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Abstract: Mathematical models were developed considering wall movement, blood pulsation and flow dynamics of the blood in
the interlobar artery. The formulated models were based on the fact that the motion of blood vessel wall is not only influenced by
pulsation, but also other physiological processes like heartbeat, breathing, and body posture. The Newton’s second Law of motion
was employed in assembling the forces acting on the interlobar artery. The wall shear stress (WSS) was studied alongside, arterial
walls to study the actual flow dynamics and investigate the blood flow behaviour. The results of the study were presented on both
two — dimensional (2D) and three (3D) — dimensional graphs showing a more realistic interaction between the arterial wall and the
blood flow in patients with HIV/AIDS. It was deduced that the blood flow velocity decreased with time across the varying frequency
from 0.20Hz to 0.50Hz in the interlobar arterial channel.
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l. Introduction

Human Immunodeficiency Virus (HIV) is an infection that attacks the body’s immune system and over time, if not treated, leads
to acquired immunodeficiency syndrome (AIDS)M. Human Immunodeficiency Virus Associated Nephropathy (HIVAN) is the
commonest cause of renal failure in HIV- 1- seropositive patients and the third most common end stage renal failure in African
Americans between the ages of 20 to 64 121 Various types of renal disease were identified in the AIDS populace including those
related to systemic and local renal infections, tubule interstitial disease, renal associated neoplasm and glomerular infection
including collapsing glomerulopathy®. Atherosclerosis causes stenosis in the artery and is one of the most common types of
cardiovascular disease.

The main cause of stenosis is the formation of plaque by the accumulation of cholesterol, lipid substances, cellular waste products,
calcium, and fibrin in the endothelium of the tunica intima. The plague may lead to stenosis or atresia in the artery, which may
eventually result to heart attack and stroke M6, Additionally, it is a proven fact that once a mild stenosis is developed, it will result
to flow disorders that will consequently change the regional blood rheology, arterial deformability and influence the development
of the disease’.

Consequently, many scientific researchers have made remarkable efforts to develop new velocimetry estimation, signal processing,
clutter filter, and visualization techniques to obtain more accurate signals of blood flow 191, It is imperative to evaluate these new
techniques. In order to overcome the aforementioned challenges faced by diagnostic ultrasound, the computer simulation is a useful
validation method because all parameters can be well defined. Hence, some researchers developed mathematical models and
simulations to imitate the behaviour of pulsatile blood flow based on the assumption that the wall of the artery is rigid*’-°. Recently,
taking into cognizance the compromised SNR as a result of interaction between blood flow and the vessel wall, several researchers
have developed more realistic and complex models with the aid of computational fluid dynamics (CFD) software?%-%,

The Renal Arteries Arise from the Abdominal Aorta. The single renal artery enters the hilum and then branches to form
the interlobar arteries, so-named because they pass between the lobes of the kidney. At the junction of the cortex and medulla, the
interlobar arteries bend over to form incomplete arches.
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In this study, mathematical models were developed considering wall movement, blood pulsation and flow dynamics of the blood.
The motion of blood vessel wall is not only influenced by pulsation, but also other physiological processes such as heartbeat,
breathing, and body posture?”?8, This coupled method provides a better understanding of the relationship between ultrasound images
and the actual flow dynamics, as well as a better investigation of blood flow behaviour. The objective of this study is to develop a
mathematical model and simulations that can generate more realistic ultrasound echoed signals, considering the interaction between
the arterial wall and the blood flow in patients with HIV/AIDS. The developed model and simulation would also serve as a useful
tool for investigating the behaviour of renal interlobar arterial flow dynamics but also for qualitative or quantitative evaluation of
new Doppler or greyscale ultrasound imaging technology and the estimation of blood velocimetry.

1. Model Formulation

The mathematical model governing the flow of blood in the interlobar artery is formulated following the procedure: Assumptions
of the model, model parameters/variables, model flow diagram (geometric deformation of the interlobar artery) and hence, the
governing equation.

2.1 Assumptions of the model
The model is formulated based on the following assumptions:

a. The total momentum of interlobar blood flow system is preserved in lack of external forces acting on the blood element.
b. The tapering of the arterial wall radius at the axial and distance increases away from the lobar artery.

c. Blood is considered as an ideal Newtonian fluid with constant viscosity, whereas the flow is steady and laminar, with a
parabolic flow profile.

