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Abstract: In this study, we consider one of the generalizations of the well-known Mittag-Leffler function, namely 𝐸𝛼,𝛽
𝜃 (𝑧). We 

normalize the latter by multiplication with the factor 𝑧𝛤(𝛽) to generate a power series that belongs to the well-known class of 

analytic functions 𝐴 , in the unit disk 𝐷. Consequently, and using spiral-like functions, we investigate some inclusion results. 
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I. Preliminaries 

One of the functions that characterize exponential behavior was developed by a Swedish mathematician and is known as "The 

Mittag-Leffler Function" (see [1]). The Mittag-Leffler function (M-L) has become more significant due to its widespread 

applicability in many scientific and technical domains. In some branches of the physical and applied sciences, including 

probability and statistical distribution theory, fluid mechanics, biological issues, electrical networks, and others, the (M-L) 

function has been used recently. Le𝑣́ y flights, random walks, and—most importantly—generalization of kinetic equations are 

examples of integro-differential equations in which this function naturally occurs [2, 3]. The (M-L) function has been studied 

extensively in the literature for its normalization, generalization, characteristics, applications, and extension. One can check out 

[4, 5] and [6] for further information. The study of fractional generalization of kinetic equations, random walks, Le𝑣́ y flights, 
super-diffusive transport, complex systems, and delayed fractional reaction diffusion all involve fractional-order differential and 

integral equations; the solutions invariably contain (M-L) function (see [7–10]). Recently, the one-parameter (M-L) function has 

also been suggested as a solution for mathematical models in biology and tourism (see [11,12]). 

Initially, the one-parameter (M-L) function 𝐸𝛼(𝑧) for 𝛼 ∈ 𝐶,  𝑤𝑖𝑡ℎ 𝑅𝑒 (𝛼 > 0) (see [13] and [14]) is defined as: 

𝐸𝛼(𝑧): = ∑

∞

𝑛=0

 
𝑧𝑛

𝛤(𝛼𝑛 + 1)
, 𝑧 ∈ 𝐶, 

then, the extension of (M-L) function in two-parameters was studied by Wiman [15]. For all 𝛼, 𝛽 ∈ 𝐶,  𝑤𝑖𝑡ℎ 𝑅𝑒 (𝛼, 𝛽 > 0), the 

two parameters function  𝐸𝛼,𝛽(𝑧) is defined as:  

𝐸𝛼,𝛽(𝑧):= ∑

∞

𝑛=0

 
𝑧𝑛

𝛤(𝛼𝑛 + 𝛽)
, 𝑧 ∈ 𝐶. 

Many studies have provided some generalizations of the (M-L) function (see [16-19]). The main focus of this study is the form 

given by Prabhakar [20]: 

𝐸𝛼,𝛽
𝜃 (𝑧): =  ∑

∞

𝑛=0

(𝜃)𝑛
𝛤(𝛼𝑛 + 𝛽)

.  
𝑧𝑛

𝑛!
,    𝑧, 𝛽, 𝜃 ∈  𝐶 ;  𝑅𝑒 𝛼 > 0.  

Note that (𝜃)𝑣 denotes the familiar Pochhammer symbol which is defined as: 

(𝜃)𝑣 ≔ 
𝛤(𝜃 + 𝑣́)

𝛤(𝜃)
= {1,                                                𝑖𝑓 𝑣́ = 0, 𝜃 ∈ 𝐶\{0} 𝜃(𝜃 + 1)…(𝜃 + 𝑛 − 1), 𝑖𝑓 𝑣́ = 𝑛 ∈ 𝑁, 𝜃 ∈  𝐶, 

