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ABSTRACT

Researchers recently developed hybrid nanofluids to address drawbacks of existing nanofluids, including
clogging, low stability, high pressure drop, and expensive production. Here, viscosity and thermal
conductivity vary with temperature, and by considering these variations, we can predict the flow behaviour.
We consider the stretching sheet with an external magnetic field to conduct the flow. We convert the flow
equations of momentum and heat transfer, which prevail in the present problem with boundary conditions,
into nonlinear coupled ordinary differential equations using relevant similarity transformations.

Graphs illustrate and analyse how the non-dimensional parameter influences the velocity and temperature
profiles. We compared the heat transfer rate for various values of the Prandtl number under some special
assumptions with published research works and obtained satisfactory results in alignment with the papers.
The results show that the heat transfer rate is sufficiently large for MWCNT-Alumina/engine oil hybrid
nanofluid compared to MWCNT-Alumina/water hybrid nanofluid. Because of this, engineers and industry
professionals can use MWCNT-Alumina/engine oil hybrid nanofluid as an efficient coolant.

Keywords: Variable viscosity, variable thermal conductivity, hybrid nanofluid velocity ratio parameter.
2010 Mathematics Subject Classification: 80A20

INTRODUCTION

The new heat transfer coolant, nanofluid, was discovered through recent research in nanotechnology.
Nanofluid [1], pioneered by Choi, is a new type of fluid that disperses oxide ceramics (Al,O3, CuO), metal ¢
arbides (Sic, nitrides AIN, SiN), metal (Al, Cu), non-metals (graphite, carbon nanotubes) liquidly. By adding
nanoparticles, heat transfer and fluid flow can be altered, and thermal properties and stability can be
improved. It has many applications in the cooling of microchips, medical applications, space and defence,
nuclear system cooling, industrial cooling, solar water heating, refrigeration, thermal storage, biomedical
applications, transportation, power generation, aerospace, chemical engineering, manufacturing, and
electronic applications. But nanofluids exhibit some drawbacks, such as clogging and reduced stability. The
specific heat capacity of nanofluid is lower than that of base fluids. Nanofluids are not used commonly in
the industry because of their higher production cost. To overcome these drawbacks of nanofluids, many
researchers started using hybrid nanofluids by mixing two or more dissimilar nanoparticles that have
different physical and chemical properties in the base fluid. It attributes a good aspect ratio, higher heat
transfer rate, better thermal network. The main purpose of using mixed nanofluids is to obtain the correct
properties of each nanoparticle. Some nanoparticles may have good thermal properties, or some may have
good rheological properties. By using hybrid nanofluids, one can combine all excellent features of each
nanoparticle that are required for many practical applications. CNTs have very high electrical and thermal
conductivity, mechanical resistance, chemical stability, and physical strength. These properties of CNTs
have attracted many researchers to develop hybrid nanofluids consisting of CNTs with metallic or
nonmetallic nanoparticles. Hybrid nanofluids consisting of CNTs are used in electrochemical sensors,
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biosensors, and nanocatalysts. Engine oil is used for both cooling and lubrication in internal combustion
engines. The friction between moving parts of the engine will be decreased, and the generated heat will be
transferred by the use of engine oil. This results in an improvement in the heat transfer rate, and ultimately
the efficiency and lifespan of the engine will become better. In this study, we compare the heat transfer rate
of both MWCNT-Alumina/water and MWCNT-Alumina/engine oil hybrid nanofluids.

Mohammed A et al. [2] investigated the effect of convective hybrid CNT- Al,O3 nanofluid. He got the result
that heat transfer increases with the increasing value of the Rayleigh number. Mohsen lIzadi [3] discussed
natural convection of MgO/Ag —water hybrid nanofluid flow because of the impact of the variable magnetic
field in a porous medium including the heater. The temperature gradient close to the heater increases with
increasing values of the porosity coefficient. Tanzila Hayat et al. [4] analysed three-dimensional rotation of
Ag-CuO/water nanofluid because of the impact of heat generation, chemical reaction and thermal radiation.
They found that hybridity enhances the heat transfer rate. The Heat transfer rates of Cu-water nanofluid flow
and Cu-Al203/water hybrid nanofluid flow across a stretched sheet were compared by Suriya Uma Devi et
al. [5]. Based on their findings, they concluded that hybrid nanofluid has a higher heat transfer rate than
nanofluid and is more effective in cooling processes. Sandesh et al.'s [6] investigation of hybrid nanofluids'
thermal conductivity took into account the impact of nanoparticle size and surface area.

