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Abstract: This paper is concerned with the construction of 

continuous Seven-Step implicit hybrid block Simpson’s Second 

derivative method for solving initial value problems of second 

order ordinary differential equations were derived through 

interpolation and collocation method using maple software. Power 

series approximation method was used to generate the unknown 

parameters in the corrector. These Continuous formulations were 

evaluated at some desired points to give the discrete schemes 

which constitute the hybrid block method. The constructed block 

method is consistent, zero-stable and A(α)-Stable. Numerical 

results obtained using the new block method show that it superior 

on some system of initial value problems. The study revealed that 

our new method performed better. 

I.  INTRODUCTION 

 Considerable Literature exists for the hybrid linear multi-

step method for the solution of ordinary differential 

equation of the form  

),,()( ''' yyxfxy =   (1.1) 

0)( =ay  1

' )( =ay  

where y  satisfies a given set of initial conditions, Ibijola et al 

(2011), We assume that the function f also satisfies the 

Lipschitz condition which guarantees existence, uniqueness 

and continuous differentiable solution, (Jain et al 2014). 

For the discrete solution of (1.1) linear multi-step methods has 

been studied by Lambert (1973). One important advantage of 

the continuous over the discrete approach is the ability to 

provide discrete schemes for simultaneous integration. These 

discrete schemes can as well be reformulated as general linear 

methods by Butcher (1993). Block method for solving ODEs 

were first proposed by Milne (1953). The block method are 

self-starting and can directly be applied to both initial and 

boundary value problems, Skwame et al (2018) and Donald et 

al (2009). The block methods show that the proposed block 

hybrid methods are zero-stable, consistent and A-stable. 

In this paper we present Implicit hybrid block Simpson’s 

Second derivatives method with one off-grid point using 

Onumanyi et al (1994) approach, the derived schemes will be 

applied in block form in order to achieve its order, error 

constant and the region of absolute stability. 

II. DERIVATION OF THE BLOCK METHOD 

Consider an approximate solution to (1.1) in power series of the 

form 
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Where r and s are the numbers of collocation and interpolation 

points respectively, sa j ' are parameters to be determined. We 

consider a sequence of points }{ nx in the interval  baI ,=  

defined by bxxxa == ...10 , such that 

iii xxh −= +1 , .1,...,2,1,0 −= Ni  

We now consider the derivation of the multistep collocation 

method for constant step size h defined for the step  1, +nn xx  

by 
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Such that it satisfies the conditions 

).,..,2,1,0(,)( sjyxy jnjn = ++    (2.3) 

).,..,2,1,0(,)(
'

rjfxy jnjn = ++    (2.4) 

Where s denotes the number of interpolation points jnx + , 

sj ...,2,1,0=  and r  

Denotes the number of collocation points ),...(, 1+nnj xxfx , 

rj ...,2,1,0= . 

A 
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The points jx are chosen from the step jnx + as well as one off 

grid point from (2.2) the coefficient polynomials are of the form 
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1

0

1 −+= 
−+

=

+ rsojxx

jrs

j

jjj       (2.5) 
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j
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To determine )()(),( xandxx jjj  , Sirisena (1997) 

arrived at a matrix of the form     

DC = I         (2.8) 

Where I is an identity matrix of dimension (s + r) x (s + r) while 

D and C are matrices defined as 
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And 
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Where nxx =0 , 11 += nxx

 

From (2.8), we have that 
1−= DC , where the columns of C 

give the Continuous coefficients )()(),( xandxx jjj   

of the continuous schemes. 

The parameters required for equation (2.9) are k = 7, s = 1 and 

r = k + 2. We propose to use the following off grid. 

76

543210

7
2

13

2
136

54321

,,

,,,,,,

+++

+++++

===

======

nnn

nnnnnn

xxxxxx

xxxxxxxxxxxx
 

The matrix (2.9) becomes 
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The inverse of (2.11) is obtained by the use of Maple software 

to give the values for sands   respectively.Therefore, 

the discrete hybrid block method is 
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(2.12) 

 

III. STABILITY OF THE BLOCK METHOD 
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From (2.12), we arrange the block as a matrix finite difference 

equation of the form 
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3.1    Zero Stability block Method 

According to Fatunla (1994), a block method is said to be zero 

–stable if  
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Following Henrici (1962), the new block method (2.12) is zero 

stable and consistent since its order P=8 >1. The method is 

therefore convergent.  