(1)𝑛 = 𝑛!, 𝑛 ∈ 𝑁0,𝑁0 = 𝑁 ∪ {0}, 𝑁 = {1,2,3,… }, 

and(𝑞 ∈ 𝑁, 𝑗 = 1,2,3,…𝑞;  𝑅𝑒{𝜃𝑗 ,  𝛽𝑗} > 0, 𝑎𝑛𝑑  𝑅𝑒 𝛼𝑗 > 𝑚𝑎𝑥{0, 𝑅𝑒 𝑘𝑗 − 1;  𝑅𝑒 𝑘𝑗};  𝑅𝑒 𝑘𝑗 > 0). 
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Let 𝐴  be the class of analytic functions in the open unit disk 𝐷:= {𝑧 ∈ 𝐶: |𝑧| < 1} and normalized by the conditions 𝑓(0) =
𝑓′(0) − 1 = 0 with the form 

𝑓(𝑧) = 𝑧 +∑

∞

𝑛=2

 𝑎𝑛𝑧
𝑛 , 𝑧 ∈ 𝐷. 

 

(1.1) 

By observing that the above generalized (M-L) function 𝐸𝛼,𝛽
𝜃  does not belong to family 𝐴, we follow the same method of Bansal 

and Prajapat [21] to obtain the following normalization of the generalized (M-L) function as follows: 

𝐸𝛼,𝛽
𝜃 (𝑧): = 𝑧𝛤(𝛽)𝐸𝛼,𝛽

𝜃 (𝑧) = 𝑧 +∑

∞

𝑛=2

 
𝛤(𝛽)(𝜃)𝑛

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
𝑧𝑛 , 

 

(1.2) 

that holds for parameters 𝛼, 𝛽 ∈ 𝐶 with 𝑅𝑒 𝛼 > 0, 𝑅𝑒 𝛽 > 0 and 𝑧 ∈ 𝐶. In this study, we discuss the special case when 𝛼 and 𝛽 

are real-valued parameters. For functions 𝑓 and 𝑔 in 𝐴, 𝑓 of the form (1.1) and  𝑔(𝑧) = 𝑧 + ∑𝑛=2
∞  𝑏𝑛𝑧

𝑛,  , 𝑧 ∈ 𝐷, the Hadamard 

product is defined by 

 (𝑓 ∗ 𝑔)(𝑧):= 𝑧 +∑

∞

𝑛=2

 𝑎𝑛𝑏𝑛𝑧
𝑛 , 𝑧 ∈ 𝐷. 

Let 𝑆 be the subclass of 𝐴 whose members are univalent in 𝐷. Robertson [22] studied two well-known subclasses of 𝑆, namely, 

the classes of starlike and convex functions. Function 𝑓 ∈ 𝐴 given by (1.1) is said to be starlike of order 𝛾, 0 ≤ 𝛾 < 1, if and only 

if  𝑅𝑒 (
𝑧𝑓′(𝑧)

𝑓(𝑧)
) > 𝛾, 𝑧 ∈ 𝐷,and the function class is denoted as 𝑆∗(𝛾). We also write 𝑆∗(0) = : 𝑆∗, where 𝑆∗ denotes the classof 

functions 𝑓 ∈ 𝐴 such that 𝑓(𝐷) is starlike domain with respect to the origin. Function 𝑓 ∈ 𝐴 is said to be convex of order 𝛾, 0 ≤

𝛾 < 1, if and only if 𝑅𝑒 (1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) > 𝛾, 𝑧 ∈ 𝐷 and the class is denoted as 𝐾(𝛾). Furthermore, 𝐾:= 𝐾(0) represents the well-

known standard class of convex functions. By Alexander's duality relation (see [23]), we know that 𝑓 ∈ 𝐾 ⇔ 𝑧𝑓′(𝑧) ∈ 𝑆∗. 
Function 𝑓 ∈ 𝐴 is said to be spiral-like if 

𝑅𝑒 (𝑒−𝑖𝜉
𝑧𝑓′(𝑧)

𝑓(𝑧)
) > 0, 𝑧 ∈ 𝐷, 

for some 𝜉 ∈ 𝐶 with |𝜉| <
𝜋

2
, these classes were introduced in [24].  

