0,t,),S(t), V(t), I(t)and C(t) will be
positive in R?.

3.2.2 Boundedness of the solutions

Lemma 1
:There existsan S,,, Vi, 1, ,C,, >Osuch that S(t), V(t), I(t), C(t), limSup(S(t)) < S,,
t—oo

limSup(V (t))<V,,, limSup(I())<1,,,

t—oc t—oc
limSup(C(t))<C,,, vt [0, t,]
t—ooc
Proof
We must proof that for all

te(0,t,),S(t), V(t), I(t) and C(t) will be bounded. We

know that all the constants used in the system are positive,
thus

ds dl dc

ananE:ﬂw‘(ﬂoWs)S(t)‘(ﬂo+71)| (0)-(p+ g 47, +)C(t)

d(S+1+C)
t

(S+1+C)t)<— HO
MiN(y + V3. o + 721 Mo+t + 7, +0X)

< =Mty + 7ty + 15, o + 4+ 7, +aHS +1+C)t)

-min(ug+y3, Ho+71, Ho+ i+, +a )t
4 K@ Min(ko+7s, o7 pi+ a7+

Taking the limSup of both sides,

HO
- +
limSup(S + 1 +C)(t) < limSup| Min(uy + 75, o + 71, o + 14+ 7, + @)
t—soc t—oc koeimin(ﬂw“' Uo+71, o+ +y+a t
HO

Mty + 73ty + 71 g + 11+ 7, + 1)

So, choose

S. =1 =C. = Ho
M M M min(ﬂ0+]/3y/«lo+7/11ﬂ0+/11+7/2+a)

Thus (S+1+C)(t) is bounded, so S(t), I(t) and C(t) are all
bounded since (S(t), I(t), C(t))< (S +1+C)(t)

so, S(t)<S,,, I(t)<1,,.and C(t) < C,, Vt€[0,1,]
Again, since the constants used are positive, we can place an

dv
upper bound on E SO,

dv

EZ,U(].—G))—F}@S —(ty + @) S u(l— ) + 7,8
Therefore, we choose;

V, =S,

V() <S,,

Since S(t) is bounded for all t € [0, t, ], we know that V/(t) is
bounded for all t € [0, t, }

3.2.3 Existence and Uniqueness of the Solutions

Lemma 2: Let t, > 0. In the model, if the initial conditions
satisfy S(t) >0, V(t) >0, I(t) >0,C(t) >0 then
vt e R, S(t), V(t), I(t) and C(t) will existin R?
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Proof Lo +yN —(,uo+}/3)S =0 Q)
S(t) peo(1-VC) + YN - (s + 7, + Bl + 6C)S Also, the second equation becomes
V(t 1- S-— \Y

x| VO and f(t) = plL=0) 75 = (o ) p—po+7,S —(uy +w N =0.......... (i)

1) (81 +&fC)S ~(tty + 7!
C(t) qz,l + uovC —(ﬂo + i+, +a)C Making V the subject of the formula, we obtain

: : . : — HO+ ¥,S
We note that f is continuously differentiable on R *and thus f V= HTHOTT
is locally Lipschitz in R* Ho +y
Theorem 1: Fundamental Existence and Uniqueness  Substituting expression of Vinto (i), we obtain

Theorem. Suppose the funcj[ion f 9%” —>R"is cor?tinuou-sly = o+ 7,8 _( )S o
differentiable, then x(t) is a solution of the differential HO+Y| —————— Ho+73)0 =
dx . HEY
= f(x)onaninterval T. Expansion gives
equation
If x(t) is differentiable on I"and if ﬂa’(ﬂo + ‘//)"‘ '//(:u —Ho+ 733)_ (:“o + ‘//)(,Uo + 73)8 =0

Oy + HOY + YU —YUO +YY,S — + UV T Wy +75)S =0
VteF,x(t)isinm“andz—)t(:f(x(t)) and given x, € R", x(t) Hllla T HOY TV VHOTVTs (,uO,uO Fots TV 73)

is a solution of initial-valued problem.
MO + W — o oS — oY oS —WiyS =0

dx
a: () ﬂa)ﬂo""//ﬂ_(ﬂo/v‘o +ﬂo73+‘//ﬂo)s =0
X(t,) = X, HOpy Y= (,Uo,uo Tl T :uo'//)s

B : : _ HO, + Yl

y the well-known existence and uniqueness theorem we S=

have just stated above without proof, as well as the proved Mol + HoY 3 + Wi,
lemmas of positivity and boundedness of the solutions, we can
conclude that there exist unique, positive and bounded S0 = M
solutions to the system (3.2) of the ordinary differential ,u(,uo +73 +l//)
equations.