The thermal conductivity of CNT-water and CNT-AI203/water hybrid nanofluids was experimentally
studied by Mageshbabu et al. [7]. They concluded that the hybrid nanofluid had a higher specific heat
capacity and thermal conductivity than the CNT-water nanofluid. According to the findings of their
experiment, Ester et al. [8] conducted an investigation on the heat-conducting properties of CNT-
Al203/water combined nanofluids and the impact of temperature and concentration. They discovered that
the solid volume percentage of the nanoparticles influences the thermal conductivity of the nanofluid.
Sheren A. Kaska et al. [9] carried out a CFD analysis to predict the heat transfer and pressure drop inside a
horizontal flat-tube by considering AIN- Al,O3 /water hybrid nanofluid. They reported that with the rising
values of Reynolds number and volume fraction of nanoparticles, pressure drop increases. Mehdi Bahiraei et
al[10] evaluated the thermohydraulic properties of graphene silver nanoparticles hybrid nanofluid in a
microchannel heat sink. They found that with increasing value of concentration or Reynolds number of
nanoparticles enhances cooling efficiency. Fitnat Saba et al. [11] employed a study on heat transfer of Cu-
Al,O3 —hybrid nanofluid inside a rectangular channel. They found that platelet-shaped nanoparticles
displayed a better heat transfer rate than the cylinder- and brick-shaped nanoparticles. Experimental research
on the thermal conductivity of hybrid nanofluid CuUO/MWCNT-water was conducted by Masond Zadlehast
et al. [12]. They demonstrated how thermal conductivity increased with increasing volume fraction and
temperature. The point at which the fluid flow's local velocity becomes zero is known as the stagnation
point.

Stagnation point flow happens when the fluid flow approaches any solid surface, and it divides into opposite
directions along the surface. It has many applications, such as in groundwater flows, extrusion of a polymer
sheet from a die, petroleum industries, cooling of electronic devices by fans, cooling of nuclear reactors
during emergency shutdown and hydrodynamic processes. A computational investigation of the effect of the
magnetic field in a porous medium on the stagnation point flow of both Al,Oz-water nanofluid and CuO-
water nanofluid was proposed by Mabood et al. [13]. He discovered that the skin friction coefficient is
increased by the porosity. The MHD stagnation point flow of CuO-water and Ag-water nanofluids across a
moving plate was examined by Fazle Mabood et al. [14]. They came to the conclusion that when the
magnetic field increases, the local Nusselt number gets stronger. The stagnation point flow of two
nanofluids comprising single- and multiwalled carbon nanotubes was compared by Noreen et al. They
concluded that the local Nusselt number rises with enhancing values of thermal conductivity parameter, slip
parameter, radiation parameter, and convective parameter. Mohammad Youseti et al. [16] analytically
presented a model of steady stagnation point flow of TiO2-CuO/water hybrid nanofluid past a circular
cylinder. They demonstrated that the temperature distribution and heat transfer rate improve with hybridity.
Ghadikolaei et al. [17] analysed the effect of the magnetic field by considering the stagnation flow of a
hybrid nanofluid. They considered a TiO2—Cu/water hybrid nanofluid over a stretching sheet. They used the
RKF method to solve non-linear differential equations. They concluded that hybrid nanofluids are more
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effective than nanofluids, and platelet-shaped nanoparticles are more effective than brick- and cylindrically
shaped nanoparticles.

In the above-discussed papers, viscosity and the thermal conductivity were considered as constants. But in
the actual behaviour of the flow, viscosity and thermal conductivity won't stay as invariants. Studies that
consider variable viscosity and thermal conductivity have many applications in the underground storage
system and the extraction of geothermal energy. Eiyad Ab Nada [18] presented a mathematical model of
CuO-water nanofluid flow because of variable thermal conductivity and viscosity in horizontal annuli. He
found that for Reynolds numbers greater than or equal to 10* the average Nusselt number decreased with
the rising value of the volume fraction of nanoparticles. Manjunatha et al[19] explored the heat transfer of
dusty fluid with the combined impact of variable viscosity and the thermal conductivity over an unsteady
stretching sheet. They got the result that the fluid that has low thermal conductivity can be considered for
effective cooling.