In this study, we consider the subclasses of spiral-like functions 𝑆(𝜉, 𝛾, 𝜌)and𝐾(𝜉, 𝛾, 𝜌),that were introduced and studied by 

Murugusundramoorthy [25,26] and the class 𝑅𝜏(𝜗, 𝛿) that was introduced by Swaminathan [27].  

Definition 1.1. For 0 ≤ 𝜌 < 1,0 ≤ 𝛾 < 1 and |𝜉| <
𝜋

2
, define the class 𝑆(𝜉, 𝛾, 𝜌) by 

𝑆(𝜉, 𝛾, 𝜌): = {𝑓 ∈ 𝐴: 𝑅𝑒 (𝑒𝑖𝜉
𝑧𝑓′(𝑧)

(1 − 𝜌)𝑓(𝑧) + 𝜌𝑧𝑓′(𝑧)
) > 𝛾𝑐𝑜𝑠 𝜉, 𝑧 ∈ 𝐷} 

Definition 1.2.For 0 ≤ 𝜌 < 1,0 ≤ 𝛾 < 1 and |𝜉| <
𝜋

2
,  define the class 𝐾(𝜉, 𝛾, 𝜌) by 

𝐾(𝜉, 𝛾, 𝜌): = {𝑓 ∈ 𝐴:𝑅𝑒 (𝑒𝑖𝜉
𝑧𝑓′′(𝑧) + 𝑓′(𝑧)

𝑓′(𝑧) + 𝜌𝑧𝑓′′(𝑧)
) > 𝛾𝑐𝑜𝑠 𝜉, 𝑧 ∈ 𝐷}. 

Next, Murugusundramoorthy [25,26], provided sufficient conditions for function 𝑓 to be in the above classes. 

Lemma 1.1.  Function 𝑓 given by (1.1) is a member of 𝑆(𝜉, 𝛾, 𝜌) if 

∑

∞

𝑛=2

  [(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝑐 𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]|𝑎𝑛| ≤ 1 − 𝛾 

where|𝜉| <
𝜋

2
, 0 ≤ 𝜌 < 1,0 ≤ 𝛾 < 1. 
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Lemma 1.2. Function 𝑓 given by (1.1) is a member of 𝐾(𝜉, 𝛾, 𝜌) if 

∑

∞

𝑛=2

 𝑛[(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝑐 𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]|𝑎𝑛| ≤ 1 − 𝛾, 

where |𝜉| <
𝜋

2
, 0 ≤ 𝜌 < 1,0 ≤ 𝛾 < 1. 

Definition 1.3. Function 𝑓 ∈ 𝐴 is said to be in class 𝑅𝜏(𝜗, 𝛿), where 𝜏 ∈ 𝐶 ∖ {0}, 0 < 𝜗 ≤ 1, and 𝛿 < 1, if it satisfies the 

inequality 

|
(1 − 𝜗)

𝑓(𝑧)

𝑧
+ 𝜗𝑓′(𝑧) − 1

2𝜏(1 − 𝛿) + (1 − 𝜗)
𝑓(𝑧)

𝑧
+ 𝜗𝑓′(𝑧) − 1

| < 1, 𝑧 ∈ 𝐷. 

Lemma 1.3. If 𝑓 ∈ 𝑅𝜏(𝜗, 𝛿) is of the form (1.1), then 

|𝑎𝑛| ≤
2|𝜏|(1 − 𝛿)

1 + 𝜗(𝑛 − 1)
, 𝑛 ∈ 𝑁 ∖ {1} 

 

(1.3) 

The bound given in (1.3) is sharp for 

𝑓(𝑧) =
1

𝜗𝑧1−
1

𝜗

∫
𝑧

0

  𝑡1−
1

𝜗 [1 +
2(1 − 𝛿)𝜏𝑡𝑛−1

1 − 2𝑛−1
]𝑑𝑡. 