3.2.4 The Disease-free Equilibrium (DFE) point

We also need to find the expression of V°

The point referred to as a disease-free equilibrium of a system Using equation (ii)

is a point that is free of disease or in which there is no S = + — U+ uw
infection within the population under study. At a disease-free V3 (,uo l//)\/ HTH
equilibrium situation, we equate the equations of the system S = (,Llo + a))\/ — U+ Uw
(3.2) to zero, thus; -
73
Ho(A=VC) + YN — (1, + 3+ Bl +£C)S =0
HA= @)= (y +y)V +7,S =0 Substitute this expression into equation (i)
(Bl +£AC)S - ( +7,)1 =0
oo (g 7, Lo WV 0]

qy,l + pueovC —(uy + 4+ 7, +a)C =0 a alb 74 -

(33)  Hors+ N =+ 7o itV +YN —pt p0)=0
Now, Moy s+ YNy, _(,uoluov + N = o+ o0 + 7511V + 75N _73/u+73;u0))20

,Ua)(l_"c)"H//V —(/10+}/3+,6'| +5ﬂC)S =0

Since there is no infection, the terms containing | and C
vanish so that we have

Opening the bracket, we have;
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= Mot — oW + o pt — po 1 = y 3 14N + y5 40 =0

—(totty + oW + Vatig N + ot = o1+ ya10 =0
V = Hold — HoHo + Y s [
HoHo + HoV + o)
V0=ﬂ(ﬂo_ﬂoa’+73)
Hollto + + 7o)

The disease-free equilibrium point is thus given by

Eo(ﬂ(ﬂoa)""//) w1ty + 75 = p1,) OOJ
oo +75) " po(tto +w +75)

1°=C°=0

Threshold for Disease Spread

When dealing with an infectious disease, the major concern is
always its ability to attack the completely susceptible
population. It’s therefore, imperative to get the threshold

parameter whose value usually dictates whether the disease
will continue to spread or die out. This parameter is referred

to as the basic reproduction number (RO). This quantity gives

the average number of secondary infections generated when
one infected individual is introduced into a fully susceptible

population. If R, <1,on average an infected individual

produces less than one new infected individual in the course
of the infectious period and hence the disease dies out of the

population. But if R, >1, infected individual produces, on
average, more than one new infected individual and thus the
spread of the disease is possible.

3.2.5 Calculating the Basic Reproduction Number (Ro)

We use the next generation matrix method stipulated by Van
den Driessche Watmough (2002) to calculate R,.The basic

reproduction number formula is given by p(FOVO’l) F, is

the Jacobian of f, at E° and f, is the rate of appearance of
new infection in the compartments
i while V, is the Jacobian of v, at E°. v, represents rate

at which are individuals are transferred into and out of the
compartment I. The population infected with the disease is
represented by the two equations below.

(ﬁl +8ﬂC)S—(ﬂo +71)' =0
q;/1+,ua)vC—(,u0+,ul+y/2+a)C=O
Taking X=(| ,C)

—=f-v
dt

(k1o + 7)1 }

{ﬂls +gﬂcs} {
0 _q7/1+(luo+;ul+72+a)c_ﬂwv

where,

¢ _[AIS+epcs and v (1t + 7))

' 0 Vo Land - uevC + (4 + p +y, +@)C
. /S gps°

F, = Jacobianof f at E° = 0 0

V, =Jacobianof v; at E° {

(154 71) 0 }

~07, (mtm+y,+a-puov)

Mot i+, ta—pav 0
V71: Hot 71
0
a7 Hot 1

(o + o+ 7, + =iy Nty +7,) g+ i+ 7, + @~ pov
Multiplying the two matrices gives

e ra-porff') apeff’ 5 +7)
1 Hyth (ﬂo"’:"ﬁ?/ﬁa)(ﬂo"'%) Wyt g ty, +a— oy
Fovoi =
0 0

The basic reproduction number R, is given by the spectral

radius of the matrix, FOVO’1 that is, its highest absolute value
of eigenvalue.