The three-dimensional stagnation point flow of Cu-water and Cu- Al,Oshybrid nanofluids through a circular
cylinder was covered by Nadeem et al. [20]. It is reported that the hybrid nanofluid has a higher heat transfer
rate than the nanofluid. Cu- Al,Os/water hybrid nanofluid flow across a stretching sheet was taken into
consideration by Manjunatha et al. [21] in order to forecast the combined influence of free convection and
changing viscosity.

They found that the temperature of Cu- Al,Os/water hybrid nanofluid increases with the increasing value of
the variable viscosity parameter.

As far as the authors are aware, no research has been done to compare the heat transfer of hybrid nanofluids,
such as MWCNT- Al,Oz/water and MWCNT- Al,Os/engine oil, with stagnation point flow and the
combined effects of thermal conductivity and variable viscosity. We examined the effects on the
temperature and velocity profiles of the two hybrid nanofluids with variable viscosity parameter B, variable
thermal conductivity parameter S, magnetic field parameter M, and velocity ratio parameter.

Model Of The Problem

Analysis is done on the two-dimensional hybrid nanofluid boundary layer flow together with a stretching
sheet that has a stagnation point. We allowed viscosity and the thermal conductivity to vary with the
temperature. We treated the motion of the sheet along the x-axis, and the y-axis is taken normal to it. Along
the y-direction, a uniform magnetic field B is applied. A hybrid nanofluid is obtained by mixing MWCNT-
Al,O3 into water and also into engine oil. Spherical-shaped nanoparticles are taken into consideration.

Mo

Figure 1:Physical drawing of the problem.
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Governing equations that are prevalent to the present problem, as per the above assumptions, are given by

dp , 0q _
I + y 0 (1)
op opy__1 0 0P, | 0B;®
(pa + qg) ol (uhnf ay) tho o —(F—D) (2)
aT aT 1 d aT
(p ax tq 6y) (PCp)nnf 9y (Khnf 6y) (3)

Viscosity and thermal conductivity are varied according to

T-Teo

Wity o-80 (M), Kr = Koo (1 + 56), 0 = (4)

w_Too

The boundary conditions in the current problem are

P=Dw» q=0, =T, aty=0
p - P, T - Ty, asy — o (5)
p(Kgm™ co(JKg'K™) k(Wm™K?
Water 997.1 4179 0.613
Engine oil | 920 1670 0.138
MWCNT | 1600 796 3000
Al,O3 3970 765 40

Table 1. Thermophysical properties of base fluids: water and engine oil, and nanoparticles MWCNT and
alumina Al,0;

Properties Hybrid Nanofluid

Density(kg m™3) Py = [(1 = 0){(1 = 81)ps + D1p51} + D2ps2]

Heat Capacity /K1) | (pCp)pny = [(1 — 0){(1 — 81)(pCP) s + 1 (pCP)s1} + B2(pCP)s2]

Viscosity (Ns.m™2) U r = i
- 0,)25(1 - 0,)%
Thermal Conductivity Knng Koo + (n— DKy — (n— 1), (Kpr — Ks3)
Kyr Ko+ (Mm—1K,r + ¢o(Kpr — K,
W.KL.m™1) bf 2t (n ) bf b2 ( bf 52)
Where

Kpyr Ko+ (- 1K — (n— 1) (Kf — K1)
K Kgp + (n— DKr + ¢4 (Kr — Ksq)

Table 2: Thermophysical Model
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Also, n = 3 is for spherical nanoparticles.