3.2 Convergence Analysis of order and error constant of the 

block method 

Consistency 

The block integrator (2.12) is consistent since it has order 

ρ=8≥1 

Convergence 

The block integrator is convergent by consequence of 

Dahlquist theorem below. 

Theorem 3.1 The necessary and sufficient conditions that a 

continuous linear multistep 

method to be convergent are that it must be consistent and zero-

stable, Dahlquist, G. G (1956).  

To determine the order and error constants of the block hybrid 

method (2.12), we consider the general form of the hybrid 

method 

jnj

k

j

vnvjnj

k

j

jnj ghfhfhy +

=

++

=

+ ++=   2

00

 (3.1) 

Where,  kv ,...,1,0 which adds further freedom to the 

block hybrid linear multi-step form.  
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The block hybrid method which are obtained with the help of 

maple software have the following order and error constants for 

each case 

Table 1 
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The method k=7 second derivative is of order 8 and has error 

constants 
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3.3 Region of Absolute Stability of the block method: 

The absolute stability region of the block method is obtained 

using Chollom et al, (2007) and is as shown below:  
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Using MATLAB software, the absolute stability region of the 

new method is plotted and shown in fig 1 

Figure 1: Region of Absolute Stability of the HBSM (2.12) 

 

IV. NUMERICAL EXPERIMENT 

The newly constructed method in equation (2.12) is tested on 

stiff problems and the results are displayed in tables 2, 3 and 

4below. 
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Example 3: 
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Table 2. Absolute stability Errors for Example 1 

 HBSM with one off-grid point 

X Y1 Y2 

0.1 8.978E-1 1.791E0 

0.2 8.185E-1 5.882E-1 

0.3 7.406E-1 8.485E-1 

0.4 6.701E-1 5.933E-1 

0.5 6.063E-1 6.834E-1 

0.6 5.487E-1 4.718E-1 

0.7 4.968E-1 4.188E-2 

0.8 4.494E-1 5.144E-1 

0.9 4.066E-1 3.888E-1 

1.0 3.679E-1 3.761E-1 

1.1 3.329E-1 3.269E-1 

1.2 3.012E-1 3.071E-1 

Table 3. Absolute stability Errors for Example 2 

 HBSM with one off-grid point 

X Y1 Y2 

0.1 2.643E0 1.141E0 

0.2 2.323E0 1.211E0 

0.3 2.035E0 9.950E-1 

0.4 1.776E0 9.050E-1 

0.5 1.543E0 7.556E-1 

0.6 1.334E0 6.841E-1 

0.7 1.147E0 1.117E1 

0.8 9.783E-1 7.912E-1 

0.9 8.278E-1 7.635E-1 

1.0 6.928E-1 1.837E-1 

1.1 5.720E-1 4.027E-1 

1.2 4.641E-1 1.158E-1 



International Journal of Research and Innovation in Applied Science (IJRIAS) |Volume VII, Issue IX, September 2022|ISSN 2454-6194 

www.rsisinternational.org                                                                                                                                                  Page 11  

Table 4. Absolute stability Errors for Example 3 

HBSM  with one  off-grid point 

X Y1 Y2 

0.1 1.004E0 1.011E0 

0.2 7.956E-1 7.933E-1 

0.3 7.499E-1 7.511E-1 

0.4 6.647E-1 6.639E-1 

0.5 6.113E-1 6.122E-1 

0.6 5.431E-1 5.420E-1 

0.7 5.034E-1 5.045E-1 

0.8 4.896E-1 5.094E-1 

0.9 4.025E-1 4.001E-1 

1.0 3.688E-1 3.694E-1 

1.1 3.325E-1 3.322E-1 

1.2 3.014E-1 3.015E-1 

V. CONCLUSION 

From the results of this finding the newly constructed hybrid 

block Simpson’s method with one off-grid point was 

demonstrated on some stiff initial value problems (IVPs). The 

results are displayed on tables (2, 3 and 4), it can be seen that 

the HBSM performs efficient and converges very well on 

examples one and three and performs fairly on example two. 

Therefore, the newly constructed hybrid block Simpson’s 

method is efficient, accurate and convergent on stiff problems. 

In this paper, we have presented Implicit hybrid block 

Simpson’s second derivative method for solving initial value 

problems of second order ordinary differential equations. The 

approximate solution adopted in this research produced a block 

method with A(α)-Stable stability region. This made it 

performed well on stiff problems. The block hybrid method 

proposed was found to be zero-stable, consistent and 

convergent. The new block hybrid method was also found to 

perform better. 
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