-1
R, = P(Fovo )
The eigenvalues of the above matrix are;

ey + o + o)t + 1)

/'11:0 ﬂz _ﬂ,tl(,tl0+/tl+}/z +a_,UCUV)(I//+,U0+a))+
ﬂo(ﬂo"'}’s‘“//)(ﬂo"'/%*'}’z +Ot—,ua)v)

B ﬂo(ﬂ0+71)(ﬂ0+73+'//)

Clearly, the basic reproduction number becomes

By + iy + o)ty + 1)
Holtto + 73+ Nt + 1+, + = peov )

R, - Bulpts + 1+ 7, + @ = poov Yy + 41, + )

+
ﬂo(ﬂo*?’i)(ﬂoJf?’s“//)
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3.2.6 Endemic Equilibrium (EE) Point.

It is a point at which disease persists within the population
under study. For the disease to remain in the population, the
vaccinated class, the susceptible class, the infected class and
the chronic carriers’ class must not be zero. In other words,

E*(s"v",1"C")=0.
When we substitute E, we obtain system (3.4) below.

uoOL—VC )+ N — (1 +y,+ Bl +gBfC)S =0
pl-0)—(uy+y N +7,8 =0

(A +2AC")S" = (s + 7)1 =0

4y + (v — (o + 1+ 7, +@)IC" =0

(3.4)
Without the loss of generality, we can as well omit the
asterisk [*] in our calculations but replace it later.

(L= @)= (o +y N +7,8 =0
yoil-okss (iii)
Hy Ty
Adding the third equation of system (3.2) to the first equation
i.e
,ua)(l—VC)+l//V _(,uo +7;+pl +8ﬂC)3 =0
+
(:BI +5ﬂC)S _(/Jo +71)| =0
HOQL=VC)+ YN = (ptg +75)S = (o + 7)1 =0 (IV)

But we know V in terms of S, therefore,

ya)(l—vC)+ W{#(l‘a’)+733}_(
Hy+¥

ﬂ0+73)s_(/uo +7’1)| =0

1 = o+ Juo(-1C )yl o)+ 1St +y Ny +5)8
(ﬂo ""//)(,Uo "‘71)

Simplifying terms containing S i.e,

wA(u— )+ 7,8} (o + v Xty + 75)S

W —WHO +WY5S — Lo oS — 1oV 5S —WHheS —W73S

vt — e — (poty + Lo + Wity )S

Substituting back we have;

= ool ey (oo + s+ )5
(1o +y N+ 72)

Add second equation of (3.2) to (iv), i.e
uo(L-1C )+ (7,8 - (47,1 =0

+

ull-0)-(u+y N +7,5=0

Hence
uo(L-1C)4+ pll=0)- pV = S (g + 1)1 =0 (i)
olt-iC)e o SULOEY s g

bty

(st + 7 o {L=1C )+ (i, +y )l 0)- il =)+ 7,53t 4 S ~ (o, +y Nty +7,)1 =0

Substituting the expression of | which is equation (v), we
obtain

(o4 )ueo0-C )~ 1ty 4 Jull= 0) g+ ptopaer = 17,8 = pio 11+ )8 = (tty + Juo(1-1C)

—yuyo+ (ot + oy +yin)S =0

Rearranging, we get;

L ttotty + tottoy s )= g7 = i pty +w IS = (1t + ML= @)pa+ ptot — piypaco + pay = yypeo

Hence

g+ _ (o 9 )ull— o)+ prot = pto oo+ yp —ypaco
(/Jo/uo T Y3 +/”0W)_/Uo7/3 _:uo(luo 'HV)
From (iii), we have
V = Hl- o)+ 7S
Ho +y

Therefore,
V= Hl- o)+ 7,8

Ho Ty

We need to find 1"
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Adding the first and fourth equations of (3.2)

o = pavC +yN _(:“o+73+ﬁ| +3ﬂC)S =0
+

Q) + Ve~ + gy + 7, +@)C =0

Ho+ YN+, _(:uo +73+ +8/’C)5 _(:uo tiht7, +(Z)C l L (vii)
Adding (vii) to the third equation of (3.2), we obtain;
pe N+ 0l =g +73)8" = (g + 71 =ty + 4+ 7, + @)C = 0. (Vi)
From the fourth equation of the system (3.2), we have;
C — qyll

