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ABSTRACT

This research introduces a novel cryptographic framework based on fixed point theory in generalized fuzzy
metric spaces. The proposed model combines concepts of fuzzy distance, nonlinear contractions, and iterative
fixed point mappings to generate secure cryptographic keys. The framework improves uncertainty handling,
resistance against attacks, and secure communication in distributed systems. Existence and uniqueness of fixed
points are established using generalized fuzzy contraction mappings. Applications in symmetric key
generation, authentication systems, and secure communication are discussed.
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INTRODUCTION

Modern cryptography depends heavily on secure key generation. Classical methods use number theory and
algebraic structures, but uncertainty in communication systems motivates the use of fuzzy mathematical
models(Tripathi, 2019a).

Secure key generation is a fundamental requirement in modern cryptography, ensuring the confidentiality and
integrity of digital communications(Tripathi, 2019b). Traditional key generation methods often rely on
computational complexity and random number generation techniques. However, increasing security demands
have encouraged the exploration of alternative mathematical frameworks(Tripathi & Srivastava, 2017).

Fixed point theory, which studies the existence and uniqueness of invariant points under mappings, has found
applications in various fields, including computer science and information security.(Tripathi & Sharma, 2020)
Generalized fuzzy metric spaces provide an effective framework for modeling(Tripathi, 2020a) uncertainty
and imprecision in complex systems. By combining fixed point principles with generalized fuzzy metric
spaces, it is possible to develop secure and robust key generation mechanisms(Tripathi Assistant Professor,
n.d.; Tripathi et al., 2021).

This paper proposes a fixed point-based approach for secure key generation in generalized fuzzy metric spaces.
The unique fixed points obtained through suitable contractive mappings are utilized to generate cryptography
(Kaur et al., 2008)keys with enhanced security characteristics. The proposed framework establishes a
connection between advanced fixed point theory and practical cryptographic applications(Tripathi, 2020b),
offering a novel direction for secure communication systems(Patil et al., n.d.).

Fixed point theory plays an essential role in:

Cryptographic stability
Iterative encryption systems
Secure key synchronization
Authentication protocols
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This paper develops a generalized fuzzy metric fixed point model for secure cryptographic key generation.
Preliminaries
Fuzzy set
A fuzzy set A in a universal set X is characterized by a membership function
Ha: X - [01]
Where p4(x) represents the degree of membership of x.
2.2 Generalized fuzzy metric space
Let X be a non-empty set and M: X? X (0, 0) — [0,1] be a fuzzy metric satisfying:
1. M(x,y,t) >0
2. M(x,y,t)=1ox=y
3. M(x,y,t) =M(y,x,t)
4. M(x,z,t+s) = M(x,y,t) * M(y,z,s)
Where * is a continuous t-norm.
Continuous t-Norm

A binary operation * : [0,1] X [0,1] — [0,1] is called a continuous t-norm if:

e Commutative

e Associative

¢ Continuous

e axl=a
Example:

axb=ab

Proposed Cryptographic Model
We define a nonlinear operator T: X — X for iterative secure key generation.
The iteration sequence is:
Xns1 =T (xp)
The cryptographic key is generated from the unique fixed point
x*=T(x")
Generalized Fuzzy Contraction

Define the contraction condition:

M(Tx, Ty, t) = 0(M(x,y,t))
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¢:[0,1] - [0,1]

Satisfies:
O(r)>r
Forall 0 <r < 1.
Example contraction:
r+1
B(r) = 3

Main Theorem
Theorem
Let (X, M,*) be a complete generalized fuzzy metric space and T: X — X satisfy
M(Tx,Ty,t) = @(M(x,y,t)) Forall x,y € X. Then T has a unique fixed point.
Proof of Theorem
Take an arbitrary point x, € X.
Construct sequence:
Xns1 =T (xp)

Then,

M(xpy1,%p, t) = M(Txp, Txp_q,t)
Using contraction,

M (Xpr1, Xn, ) 2 O(M (xp, Xp1, 1))
Iterating repeatedly,

M(xpi1,x0,t) > 1

Hence x,, is a fuzzy Cauchy sequence. Since X is complete,

X, = x*

Now using continuity of T,

Thus x* is a fixed point.
For uniqueness, assume another fixed point y*
Then,

M(x*,y*,t) = M(Tx"*, Ty",t) = 0(M(x",y", 1))
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Which is possible only if
M(x*,y5t) =1

Hence,

Therefore the fixed point is unique.
Secure Key Generation Algorithm
Algorithm
Step 1: Initialization
Choose
Nonlinear mapping T
Step 2: Iteration
Compute
Xny1 = T(xn)
Until convergence.

Step 3: Fixed Point Computation

Obtain

x*=T(x")
Step 4: Key Extraction
Generate cryptographic key:

K = H(x")

Where H is a hash function.
Cryptographic Interpretation
The fixed point acts as:

e Stable secret parameter
e Shared session key

e Authentication token
The fuzzy metric introduces:

e Noise tolerance
e Uncertainty handling
e Robustness against perturbation
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Security Analysis

Resistance Against Brute Force

The nonlinear fuzzy iteration produces highly complex trajectories.
Sensitivity Property

Small changes in initial conditions generate different fixed point behaviors.

Hash-Based Protection

Final key:
K = H(x")
ensures:
e irreversibility
e collision resistance
e integrity protection
Numerical Example
Consider:
X =1[0,1]
Define fuzzy metric:
M(x,y,t) = PN
Take mapping:
x+1
T(x) = >
Then,
_xpt1
Xn+1 = )
Starting from
X0 =0
we get:
x; =0.5
x, = 0.75
x3 = 0.875
x4 = 0.9375
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Xp,—1
Hence fixed point:
x*=1
Generated key:
K=H(1)
Applications:

e Secure communication

Key exchange protocols
Blockchain security

Cloud authentication

IoT security systems
Applications in Engineering
Wireless sensor networks
Secure Al systems
Cyber-physical systems
Quantum-resistant frameworks

Future Scope

Future research may include:

Hybrid fuzzy-neural cryptography

Quantum fuzzy cryptographic systems
Blockchain integration

e Machine learning based adaptive contractions

CONCLUSION

This paper presents a new framework for secure key generation using fixed point theory in generalized fuzzy
metric spaces. The proposed approach combines fuzzy mathematics and cryptography to develop robust and
secure key generation techniques. The existence and uniqueness of fixed points guarantee stability of
generated keys, while fuzzy structures improve robustness under uncertainty.
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