We consider the following set of similarity variables involving the dimensionless variable 1 as

p=axf().q= ~Jad [ 1= [ o= ©)

where 1 is the transformed one-dimensional axis. Equation (1) is automatically satisfied. Equations (2) and
(3) convert into the following ordinary differential equations:

fr=BOf" = (1= p)* (U= " M £ = Me+ |- {1 -0+ 0,22+ 0,22 () -
f Pf

f7 - en) (7)
(1+S5S0)0" + 5(0')2 =
() (o) |1 - 0 {1 - 01) + 0, 222} 10, 222 p. 261" — fo) (8)

Boundary conditions (5) and (6) are transformed into
f(0) =1, f(0)=0, 6(0)=1, f'(w0)—>e, 6(x)—0. (9)

The local skin friction coefficients and the local Nusselt number can be expressed as

oT
ko X(55)
Re. = o _ _Hnans (9D N =( Khnf) ¥ y=o
ex Vf ) Cf;c prw,Z (ay)yzo ] ux Kf (Tw_TOO)
ES _ £'(0) - _ (—Knng\ 4
ResCf, = Grokrs  Rex? N, = (2222 6(0) (10)

METHODOLOGY

The coupled nonlinear ordinary differential equations (7) and (8) with boundary equations (9) are solved
numerically using MATLAB bvp4c algorithm. For numerical results, we kept the following values as
common throughout the study, except for the varied values shown in graphs and tables.qp; = 0.1, @, =
0.005, M =1, e=0.5 S =0.1,and B=1. We considered MWCNT- Al,Os—water hybrid nanofluid and
MWCNT- Al,Oz-engine oil hybrid nanofluid. Table 3 exhibits the comparison of values of — 6'(0) for
various values of Prandtl number. We got a satisfactory result with published papers of [26],[27],[28],[29]
and [30].

Pr Grubka Sharena | Noorzehan Gireesha et | Sandeep et | Present study
&Bobba[26] etal. [27] | etal [28] al. [29] al. [30]

1 1.3333 1.3333 1.3333 1.3333 1.3333 1.33333086579675

3 2.5097 2.5097 2.5097 - - 2.50971545474265

10 4.7969 4.7969 4.7969 4.7968 4.7968 4.79680688408748

Table 3. Comparison of — 6'(0) for various values of P;,
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RESULTS AND DISCUSSION

1
Data in Tables 4 and 5 display numeric values of the local skin friction coefficients Re,z Cf, for different

1
amounts of modifiable thermal conductivity factor S and local skin friction coefficients Re,z Cf; and local

Nusselt number %e’m) for various values of v variable viscosity parameter B. Table 4 illustrates that
f

the rise in S decreases the local Nusselt number of both hybrid nanofluids. Table 5 shows that the rise in B
decreases both the local skin friction coefficient and the local Nusselt number of both hybrid nanofluids.
Table 6 exhibits variation of f"/( 0) and — 06'(0) for various values of B, M and € of MWCNT- Al,O3
/water MWCNT- Al,Os/engine oil hybrid nanofluids. Table 6 reveals that the increasing values of B and
M decrease £°0 and the heat transfer rate —0'( 0) of both hybrid nanofluids. But f”/( 0) and heat transfer
rate —0'( 0) of both hybrid nanofluids increase with the rising value of both €.

Figure. 2 and 3 are plotted to illustrate the consequence of the non-dimensional similarity variable n and
non-dimensional velocity component f’'(n) for both MWCNT-Alumina/water and MWCNT-
Alumina/engine oil hybrid nanofluids for various values of the variable viscosity parameter B. Figure 2
shows that velocity profile f'(n) decreases with increasing value of B for the MWCNT-Alumina/water
hybrid nanofluid. In Figure. 3 also the same trend is exhibited for the velocity profile of MWCNT-
Alumina/engine oil hybrid nanofluid. Figure. 4,5 reveal the variation of the variable viscosity parameter B
on the temperature profiles of both MWCNT-Alumina/water and MWCNT-Alumina/engine oil hybrid
nanofluid. From Figures 4 and 5, we can observe that the temperature field increases with the rising values
of B. The Physical reason behind this fact is the increasing value of the viscosity parameter enhances the
resistance to the flow, which results in the decline of the velocity boundary layer thickness and results in a
flattening of the velocity profile. But rising values of B tend to enhance the thermal boundary layer
thickness, and it gives rise to the magnification of the temperature profile.

Figure 6 and Figure 7 exhibit the relation between similarity variable n and nondimensional velocity
component f’ ()of both MWCNT-Alumina/water and MWCNT-Alumina/engine oil hybrid nanofluids for
various values of the magnetic field parameter M. From Figure. 6 and 7, we can understand that the velocity
field decrease with M. But in Figures 8 and 9 we can visualise that the temperature profile increases with
M.This is because the magnetic field parameter develops a Lorentz force, which acts opposite to the fluid
flow and it declines the velocity boundary layer and thermal boundary layer thickness.