Ho + 7, + 0 — oV

Substituting expression of C into (viii) and simplifying, we
obtain;
— {(:uo"’73)5*_#&)_‘//\/*}{/10+,U1+}’2+0!—,uvy/}
{q71_(:u0 +71)}{,u0 +i+y,+a— povi—{u+ w+y, +a - uvo}

Having known I, our C becomes

C*: qj/ll*
Ho + Hy +7, + 0 — oV

E(S,V,"1,C7)%0
3.3 Stability of the Disease-Free Equilibrium point.

In this section, we discuss the local and global stability of the
disease-free equilibrium.

3.3.1 Local Stability of the Disease-Free Equilibrium point.

We would want to find the local stability of the disease-free
equilibrium point of the system of ODEs. Local stability is

calculated at this point using the Jacobian of the model at E°.
It is achieved using the sign of the real parts of the
eigenvalues of the corresponding Jacobian matrix.

Theorem 2: The disease-free equilibrium of the system of
ODEs is locally asymptotically stable if the reproduction

number R, <land unstable if R, >1

Proof

Taking the equations of the system (3.2),
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(ptrtfee) v fuor+ep”) ]
. 2 lwry) 0 0
(A +efC) 0 A () fs’
0 0 0 pov-(g+u+y,+a))
) _[ﬁﬂ(www)] [ " +£ﬁﬂ(w+uo+a))]
it +15+v) thlty+75+0)
J(EO): 73 _(/10“//) 0 0
S S A7, S0 NP O T A
ﬂo(ﬂo"'?’sﬂ”) ﬂo(ﬂoﬂ’s*‘/’)
0 0 a7 HOV=\th +lh ), ta) |
Or simply
~(w+r) v - ps° ~(uov +55°)
V3 _(,uo""//) 0 0
0 0 A~(p+n) &S’
0 0 a7 pov —(uy + 1 +7, +a)

At a particular time when vaccination becomes effective such
that the rate of waning back becomes zero i.e =0, we
have

~(gtn) 0 - 5" ~(uov +5p5°)
- 0 0
3(E°)= V3 Hy
EH £~ (ko +7:) &S’
0 0 a7, peov =(py+ py +7,+0)

By inspection, it’s seen from the matrix above that
A =—=uy, A, = —(,uo +71) are the eigenvalues and the

other two remaining eigenvalues can be obtained from 2x 2
matrix thus,

IBSO_Z gﬂso _
arn  [uov—(u+m+y,+a)l-2

2+ (o + 1+ 7, + @)= o — 5° o~ B8y + g+ 7, + )+ ey, — paeov ] = 0
leta, :[(,u0+,u1+72+a)—ya)v—ﬂ80],ao :—,BSO[(,uO+y1+y2+a)+eqy1—ua)v]

Suchthat 2 +aA+a,=0

Using Routh-Hurwitz criterion, the disease-free equilibrium
point E%is locally asymptotically stable if
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a, >0and a,a, > 0.
thisimpliesthat a, >01i.e

8, =—/"((us + 1+ 7, + @)+ &lly, — pov ]> 0
= [(;uo Tt +a)+5qyl—ya)v]< 0

= Myt ty, tat+ ey, < uov
Dividing both sides by pawv , we obtain

Mo Tty Ty, ta+egy <1
LV

Thus, the proof that R, <limplying the disease-free
equilibrium point is asymptotically stable.

3.3.2 Global Stability of the Disease-Free equilibrium Point

Using Castillo-Chavez et al approach (2002), system (3.2) can
be expressed as;
dx, _

E_F(Xl'XZ)

%:G(xl,xz),e(xl,o):o

Where X, e R? = (SO,VO), the number of non - infectedindividual s whereas

X, e R =(1,C), the infectedcompartmerts.

The conditions below are for global stability of disease-free
equilibrium point:

1. d;il = F(X,0), X ° isasymptotically stable

2. G(X,, X, )= AX, —G(X,, X,),G(X,, X,)=0for(X,,X,)eQ

Where A is the M-matrix for its off-diagonal elements are
positive in the area I'in which model equations make
epidemiological sense. If the above two conditions are
satisfied by our model system, then the theorem stated below
is true

Theorem 3: Provided that R, <1and the conditions 1 and 2
are satisfied, the diseases-free  equilibrium  point
E° = (X ° O) of the system (3.2) is globally asymptotically
stable.