Shear forces exist between adjacent flow laminar, as well as the outermost laminar, and on the wall of the interlobar artery.
Interlobar arterial wall movement, blood pulsation and flow dynamics of the blood in the interlobar artery.

The interlobar artery is distensible

The motion of blood flow in the model is viewed in both radial and axial directions

The pressure gradient in the outer wall is greater than the pressure in the inner walls of the interlobar artery.
The blood flowing in the interlobar artery is incompressible with its motion being laminar and steady

T m oo

2.2 Model parameters and variables
The variables of the model are presented in Table 1.
Table 1 Model variables and their meanings

S/N  Variable Meaning

(i) r Distensible radius of the interlobar
artery at time, t

(i) z Location in the interlobar arterial
region

(iii) t Time of flow of blood

(iv) u Velocity of blood in the axial
direction

(v) v Velocity of blood in the radial
direction

2.3. Model parameters

The variables of the model are presented in Table 2.
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Table 1 Model parameters and their meanings

S/IN Variable Meaning

1 0 Angle of tapering

2 @ Amplitude ratio for the distensible wall of
the interlobar artery

3 A Wavelength

4 & Amplitude ratio for the distensible wall of

the interlobar artery

5 R, Undisturbed radius of the distensible
interlobar artery

6 r Radius of the interlobar artery at time, t

7 z Location in the interlobar arterial region

8 w Angular interlobar blood flow velocity

9

2.4 Model Flow Diagram

The interlobar arteries are vessels of the renal circulation which supply the renal lobes are presented here showing clearly that
interlobar arteries branch from the lobar arteries which branch from the segmental arteries, from the renal artery thereby giving rise
to arcuate arteries.

A schematic diagram showing a truncation of geometry of the interlobar artery is presented in Figure 2a and 2b which is the model
flow diagram for the system.

Figure 1: Anatomy of the renal vasculature 4

Blood enters the kidney via the renal artery which divides dichotomously into segmental arteries and branch progressively into
interlobar arteries. Arcuate arteries, separating the border between the cortex and medulla, giving rise to interlobular arteries which
further diverge to supply the glomeruli. Besides the glomerular capillary network, the renal microcirculation can be divided into
cortical and medullary capillary plexus based on the anatomical location. Finally, blood flows via the arcuate, interlobar, and
segmental veins to exit the kidney via the renal vein B34,

A schematic diagram showing this flow process in the interlobar artery is as shown in Figure 2a and Figure 2b.

Ing,
e’/ObarA rte,
4 4

=
N

Figure 2a: Schematic diagram showing the flow process in the interlobar artery
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Figure 2b: Schematic diagram showing the flow process in the interlobar artery (tapered in shape)
Analyzing the tapering, the radius of the interlobar artery is given by;
r = R, — ztanf Q)
And considering an interlobar artery with a stenotic growth in the inner walls of the artery to a height of §, then the radius is given
by equation (1);
R=r [1 + 6$in27” (z - ct)] (2)
2.5 The Governing Equation

The governing equation is the mathematical model of blood flow in the interlobar artery which is formulated based on the law of
conservation of mass. As per this principle, total momentum of every fluid system is preserved in lack of outside force. So the law
of conservation of momentum is appropriate to renal circulatory system and applied specifically to the interlobar artery.

In addition, rate of change of momentum of a fluid particle with respect to time equals to external force exerted on it, which is also
known as Newton’s second law of motion [%8l, Therefore, rate of change of momentum is same as sum of regarding two mentioned
forces, which could be symbolically presented following Newton’s Law:

F = ma ?3)
Where F is force acting on the blood element, m is mass

and a is the acceleration of the blood element. Knowing fully well that acceleration, a = % and velocity of blood, = % , we
write

2 2
F:md_V - mE :E_Eds
dt dt ds " dt?
F=2" AV . as- pdsdAa; = pgdAds

Where density of blood, p = %, AV being change in volume of blood in the interlobar artery with cross-sectional area, dA
and we have;

F = pgdsdA 4)

Considering Figure 2a, the summation of all the infinitesimal forces acting on the blood element in the interlobar artery is deduced
to be:

F; = pdA — (p + g—ids) dA — pgdsdAcosf ®)

Equating (4) and (5) we have

d
= pdA — <p + %ds) dA — pgdsdAcosd = pgdsdA = pdAdsay

where a = a, + a, + a,, with
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Jdu Jdu Jdu au‘
axzua+v@+wa+a
v v dv dv
ayZUa'FU@'FWE'FE} (6)
ow  ow ow ow|
azzua+va+wa+5)

As such, we have in rectangular, cylindrical, and spherical coordinate systems as preserved by equations (6a), (6b) and (6c)
respectively;

A a a a a
E—UE'FUE'FWE'FE (6(1)
A9 vgd a 2

mo Ut et g Ty (6b)
and

A a vg 0 vp 0 a

At_vr6r+r69 rsin962+6t (60)

Such that, acceleration in cylindrical coordinates is given by

_ vy vg 0y vy 20 vy
Ar =Vt 5 T2y, r+0t\i
_ dvg | vg dvg dvg v*0 | Ovg
g = Vr or + a0 7 0z r t (7)
1
v,  vg dvy v, 1 vy, |
a, = 7z 4 7077z 2z 4 = ket 4
z Tar+rae+zaz+r at )

ou oP 0%u 10U U | d%U
P =t i et
1% U P Ty z R .
lLet=v=— u=— p=—5, t=—°,z=—,r=—,w1thzo=Ro
Vo Ug PVs Ry Zpy Ryo

=V =wvvy, U=uuy P=pVgP, T=52 Z =220, R=Ryr
0

Zy = R
Also p = £ = £YF
p= Pv3 pPv¢

=>p=p=1

Thus substituting we have;
duug _ OvEP [Bzuuo 1 duuy  uug azuzuo]
af}% T 9rRg dR3r2 ' Ror Ryr  R2T2 92222

N du (uovo) _ aPvE [02uu0 (1 duug  uug azuuo]
at\ Ry /  arR, dr2R2 ' Ror drRy  REr%2 = 8z2z%

du _ 9pv3R [ 9%uugRy 1 duugRg uugRg d%uugRg ]
at 0rRouUgVg

ou _ dp (v Puf 1 ou [ 1 u (1 uf 1

= a ()G a Gn) =GR+ Gl

at ar \ug ar2 \Rgvg rdr \Rovg 2 \Rovp 822 \Rgvg
Vv

v . 14
But_=1sincevy=-=—= vy =1, =1
ug v v

8r2R3ugvy  Ror dTRougvo  R3T2ugve  9z2R3ugvg

similarly uy, = 1, hence
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du _ dp u [9%u du u 2%u

at  ar  Rovolarz ' ror r2  9z2
1
let £ = —
Rovo  Re

"8t or  Re

-t (8)

Lou_dp | 1 [aZu ou u  *u
arz  ror r%2  9z2
Similarly, considering equation (8) we set the dimensionless quantities as follows;

LetV = vvy, P = pvdp, T =% Z =122y, R=Ryr, zp =Ry, taking p =1, v, = 1

Vo

with z, = 1 and substituting into equation (3.9) we have;

dvvg

atRg _ _ 9pvip [azvvo 19vwg azvvo]

ve 9zz¢ ARZr2 ~ rdRer 02222
w (‘UOVO) _ _9pv§ d%vvy | 19vyg Bzvvo]
at \ tRy/ ~ 9zRg AR2r2 ' 1 drRy = 0z2RE
v _ dpv§ [62vv0R0 19vveRg 02vv0R0]
at 8zvERy ar2v2RZ ' 1 orviRy  0z2R3VE
TP TS T SN S
at oz dr2vgRy TdrvoRy  0z2vyRg
B o u ity o ot
at 8z  woRo lor? ' ror = az?