Figures 10,11,12 and 13 are sketched to discuss the variation of the velocity profiles and the temperature
profiles of both MWCNT-Alumina/water and MWCNT-Alumina/engine oil hybrid nanofluid for various
values of the velocity ratio parameter €.

Figures 10 and 11 show that an increase in the velocity ratio parameter € enhances velocity profile f'(n) for
both hybrid nanofluids. But Figures 12 and 13 illustrate that the temperature profile diminishes with
increasing values of the velocity ratio parameter €. When €>0, near to the stagnation point the straining
motion is enhanced, and it leads to the augmentation of acceleration of the external stream. This is because
the increase in the velocity ratio parameter increases the velocity boundary layer but decreases the thermal
boundary layer.

Figure. 14and 15 reveal the variation of variable thermal conductivity parameter S on the temperature profile
of both MWCNT-Alumina/water and MWCNT-Alumina/engine oil hybrid nanofluid. Figures 14 and 15
describe that the rise in the variation of thermal conductivity parameter increases temperature profile 6(1)).
Physically, it means that increasing the value of S increases the thermal boundary layer thickness. This is the
reason for the enhancement of the temperature field.

The local skin friction coefficient and the local Nusselt number are visualised through Figures 14 and 15 for
the variation of the velocity ratio parameter €. With increasing values of €, the local Nusselt number
increases, but the local skin friction coefficient decline.
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CONCLUSION

We conducted a numerical analysis to examine the impact of temperature-dependent viscosity and thermal
conductivity on the fluid flow and heat transfer in stagnation point flow using MWCNT-Alumina/water and
MWCNT-Alumina/engine oil. The governing equations that occur in the present problem are reformed into
nonlinear coupled ordinary differential equations. Using the inbuilt function bvp4c in MATLAB, these
equations are solved. The velocity profile and the temperature profile of both hybrid nanofluids are
portrayed for various values of non-dimensional parameters through graphs and discussed. Based on the
graphs and tables, we concluded that.

e The increasing values of € intensifying the velocity profile of both hybrid nanofluids
e The rise in € decreases the temperature profile of both hybrid nanofluids.
e The temperature profile of both hybrid nanofluids enhances with the rising values 0sS.

e The increasing value of B intensifies the temperature profile but deprive the velocity profile of both
hybrid nanofluids.

e As the variable thermal conductivity parameter increases, the local Nusselt number decreases.

e Local skin friction coefficient and local Nusselt number are both decreased by increasing values of the
variable viscosity parameter.

e When compared to MWCNT-Alumina/water hybrid nanofluid, the heat transfer rate between MWCNT-
Alumina and engine oil is suitably high. Due to this MWCNT-Alumina/engine oil hybrid nanofluid is an
efficient coolant for engineering and industrial applications.

e We compared the heat transfer rate — 0'(0) for distinct values of Prandtl number Pr and assent with the
available works of literature.
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29.

30.

. %‘f‘“f 0'(0)
MWCNT-Alumina/water MWCNT-Alumina/engine oil
1 |2.631479869 17.08531374
2 |2.052170279 13.39893671
3 | 1.729704867 11.34298735
Table 4. Numerical values of Local Nusselt number %‘;nfe’(O).
B Re 2 Cf, ~Khne 0'(0)
K¢

MWCNT- MWCNT-Alumina/engine | MWCNT- MWCNT-

Alumina/water oil Alumina/water Alumina/engine oil
1 -1.62833376 -2.35955036 3.88203767 25.0395323
2 -2.570711047 -5.40809409 3.78229942 24.6508158
3 -3.778264046 -11.3463101 3.67429012 24.0080917

1
Table 5. Numerical values of the local skin friction coefficients Re,2Cf, and local Nusselt number

—Knhnf 7
e 6'(0).