Proof

The DFE is now denoted as:
E°(X;.0)
Where X; = (NO,O)
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Now, the first condition that is globally asymptotically stable
(GAS) is

dX,
dt

,ua)(l—vC)+(//V —(,uo+,L11+]/3+ﬂ| "‘gﬂc)J

N F(Xl’o):( ul-o)—(uy +y NV +7,

A linear differential equation solving gives

0 0
So(t) — /Lla)_;;‘//\/ _ :ua)_'l;‘//\/ e—klt + SO(O)e—klt
1 1

and

_ 0 _ 0
VO(t):#(l al)()+7’35 _u al)()+73$ et L0 (0)e
2 2

Clearly, from the above solutions, we have

SP(t) +VO(t) - N°(t) as t —cc regardlessof the values of S°(t) and V°(t)
thus

X, = (NO,O), is globally asymptotically stable

Next, we prove that the second condition is true, that is

G(X,, X,)= AX, —G(X,, X, )where X, =(1°,C°)

G(X X )_ (ﬂ|+8ﬂc)5—(ﬂo+7ﬁ)'
vl lel—i—,ua)vC—(,uo+,ul+)/2+a)C
A:[ﬂso_(ﬂo"‘?ﬁ) (C'ﬂSO }
a7, pov =y + 1 +7, +a)

(81° +£BC°)8° ~ (st +7,)1° :H
q71+lua)VC0—(,uo+,ui+}/2+0{)C0 0

AX. = ,BSO—(y0+y1) 5ﬁso |° :{O}
i a7 pov —(py+ i +7,+a)| C°| |0

o Sl

a pov-(gtuty,+a)C

G(Xl,X2)=[

G(X,, X,)= mT,G(O,o)= 0

Hence the proof is complete and the disease-free equilibrium
is asymptotically stable.

3.4 Stability of the endemic Equilibrium
3.4.1 Local Stability of the Endemic Equilibrium
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Theorem 4: The Endemic Equilibrium point (E*) of the \(ﬂo%)(#o+71)(ﬂwv—(ﬂo+/ﬁ+7z+a))—(#o+73)(uwv+€/5*)q7l+ﬁS*(ﬂwv—(ﬂo+/ﬁ+yz+a)]
system (3.2) is locally asymptotically stable if R, >1 >‘Q71(”“V*g/’0*1
Now,  Tr(J,(E"))<0,and Det(J,(E"))> 0if R, >1,

Proof A
meaning all the eigenvalues of Jl(E ) have real parts with

The Jacobian matrix at the endemic equilibrium is;
negative sign if R, >1.

_(ﬂ0+y3+ﬂ|*+gpc*) v '3 _(ﬂm +gﬁs*) Therefore, J(E*) is locally asymptotically stable provided
J(E*)z Y, ~(w+y) 0 0 R, >1.
e 0wty 5

3.4.2 Global Stability of the Endemic Equilibrium Point
0 0 @y mov-(mtuty,ta) .
Theorem 5: The Endemic Equilibrium Point E of the system

With effective vaccination, y =0 (3.2) is globally asymptotically stable if R, >1.

A . o I B oy +epC7) Proof
73 ~H 0 0 .
A +efiC 0 —(p+7,) Pl To give the proof of global stability of E, we need to use
0 0 a7, v =1y + 1+ 2+t the approach of LaSalle (1976) to construct the appropriate

Lyapunov function as shown.

U(S,V,I,C):[S—S*In;)+( _

Differentiating U, we obtain;

{rnteeng)

By inspection, A, = —z4, and the rest of eigenvalues can

be determined by reducing by reducing J (E*) to

R \ . du S"\ds VART\Y, 1"\ dl c"\dc
lprrepteoic) g5 v oS dtz(l_s]dtJr[l_J o (1‘Jm (1—det
WES| A ) o Sy odl e
0 W, pov-(um+ gy, +a) Substituting pralatir dd_ from system (3.2),