. . n 1
Considering, — = —, we have
VoRo  Re

w_ _9p 1[0 v ﬂ] )
at 9z  Relarz ' ror ' azzl
In summary, the governing model for the system is given by equation (10)
ou 0dp voRy[0%u odu u N 0%u
at  or u |or? ror r?2 0z2
ov op N voRy [0%v  Ov N 0%v (10)
at oz u |orz " ror  0z2

10 rue )+ v 0

——[ru(t,r,z — =

ror 0z )

2.6 Solution of the model

The solution of the model is obtained using Bessel equations. Taking the fact that the arterial wall is elastic, then u, v and p are all
functions of r, z, t so that introducing the boundary conditions;

u=0,r=a (maximum),g—: =0,r=0

u(r, z,t) = v, (r)eliwt-yn2l 1)
v(r, z,t) = v,(r)elirwt-yn2l 12)
p(r,zt) =p, (r)elimwt=yn2)] (13)

Substituting equations (11), (12) and (13) in equations (10) we obtain the second order ordinary differential equations for which the
solutions are obtained as the Bessel’s functions in terms of J,(iy,7), Jo(ik,7),J1(iy,r) and J;(ik,r). The solutions foru(r, z, t),
v(r, z,t) and p(r, z, t) have been obtained as shown in equations (14), (15) and (16) respectively;

u(r,z,t) = [a’ynjl (iy,7r) + ﬂynjl(ir [v2 + iane)]ei(nwt—ynz)

(14)
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v(r,2,t) = [ayn)o(iynr) + Byn)i(ir/¥2 + inwR,)|e™@t=7n2)  (15)
p(r,z,t) = anw/o(iy,r)e ®t-yn?  (16)

So that the velocity, v(r, z,t) of blood flow in the interlobar artery is obtained as in equation (17)

1.2560.06061t‘

+6(

v(r,z,t) =

0.907143 )

a (+ 0.091429R? + ---

80.071486 )
+ 6348.6857R? + -+

cos(wt — 0.6352)

ovr] “( 00014208 4 )
1.25¢0.0476¢ v 80.071486 ) cos(wt — 06352
+ 6348.6857R? + -
1)
Pressure in the interlobar artery is determined as;
1250 o] *(+ 00914298 4+
Te : +3( 80.071486 ) cos(wt — 0.6352)
et = o)
%e'o'o‘”“ +(; ((+ 003014(1)%1;;; )) cos(wt — 0.6352)
L + 6348.6857R? + «--/
111. Results and Discussion
The result of the study is presented in Figures 3 - 11, taking key from the variables and parameter values from Table 2.
Table 3: Values of the model flow
S/IN  Variable Values Source
1 ) 0° to 60° Gao et al.(2011)
2 ) 1.5 x 10™>m  Chakrabarty (2000)
3 A 9.90mm Tang (2002)
4 ¢ 0.08 Tang (2002)
5 R, 3.50 x 107>m  Tang (2002)
6 r 3.50 x 10™5m  Tang (2002)
7 z 0.008 to 0.010m Manjunatha (2015)
8 0.0Hz to 0.60Hz  Gao et al.(2011)
8 1) 2nf Gao et al.(2011)
9 a 0.5 Assumed
10 B 0.5 Assumed
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Blood flow velocity, [cm/s]

—6—f =0.50
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Figure 3: Graph of blood flow velocity within

:
0.2 0.4 0.6 0.8 1
time of flow of blood, t [secons]

one second of time at a varying frequency from 0.20 Hz to 0.50 Hz in the

interlobar artery

Blood flow velocity, [cm/s]

0.5 1 15 2 25 3 3.5 4
time of flow of blood, t [secons]

Figure 4: Graph of blood flow velocity within the first four units of time at a varying frequency in the interlobar artery from

0.20Hz to 0.50Hz in the interlobar artery

Blood flow velocity, [cm/s]

L L L r L r
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Figure 5: Graph of blood flow velocity 2 seconds of time at a varying frequency in the interlobar artery from 0.20Hz to 0.50Hz in

the interlobar artery.
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Blood flow velocity, [cm/s]

h 0 0.5 1 15 2 25 3 35 4
time of flow of blood, t [secons]

Figure 6: Graph of blood flow velocity within the first four units of time at a varying frequency in the interlobar artery from
0.20Hz to 0.50Hz in the interlobar artery
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Blood flow velocity, [mm/s]
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Figure 7: A 3D graph showing blood flow velocity in a region, 0 mm to 3mm of the interlobar artery within the 3 units of
time at a frequency 0.20Hz

Blood flow velocity, [mm/s]