Next, we obtain sufficient conditions for the function 𝐸𝛼,𝛽
𝜃 (𝑧) to be in the classes 𝑆(𝜉, 𝛾, 𝜌) and 𝐾(𝜉, 𝛾, 𝜌) respectively. 

II. Inclusion Results for The Normalized (M-L) 

We follow the same approach of authors in [28-30], who studied the two-parameter (M-L): 𝐸𝛼,𝛽(𝑧). Prior to proving our main 

results, we compute the following: 

𝐸𝛼,𝛽
𝜃 (1) − 1 = ∑

∞

𝑛=2

  
(𝜃)𝑛𝛤(𝛽)

𝑛!𝛤(𝛼(𝑛 − 1) + 𝛽)
 

 

(2.1) 

(𝐸𝛼,𝛽
𝜃 )

′
(1) − 1 = ∑

∞

𝑛=2

  
(𝜃)𝑛𝛤(𝛽)

(𝑛 − 1)! 𝛤(𝛼(𝑛 − 1) + 𝛽)
, 

 

(2.2) 

(𝐸𝛼,𝛽
𝜃 )

′′
(1)  = ∑

∞

𝑛=2

  
(𝜃)𝑛𝛤(𝛽)

(𝑛 − 2)! 𝛤(𝛼(𝑛 − 1) + 𝛽)
. 

 

(2.3) 

Theorem 2.1. If 

[(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)](𝐸𝛼,𝛽
𝜃 )

′
(1) + (1 − 𝜌)(1 − 𝛾 − 𝑠𝑒𝑐 𝜉)𝐸𝛼,𝛽

𝜃 (1 ≤ 2(1 − 𝛾),  

(2.4) 

then𝐸𝛼,𝛽
𝜃 ∈ 𝑆(𝜉, 𝛾, 𝜌).where𝐸𝛼,𝛽

𝜃  is defined by (1.2) 

Proof. Because 𝐸𝛼,𝛽
𝜃  are defined by (1.2), according to Lemma 1.1 it is sufficient to show that 

∑

∞

𝑛=2

  [(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
≤ 1 − 𝛾. 

 

(2.5) 

Because the left-hand side of inequality (2.5) could be written as 

https://www.rsisinternational.org/journals/ijrias
https://www.rsisinternational.org/journals/ijrias


INTERNATIONAL JOURNAL OF RESEARCH AND INNOVATION IN APPLIED SCIENCE (IJRIAS) 

ISSN No. 2454-6194 | DOI: 10.51584/IJRIAS | Volume VIII Issue VIII August 2023 

www.rsisinternational.org                                                                                                                                                   Page 79 

𝐽1(𝜉, 𝛾, 𝜌): = ∑

∞

𝑛=2

   [(1 − 𝜌)𝑠𝑒𝑐 𝜉(𝑛 − 1) + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)

= [(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)]∑

∞

𝑛=2

  
(𝜃)𝑛𝛤(𝛽)

(𝑛 − 1)! 𝛤(𝛼(𝑛 − 1) + 𝛽)
 + (1 − 𝜌)(1 − 𝛾

− 𝑠𝑒𝑐 𝜉)∑

∞

𝑛=2

  
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
, 

therefore, by using (2.1) and (2.2), we get 

𝐽1(𝜉, 𝛾, 𝜌) = [(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)] [(𝐸𝛼,𝛽
𝜃 )

′
(1) − 1]  + (1 − 𝜌)(1 − 𝛾 − 𝑠𝑒𝑐 𝜉)[𝐸𝛼,𝛽

𝜃 (1) − 1]

= [(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)](𝐸𝛼,𝛽
𝜃 )

′
(1) + (1 − 𝜌)(1 − 𝛾 − 𝑠𝑒𝑐 𝜉)𝐸𝛼,𝛽

𝜃 (1)  − (1 − 𝛾) 