BIM € f'(0) -0 '(0)
MWCNT- MWCNT- MWCNT- MWCNT-
Alumina/water Alumina/engine oil | Alumina/water Alumina/engine
oil
111|105 -1.23574249063057 -2.86732458414572 | 2.87069264996196 18.503940496397
6
21|05 -1.95091261366450 -4.10420260844935 | 2.79693811752391 18.216683274357
5
3(1|05 -2.86732458414572 -8.61071476786497 | 2.71706730755268 17.741717163642
1
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1(2|05 -1.23574249063057 -2.03512416672169 | 2.84866276858164 é257.672438913521
1{3|05 -1.49165962380215 -2.24445041316266 | 2.83058656874803 ;7.612128721553
11106 -1.01806348089327 -1.47181320805681 | 2.91508585166416 ;8.571225176796
1/1]0.7 -0.785039906399713 | -1.13248945180032 | 2.95941447587330 é8.640012396642

Table 6. Variation of f"(0) and 6'(0) for various values ¢,, B,M,and € of MWCNT- Al,Oz/water

hybrid nanofluid and MWCNT- Al,Os/engine oil hybrid

Nomenclatures

nanofluid

p(m.s™)

Velocity component along the x-axis

gim.s™1)

Velocity component along the y-axis

pw = ax(m.s™1)

The stretching velocity of the sheet

pe = cx(m.s™1)

The ambient fluid velocity

T(K)

The temperature of the hybrid nanofluid

Tw(K)

Temperature distribution in the stretching surface.

Teo (K)

Temperatures far off from the wall.

ﬂhnf(NS- m—Z)

Effective viscosity of the hybrid nanofluid

iy (Ns.m™?)

Effective viscosity of the base fluid

wo(Ns.m™?)

Reference viscosity of the fluid.

vr(kg.m™ts™)

- Dynamic viscosity of the base fluid.

Prns (kg m™=3)

The density of the hybrid nanofluid

pr(kg m=3) The density of the base fluid.

ps1(kg.m™3) The density of nanoparticles MWCNT

ps2(kg.m™3) The density of nanoparticles Al,O3

b1 The volume fraction of nanoparticles Multiwalled carbon nanotube MWCNT.
¢, The volume fraction of nanoparticles Al,O3

K; (W.K-L.m™T)

Thermal conductivity of the base fluid

Khnf (W K_l.m_l)

Thermal conductivity of the hybrid nanofluid

Koy (W.K1.m™1)

Thermal conductivity of nanoparticles Multiwalled carbon nanotube MWCNT.

Ko, (W.K~Lm™)

Thermal conductivity of nanoparticles Al,0O3

Ky (W.K-L.m™1)

Thermal conductivity of the base fluid

Ko, W.K"Lm™b)

Ambient thermal conductivity of the base fluid

B

Variable viscosity parameter.

S

Variable thermal conductivity parameter.
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Velocity ratio parameter

C, a

Constants

(pcp)r (J/K/m3)

Volumetric heat capacities of the base fluid.

(Pcp)nnt (J/K/m3)

Volumetric heat capacities of the hybrid nanofluid.

(pcp)sl (]/K/m3)

Volumetric heat capacities of the nanoparticles MWCNT

(pcp)sz (]/K/m3)

Volumetric heat capacities of the nanoparticles Al,O3

Re,= % Local Reynolds number.
Nuy Local Nusselt number.
Cfy Local skin friction coefficient.
p, = (et Prandtl number.
ke
K (kg.ms™?) -Stokes resistance.
B; (tesla) -Magnetic field flux density.

o (Siemens per meter)

-Electrical conductivity

_0B;*
apr

-Magnetic field parameter.

Figures
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Figure 2.Velocity profile for various values of B
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0.9 engine oil
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Figure 3.Velocity profile for various values of B
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Figure 4. Temperature profile for various values of B
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Figure 5.Temperature profile for various values of B
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Figure 6.Velocity profile for various values of M.
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Figure 7.Velocity profile for various values of M.
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Figure 8. Temperature profile for various values of M
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Figure 9 Temperature profile for various values of M
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Figure 10.Velocity profile for various values of €.
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Figure 11.Velocity profile for various values of € .
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Figure 12. Temperature profile for various values of €.
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Figure 13.Temperature profile for various values of €
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Figure 14.Temperature profile for various values of S.
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Figure 15. Temperature profile for various values of S.
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Figure 16.The local skin friction coefficient for various values of €.
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Figure 17.The local Nusselt number for various values of €
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