Figure 8: A 3D graph showing blood flow velocity in a region, 0 mm to 3mm of the interlobar artery within the 3 units of
time at a frequency 0.30Hz
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Figure 8c
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Figure 8d

Blood flow velocity, [mnVs)
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Figure 9: Graph of pressure generated across a tapered interlobar arterial channel
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Blood flow pressure [Nm2]

=r===r = 6.5000e-005
"""" r = 5.5000e-005
====r = 4.5000e-005
r = 3.5000e-005

3 r r c c c
0 1 2 3 4 5 6

time of flow of blood, t [seconds]

Figure 10: Blood flow pressure in a tapered artery with a varying radius from 3.5 x 10-5m to 6.5 x 105m studied within six seconds.

Blood flow pressure [Nm2]

time of flow of blood, t [seconds]

Figure 11: Blood flow pressure in a tapered artery with a varying radius from 3.5 x 10°m to 6.5 x 10°°m studied within six
seconds across different flow frequencies ranging from 0.2Hz to 0.6Hz

IV. Discussion

It is shown on Figure 3 that blood flow velocity in the interlobar artery increased from 40 cm/s to a peak of 50 cm/s in the first 0.2
seconds at a varying frequency of 0.20 Hz to 0.50 Hz then decreased as the frequency of flow increased across the arterial channel.
This trend is clearly seen by increasing time of flow to 2 seconds and finally to 4seconds as shown in Figures 4 and 5. It is clearly
shown that the velocity continued to move in a wavelike pattern due to pulsatility nature of blood flow in the artery.

Figures 3 — 6 is used in post processing to obtain the time averaged maximal velocity (TAVmax) and time averaged intensity
weighted mean velocity (TAVmean). In Figure 5 and 6, the TAVmax was calculated by adding the area under the curve for positive
velocities and the area above the curve for negative velocities and then dividing by the R-R interval. This second retrograde flow
was included when calculating the TAV during diastole and during the entire cardiac cycle. During hyperemia, the flow velocities
increased, and the waveform changed from triphasic to monophasic with continuous anterograde flow due to the pressure gradient
created as a result of tissue ischemia, capillary dilatation, and decreased peripheral resistance as shown in Figure 7 and 8.
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Figures 8a — 8d are the three-dimensional plots showing the variation in the flow velocity across the cross-sectional area of the
interlobar artery. The figures confirm the pattern of flow velocity shown in Figures 3 — 7.

It was further observed from Figure 9 that blood flow pressure decreases with an increasing radius of the artery in a wavelike
pattern. This trend could only be observed from the recoil of blood flow (back flow) being in consonance with %1, Hence, the blood
flow within the interlobar artery depends on the pumping action of the heart, the elastic recoil of the conduit arteries, and distal
microvasculature resistance. Thus, blood flow is quantified as a product of the mean blood velocity and the area across the interlobar
artery thereby confirming 71

This becomes so clear that in the resting state, the arteries displayed a triphasic waveform as such, interlobar arterial flow
demonstrated forward flow that occurred during systole, whereas retrograde flow followed by anterograde flow occurred at diastole.
There was an intervening pause with little to no flow before the next waveform (Figure 10).

It could be inferred that retrograde flow occurred again after the anterograde diastolic flow, giving a quadriphasic waveform that
may be seen in lower extremity of interlobar arteries at rest as shown in Figure 10.

Again, the converse of the trend presented in Figure 9 is found in Figure 10 showing that the pressure increased with a decrease in
the cross sectional area of the artery in the first one second and decreased by forming a parabolic surface.

It is deduced from Figure 11 that the pressure of flow is minimum at f = 0.20Hz and tends to vary in a wavelike style and becoming
more turbulent at the arterial walls as the frequency increased from 0.30Hz to 0.60Hz which would continue to increase the quantity
of flow of blood at a constant length and viscosity as the radius or velocity increases.

V. Conclusion

In conclusion, the formulated model was used in studying the velocity and pressure of flow of blood in the interlobar artery. The
study of used data from HIV patients revealing that at different hemodynamic states, the velocity profile of blood flowing in the
interlobar artery may not have a fully formed parabolic shape yielding some degree of bluntness of the velocity profile. Subsequent
works may need to consider this and be measured during flow studies and incorporated into calculations for shear rate and blood
flow.
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