Thus, from assumption (2.4), it follows that 𝐽1(𝜉, 𝛾, 𝜌) ≤ 1 − 𝛾, that is, (2.5) holds;, therefore, 𝐸𝛼,𝛽
𝜃 ∈ 𝑆(𝜉, 𝛾, 𝜌).                                                                                                                                                              

□ 

Theorem 2.2.If 

[(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)](𝐸𝛼,𝛽
𝜃 )

′′
(1) + (1 − 𝛾)(𝐸𝛼,𝛽

𝜃 )
′
(1) ≤ 2(1 − 𝛾),  

(2.6) 

then𝐸𝛼,𝛽
𝜃 ∈ 𝐾(𝜉, 𝛾, 𝜌). where𝐸𝛼,𝛽

𝜃  is defined by (1.2) 

Proof. Using definition (1.2) of 𝐸𝛼,𝛽
𝜃 , in view of Lemma 1.2 it is sufficient to prove that 

∑

∞

𝑛=2

 𝑛[(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
≤ 1 − 𝛾. 

 

(2.7) 

 

The left-hand side of inequality (2.7) could be written as 

𝐽2(𝜉, 𝛾, 𝜌): = ∑

∞

𝑛=2

  𝑛[(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝑐 𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)

= [(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)]∑

∞

𝑛=2

  
(𝜃)𝑛𝛤(𝛽)

(𝑛 − 2)! 𝛤(𝛼(𝑛 − 1) + 𝛽)
 + (1 − 𝛾)∑

∞

𝑛=2

  
(𝜃)𝑛𝛤(𝛽)

(𝑛 − 1)! 𝛤(𝛼(𝑛 − 1) + 𝛽)
, 

and from (2.2) and (2.3) we get 

𝐽2(𝜉, 𝛾, 𝜌) = [(1 − 𝜌) 𝑠𝑒𝑐 𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)](𝐸𝛼,𝛽
𝜃 )

′′
(1) + (1 − 𝛾) [(𝐸𝛼,𝛽

𝜃 )
′
(1) − 1]. 

Hence, assumption (2.6) implies that 𝐽2(𝜉, 𝛾, 𝜌) ≤ 1 − 𝛾 that is (2.7) holds, and consequently, 𝐸𝛼,𝛽
𝜃 ∈ 𝐾(𝜉, 𝛾, 𝜌).                                                                                                                                                           

□ 

III. Inclusion Results for The Image ofa Linear Operator 

First, we introduce the following linear operator 𝛬𝛽
𝛼: 𝐴 → 𝐴 by the means of Hadamard product 

𝛬𝛽
𝛼𝑓(𝑧):= 𝑓(𝑧) ∗ 𝐸𝛼,𝛽

𝜃 (𝑧) = 𝑧 +∑

∞

𝑛=2

 
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
𝑎𝑛𝑧

𝑛, 𝑧 ∈ 𝐷. 

Next, we explore the sufficient conditions for the images of the linear operator  𝛬𝛽
𝛼  on functions of the class 𝑅𝜏(𝜗, 𝛿). Thus, we 

provide sufficient conditions such that these images are in the classes 𝑆(𝜉, 𝛾, 𝜌) and 𝐾(𝜉, 𝛾, 𝜌), respectively. 

Theorem 3.1.For 𝑓(𝑧)  ∈ 𝐴.  If 
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2|𝜏|(1 − 𝛿)

𝜗
[(1 − 𝜌) 𝑠𝑒𝑐 𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)][𝐸𝛼,𝛽

𝜃 (1) − 1]  + (1 − 𝜌)(1 − 𝛾 −𝑠𝑒𝑐 𝑠𝑒𝑐 𝜉 )∫
1

0

  (
𝐸𝛼,𝛽
𝜃 (𝑡)

𝑡
− 1)𝑑𝑡 ≤ 1 − 𝛾 

 (3.1) 

then 

𝛬𝛽
𝛼(𝑅𝜏(𝜗, 𝛿)) ⊂ 𝑆(𝜉, 𝛾, 𝜌). 