By the use of Routh-Hurwitz criterion regarding the necessary we have;
and sufficient conditions as it’s well detailed in Enagi et al,

the characteristic polynomial has all roots with negative real ddU [1_Sj[/,w(1_1@)+y,\/ (g +7,+ P+ gﬂc)s]J,[l_wJ[/,(l_ o)~y +y N +7:5]
parts if t S v

* * c
Tr(Jl(E ))< Oand Det(J1<E ))> Owhen R, >1 [1—)[(& +6fC)S —(uy + 7,1 |+ [ C][q;/ll +uovC — (g + 1, + 7, + o C]
Now, from our matrix Jl(E*) and since all the parameters
used are positive’ From SyStem (34), we have;

po = puwvC™ —yN ™ +(,uo +,+ Bl +gﬂC*)S*
Tr(Jl(E*))<Oand Det(Jl(E*))> 0 iff|uev|< ‘(/”o + 1+, +a}

)= H#A—w)+y,S”
Given that |,ua)v| < |(,u0 +u,+y, +a]

(u+w 7

(B +epC”)s”

TI’(Jl(E*))z 7(/“0 +y5+ Ol - +€m* +(,Llo + L+, +a)7,ua)v)

(ﬂo + 71) = E
The determinant will be given by;
Dol €)1 o1 (uu+*y3)(ﬂo+%)(#wv—(ug+/w2+a))-(#of73)(qu+a/ﬁ*)q71 ( ) .’
5" (v —(ty 1 47, +) Gy v + o) Mottty +a)=—5
That is (3.5)
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ddltJ:[ _SS][(ﬂwvc*-'//V*+(uo+71+ﬂl*+€ﬂC*)5*)(ﬂva*)—wV*+(uo+Aa+/3l*+sﬂ€*)3*] B3

012

*[1—\5]{(ﬂ-uw)—w/)2+738*)v +7SS*}[1—Il*j{(ﬂl”+gﬁ(:')s'_w|* ”01:
+(1—%]{qy1 + q(;;ll C} <0

Setting 005}

1-0=0 ,73=El o=0
_— 1»m=EI.3.y3=D.3,oL=D

0.09 -/ 1-0=0 6,y3=|3 6,0=0

008 1-0=0 9,7320 9,0=0

0.07 -

Fraction of Carriers (C(t))

0.04

0.03 L L " L L L L L L )
0

S=S",v=V',I=I1"and C=C*,weobtain?j—?=0
Time (years)

du i i L Figure 4.1: Impacts of vaccination on chronic carriers without treatment
Therefore, E =0 holds. By LaSalle invariant principle,
(LaSalle 1976), as t —ac, every solution to the system (3.2)

approaches endemic equilibrium hence the point is globally
asymptotically stable. _ o1

IV. NUMERICAL SIMULATION GRAPHS

We used MATLAB to simulate system (3.2) and investigate
the impact of both vaccination and treatment as a control
strategy against infectious HBV on chronic carriers and
acutely infected individuals.

1-0=0 _73=D o=0

1-0=0.6,¥,=0.6,0=0.6
- —1-0=0,y,=0,0=0.6
1-0=0.6 v;=0.6,0=0

Fraction of cariers (C(t

The values of the parameters used are as shown below. Time (years)
Table 4.1: Parameter values used in the numerical simulation Figure 4.2: Impact of low treatment and vaccination on chronic carriers.
Parameter Value Reference 014
. 0.0367 USAID (2009) nazp \\
= 0.1 1-co=El,'y3=D,oL=El
Hy 0.0166 USAID (2009) =3 , 1-0=0.3y,=0.3,0=0.3
J""{l é e A\ 1-0=0.6 y,=0.6,0=0.6
0.1 Assumed S 1-0=0.9,7,=0.9,0=0.9
(O] S oosf i bl
0.1 Assumed 3
Vv “ 004
0.11 Zou et al (2009)
0.02
4 0.1 Zou et al (2009) ol B —
Time (years)
ﬁ 0.95 Edmunds et al (19962) Figure 4.3: Impact of equal rate of vaccination and treatment on chronic
9 carriers
0.885 Zou et al (2009)
0.05
g 4. per annum Zou et al (2009) O -0=07,;=0,0=0
s 1-0=0.3,y,=0.3,0=0
}{2 =] 0041y 1-0=0.6 y,=0.5,0=0
2 0.025 Zou et al (2009) 2 oo3s| 1-0=0.9,y,=0.9.0=0
53 0.9 Assumed £ oosf
B oozsf 3
0.16 Edmunds et al (1996a) 2oL
0.9 Assumed value =1t I |
“ oo01f }
R . R ) 0.005 ‘t\
Results of simulation presented in graphical forms o —