Proof. Let 𝑓 ∈ 𝑅𝜏(𝜗, 𝛿) be of the form (1.1). To prove that 𝛬𝛽
𝛼(𝑓) ∈ 𝑆(𝜉, 𝛾, 𝜌), from Lemma 1.1 it is necessary to show that 

∑

∞

𝑛=2

  [(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝑐 𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
|𝑎𝑛| ≤ 1 − 𝛾. 

We denote the left-hand side of the above inequality by 

𝐽3(𝜉, 𝛾, 𝜌): = ∑𝑛=2
∞  [(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝑐 𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]

(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
|𝑎𝑛|. 

Because  𝑓 ∈ 𝑅𝜏(𝜗, 𝛿), by Lemma 1.3 we have 

|𝑎𝑛| ≤
2|𝜏|(1 − 𝛿)

1 + 𝜗(𝑛 − 1)
, 𝑛 ∈ 𝑁 ∖ {1}, 

and using the inequality 1 + 𝜗(𝑛 − 1) ≥ 𝜗𝑛 we obtain  

𝐽3(𝜉, 𝛾, 𝜌) ≤
2|𝜏|(1 − 𝛿)

𝜗
{∑

∞

𝑛=2

  
1

𝑛
[(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝑐 𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]   ×

(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
}  

=
2|𝜏|(1 − 𝛿)

𝜗
{∑

∞

𝑛=2

   [(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)]
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
+ (1 − 𝜌)(1 − 𝛾

− 𝑠𝑒𝑐 𝜉)∑

∞

𝑛=2

  
1

𝑛

(𝜃)𝑛𝛤(𝛽)

𝑛!𝛤(𝛼(𝑛 − 1) + 𝛽)
}  

From the above inequality, using (2.1), we get 

𝐽3(𝜉, 𝛾, 𝜌) ≤
2|𝜏|(1 − 𝛿)

𝜗
[(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)][𝐸𝛼,𝛽

𝜃 (1) − 1]  + (1 − 𝜌)(1 − 𝛾 − 𝑠𝑒𝑐 𝜉)∫
1

0

  (
𝐸𝛼,𝛽
𝜃 (𝑡)

𝑡
− 1)𝑑𝑡, 

hence, the assumption (3.1) implies then 𝐽3(𝜉, 𝛾, 𝜌) ≤ 1 − 𝛾, that is 𝛬𝛽
𝛼(𝑓) ∈ 𝑆(𝜉, 𝛾, 𝜌).                             □ 

Using Lemma 1.2 and following the same procedure as in the proof of Theorem 2.2, we obtain the following result:. 

Theorem 3.2. For 𝑓(𝑧)  ∈ 𝐴.  If 

2|𝜏|(1 − 𝛿)

𝜗
{[(1 − 𝜌) 𝑠𝑒𝑐 𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)](𝐸𝛼,𝛽

𝜃 )
′
(1) + (1 − 𝜌)(1 − 𝛾 −𝑠𝑒𝑐 𝑠𝑒𝑐 𝜉 )𝐸𝛼,𝛽

𝜃 (1) − (1 − 𝛾)} ≤ 1 − 𝛾 

 (3.2) 

then 

𝛬𝛽
𝛼(𝑅𝜏(𝜗, 𝛿)) ⊂ 𝐾(𝜉, 𝛾, 𝜌) 

Proof. Let 𝑓 ∈ 𝑅𝜏(𝜗, 𝛿) be of the form (1.1). In view of Lemma 1.2, to prove that 𝛬𝛽
𝛼(𝑓) ∈ 𝐾(𝜉, 𝛾, 𝜌) we must show that 

∑

∞

𝑛=2

 𝑛[(1 − 𝜌)(𝑛 − 1) 𝑠𝑒𝑐 𝑠𝑒𝑐 𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
|𝑎𝑛| ≤ 1 − 𝛾. 

 

(3.3) 

Because  𝑓 ∈ 𝑅𝜏(𝜗, 𝛿), then by Lemma 1.3 we have 
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|𝑎𝑛| ≤
2|𝜏|(1 − 𝛿)

1 + 𝜗(𝑛 − 1)
, 𝑛 ∈ 𝑁 ∖ {1}, 

and 1 + 𝜗(𝑛 − 1) ≥ 𝜗𝑛. Denoting the left-hand side of the inequality (3.3) by 

𝐽4(𝜉, 𝛾, 𝜌):= ∑

∞

𝑛=2

 𝑛[(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
|𝑎𝑛|. 

We deduce that 

𝐽4(𝜉, 𝛾, 𝜌) ≤
2|𝜏|(1 − 𝛿)

𝜗
∑

∞

𝑛=2

   [(1 − 𝜌)𝑠𝑒𝑐 𝜉(𝑛 − 1) + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]  ×
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)

=
2|𝜏|(1 − 𝛿)

𝜗
{[(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)]∑

∞

𝑛=2

  
𝑛(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
+ (1 − 𝜌)(1 − 𝛾

− 𝑠𝑒𝑐 𝜉)∑

∞

𝑛=2

  
(𝜃)𝑛𝛤(𝛽)

𝑛!𝛤(𝛼(𝑛 − 1) + 𝛽)
}  

Now, using (2.1) and (2.2), the above inequality yields 

𝐽4(𝜉, 𝛾, 𝜌) ≤
2|𝜏|(1 − 𝛿)

𝜗
{[(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)] [(𝐸𝛼,𝛽

𝜃 )
′
(1) − 1] + (1 − 𝜌)(1 − 𝛾 − 𝑠𝑒𝑐 𝜉)[𝐸𝛼,𝛽

𝜃 (1) − 1]}  

=
2|𝜏|(1 − 𝛿)

𝜗
{[(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)](𝐸𝛼,𝛽

𝜃 )
′
(1) + (1 − 𝜌)(1 − 𝛾 − 𝑠𝑒𝑐 𝜉)𝐸𝛼,𝛽

𝜃 (1) − (1 − 𝛾)}. 

Therefore, assumption (3.2) yields  𝐽4(𝜉, 𝛾, 𝜌) ≤ 1 − 𝛾, which implies inequality (3.3), that is 𝛬𝛽
𝛼(𝑓) ∈ 𝐾(𝜉, 𝛾, 𝜌).                                                                                                                                                              

□ 

IV. Inclusion Results for The Alexander Integral Operator 

Theorem 4.1.For the Alexander Integral Operator  𝛹𝛽
𝛼 be given by 

𝛹𝛽
𝛼(𝑧) = ∫

𝑧

0

 
𝐸𝛼,𝛽
𝜃 (𝑡)

𝑡
𝑑𝑡, 𝑧 ∈ 𝐷 

 

(4.1) 

𝛹𝛽
𝛼(𝑧) = ∫

𝑧

0

 
𝐸𝛼,𝛽
𝜃 (𝑡)

𝑡
𝑑𝑡, 𝑧 ∈ 𝐷. 

If 

[(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)](𝐸𝛼,𝛽
𝜃 )

′
(1) + (1 − 𝜌)(1 − 𝛾 − 𝑠𝑒𝑐 𝜉)𝐸𝛼,𝛽

𝜃 (1) ≤ 2(1 − 𝛾),   

then𝛹𝛽
𝛼 ∈ 𝐾(𝜉, 𝛾, 𝜌). 

Proof. Since   

𝛹𝛽
𝛼(𝑧) = 𝑧 +∑

∞

𝑛=2

 
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
⋅
𝑧𝑛

𝑛
, 𝑧 ∈ 𝐷. 