Time (years)

Figure 4.4 Impact of increased treatment on acutely infected individuals
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0.05 -

1-0=0 ,‘y3=|3,ﬂ,=ﬂ

- 1-0=0 3;y3=ﬂ 3,0=03
1-0=0.6 y;=0.6,0=0.6
1-0=0.9,y;=0.9,0=0.9

D04l

003+ }
§
Dozt

0.01 |

Fraction of Infected Individuals (1))

-0.01
u]

Time (years)

Figure 4.5: Impact of both vaccination and treatment on acutely infected
individuals.

V. DISCUSSION

Our study focused on the possibility of eradicating infectious
HBYV by varying the data values assigned to vaccination and
treatment. We take vaccination and treatment as the major
control method of Hepatitis B Virus as discussed below.

Figure 1 indicates the existence of infectious Hepatitis B
Virus in the carrier population with vaccination intervention
but no treatment administered. At the initial point where there
is no both vaccination and treatment,
(1-@)=0,y,=0and a =0, the disease increases to the

peak and slightly decreases and then remain almost stable
throughout the population. The peak represents the epidemic
crisis while the “almost stable state” indicates how the entire
population is diseased. However, vaccination at varying rates
helps alter the almost stable state of the pandemic and reduces
it as shown by green, blue and yellow graphs.

Figure 2 shows that without any intervention strategy,
(1— a))= 0,7,=0,and o =0, the carrier population
remains alarmingly high, almost constant. However, when a
relatively high vaccination and treatment efforts are made at
the same rate, (1—(0)2 0.6,7,=0.6,and @ =0.6, the

disease prevalence drastically reduces as shown by the blue
graph among the carriers. Interestingly, treating carriers tends
to be effective than vaccinating them at the same rate as

shown by the graphs of (l—a)): 0,7;,=0,a=0.6
compared to that of (1— a)) =0.6,7,=0.6,=0

This is because of relapse and resistance of infection to
antibodies of the immune system.

Figure 3 shows that when we treat and vaccinate the carriers
at the same rate, the disease decreases but eradication is
possible when the efforts are increased. This is attested to by

the graph of (1-@)=0.9, 7, =0.9,and & = 0.9 in which
intervention strategies are very high.

Figure 4 shows infected population proportions in which only
vaccination is administered and no treatment. The natural

immune system fights the disease up to a relatively stable
state. But increasing vaccination helps supplement the
immune system in the fight and reduction of the prevalence of
disease among acutely infected individuals.

Figure 5 reveals that when we combine administering both
treatment and vaccination, the disease is fully eradicated. The
graph also indicates that for us to effectively bring full control
over the infectious HBV disease, we have to increase the rate
of implementing the two strategies.

VI. CONCLUSION

We studied a mathematical model of an infectious Hepatitis B
Virus in which both treatment and vaccination are combined
in an attempt to eradicate the disease in a completely
susceptible population. In our work, we formed the flow chart
which represents the disease transmission dynamics. From
this flow chart we derived five model equations. The disease-
free equilibrium point, the basic reproduction number
associated with the system of equations, as well as the
endemic equilibrium point and the stability of those two
equilibrium points were determined. Using MATLAB, we
employed the method of Runge-Kutta of order four to obtain
numerical simulation results. According to our analysis,
vaccination and treatment can be effective intervention efforts
to mitigate the prevalence of infectious HBV. However,
combination of both treatment and vaccination eradicates the
epidemic, the HBV, hence the two should always be
combined and employed as single control strategy.

VIl. RECOMMENDATIONS

e The government should periodically carry out mass
vaccination of expecting mothers and children.

e Educating the masses about the need to go for regular
testing so that chronic carrier cases are detected and
treated.

e  Educating the nomad communities which are tightly
held to unhealthy cultures like FGM and traditional
methods of circumcision. This will help in
eliminating unnecessary transmission of HBV which
is usually contracted as a result of using non-
sterilized objects for tattooing and circumcision.

e Further research on impact of waning health
conditions on completely susceptible population
when the same methods of control are employed
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