 

(4.2) 

According to Lemma 1.2, it is sufficient to prove that 

∑

∞

𝑛=2

 𝑛[(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝑐 𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]
1

𝑛
⋅

(𝜃)𝑛𝛤(𝛽)

𝑛!𝛤(𝛼(𝑛 − 1) + 𝛽)
≤ 1 − 𝛾 

or, equivalently 

∑

∞

𝑛=2

  [(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝑐 𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
≤ 1 − 𝛾 
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The proof of Theorem 4.1 is parallel to that of Theorem 2.1.                                                                         □ 

Theorem 4.2.Let the function 𝛹𝛽
𝛼 be given by (4.1). If 

[(1 − 𝜌) 𝑠𝑒𝑐 𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)](𝐸𝛼,𝛽
𝜃 (1) − 1)  + (1 − 𝜌)(1 − 𝛾 −𝑠𝑒𝑐 𝑠𝑒𝑐 𝜉 )∫

1

0

  (
𝐸𝛼,𝛽
𝜃 (𝑡)

𝑡
− 1)𝑑𝑡 ≤ 1 − 𝛾, 

 (4.3) 

then𝛹𝛽
𝛼 ∈ 𝑆(𝜉, 𝛾, 𝜌). 

Proof. Because  𝛹𝛽
𝛼 has the power series expansion (4.2), then by Lemma 1.1 it is sufficient to prove that 

∑

∞

𝑛=2

 
1

𝑛
[(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝑐 𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]

(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
≤ 1 − 𝛾. 

The left-hand side of the above inequality could be rewritten as 

𝐽5(𝜉, 𝛾, 𝜌) = ∑

∞

𝑛=2

  
1

𝑛
[(1 − 𝜌)(𝑛 − 1)𝑠𝑒𝑐 𝜉 + (1 − 𝛾)(1 + 𝑛𝜌 − 𝜌)]  ×

(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)

= ∑

∞

𝑛=2

   [(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)]
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
 + (1 − 𝜌)(1 − 𝛾 − 𝑠𝑒𝑐 𝜉)∑

∞

𝑛=2

  
1

𝑛

⋅
(𝜃)𝑛𝛤(𝛽)

𝑛! 𝛤(𝛼(𝑛 − 1) + 𝛽)
 

and using (2.1), we get 

𝐽5(𝜉, 𝛾, 𝜌) ≤ [(1 − 𝜌)𝑠𝑒𝑐 𝜉 + 𝜌(1 − 𝛾)][𝐸𝛼,𝛽
𝜃 (1) − 1]  + (1 − 𝜌)(1 − 𝛾 − 𝑠𝑒𝑐 𝜉)∫

1

0

  (
𝐸𝛼,𝛽
𝜃 (𝑡)

𝑡
− 1)𝑑𝑡. 

Therefore, if the assumption (4.3) holds, then 𝐽5(𝜉, 𝛾, 𝜌) ≤ 1 − 𝛾. Hence, 𝛹𝛽
𝛼 ∈ 𝑆(𝜉, 𝛾, 𝜌).           □                            

V. Conclusions 

In this study, we normalized the generalized (M-L) to deduce the analytic form 𝐸𝛼,𝛽
𝜃 , that we investigated its inclusion results in 

the subclasses the classes 𝑆(𝜉, 𝛾, 𝜌) and 𝐾(𝜉, 𝛾, 𝜌). In addition, we discuss sufficient conditions for the  linear operator  

𝛬𝛽
𝛼(𝑓), 𝑓 ∈  𝑅𝜏(𝜗, 𝛿) to be a member of the same subclasses, i.e. 𝑆(𝜉, 𝛾, 𝜌) and 𝐾(𝜉, 𝛾, 𝜌). Finally, the investigation has been 

extended to involve Alexander operator 𝛹𝛽
𝛼 by the means of Hadamard product. 
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