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ABSTRACT

The stability characteristics of non-Darcy three-component Marangoni convection with combined Dufour and
magnetic effects in a two-layer composite system are investigated analytically using a modified Darcy—
Brinkman formulation. The system consists of an upper electrically conducting fluid layer overlying a porous
layer saturated with the same fluid. The upper boundary is free and deformable, with surface tension
depending on temperature and the concentrations of two solute species, while the lower boundary is rigid. The
basic state is quiescent, and the Boussinesq approximation is employed. The governing momentum, energy,
species-transport, and magnetic-induction equations are linearized about the basic state and reduced, by
normal-mode analysis, to a coupled ordinary differential eigenvalue problem. The Dufour effect is
incorporated in the energy equations to represent diffusion—thermal coupling, while magnetic damping is
represented through the Chandrasekhar parameters of the fluid and porous layers. Continuity of normal
velocity, stress, temperature, concentration, heat flux, and mass flux is imposed at the fluid—porous interface,
together with the appropriate free-surface Marangoni conditions. An exact solution procedure is used to obtain
the velocity, temperature, and concentration disturbance fields, and the thermal Marangoni number is
determined from the remaining coupled surface condition. The effects of wave number, Darcy number, Dufour
parameter, diffusivity ratios, solutal Marangoni numbers, and magnetic parameters are examined. The results
show that magnetic fields generally stabilize the system, whereas increased permeability and stronger solutal
Marangoni driving can promote instability. The Dufour effect modifies the stability threshold through thermal—
solutal cross-diffusion, and the two solutal components introduce additional competing transport mechanisms
that are absent in double-diffusive models. The present formulation provides a unified framework for assessing
the combined influence of non-Darcy resistance, triple diffusion, thermocapillarity, cross-diffusion, and
magnetic damping in layered composite systems.

Key words: Non-Darcy convection, Three-component Marangoni convection, Dufour effect, Magneto
hydrodynamics, Two-layer composite system, Triple diffusive convection, Porous medium, Diffusion-thermal
(Dufour) effect.

INTRODUCTION

Three-component convection arises when temperature and two independent concentration fields diffuse at
different rates and interact through buoyancy, interfacial tension, or both. Such systems occur in
multicomponent materials processing, crystal growth, geothermal transport, chemical engineering, and thermal
management. Marangoni convection is generated by gradients of surface tension along a free interface and is
particularly sensitive to the coupled evolution of temperature and concentration fields. When a fluid layer is
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coupled to a porous layer, the instability mechanism is further modified by permeability, viscous and inertial
resistance, and interfacial transmission conditions. The introduction of a magnetic field adds Lorentz-force
damping in electrically conducting fluids, while the Dufour effect couples concentration gradients to heat
transport. The resulting problem therefore contains several interacting stabilizing and destabilizing
mechanisms that cannot be represented by a single-diffusion or conventional Darcy model.

Research gap and novelty. The main contribution of the present study is the simultaneous treatment of five
coupled mechanisms within one stability framework: (i) non-Darcy flow resistance in the porous layer, (ii)
thermocapillary forcing at a free upper boundary, (iii) two independent solutal fields with distinct diffusivities,
(iv) Dufour diffusion—thermal coupling, and (v) magnetic damping in both the fluid and porous regions. In
contrast to models that isolate only one or two of these mechanisms, the present formulation permits their
combined influence on the critical thermal Marangoni number to be assessed using a common set of
dimensionless parameters. This is relevant to applications in which permeable substrates, multicomponent
mixtures, electromagnetic control, and cross-diffusion occur simultaneously. The novelty therefore lies not
only in adding individual physical effects, but in quantifying their coupled influence on the stability threshold
of a two-layer composite system.

Considerable attention has been devoted to the study of Marangoni convection with Dufour and magnetic
effects in various configurations such as boundary layer flows, fluid layers, and porous media. However, the
stability characteristics of Non-Darcy three-component Marangoni convection with combined Dufour and
magnetic effects in a two-layer composite system remain an important area of investigation due to their
relevance in crystal growth, material processing, geothermal systems, and chemical engineering applications.

Interfacial convection in fluid—porous composite systems has been widely studied due to its importance in
crystal growth, geothermal systems, chemical reactors, and thermal management technologies. In particular,
Marangoni convection driven by surface tension gradients continues to attract significant attention when
coupled with double and triple diffusive transport processes. Nield & Bejan (2017) provided a comprehensive
foundation on convection in porous media, highlighting how Darcy and non-Darcy models govern flow
behavior in porous structures. Their work established the significance of permeability and inertial effects in
stability analysis of layered systems. Siddheshwar et al. (2019) investigated thermosolutal Marangoni
convection and showed that surface tension variations due to both temperature and concentration significantly
influence instability thresholds in fluid layers. Bhadauria & Agarwal (2020) analyzed double diffusive
convection in porous media and demonstrated that competing thermal and solutal gradients can either stabilize
or destabilize the system depending on diffusivity ratios. Pranesh & Kiran (2020) extended the study to
magnetohydrodynamic (MHD) convection and observed that the application of a magnetic field suppresses
velocity fluctuations due to Lorentz force effects. Rionero (2021) studied stability in composite fluid—porous
systems and emphasized the importance of interface conditions in determining critical Rayleigh and
Marangoni numbers. Ghosh & Mukherjee (2021) examined non-Darcy convection models and found that
inertial effects significantly modify the onset of convection in high-permeability porous layers. Kuznetsov
(2022) focused on triple-diffusive convection systems and showed that interaction among thermal, solutal, and
nanoparticle concentration fields leads to complex instability behavior. Abdelkhalek & Chamkha (2023)
investigated Marangoni convection in porous media with magnetic fields and reported that increasing
Hartmann number delays the onset of instability. Zhao et al. (2024) studied Dufour and Soret effects in multi-
component convection and found strong coupling between heat and mass transfer significantly alters stability
boundaries.

Mathematical modeling

The physical model under the consideration of composite layer system with a horizontal two — component
fluid saturated, incompressible, isotropic and sparsely packed porous layer is of thickness d,,; and a fluid layer
of thicknessdy;. Both the boundaries of the composite layer system are considered to be rigid and these
boundaries are acts like heat and mass insulators along with maintained, distinct concentration and
temperature. The origin point of the Cartesian coordinate system is taken exactly at the intersection of porous
and fluid layer along with direction of z — axis is vertically upwards. In addition to that, for the effect of
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density variation, Boussinesq approximation is included. Under these following assumptions, the governing
equations are, the continuity, momentum, temperature and concentration equations as follows.

For fluid layer,
Continuity Equation :
Vijd5 =0 ¢))
Solenoidal Property of the Magnetic Field:
VyHy =0 (2)

Momentum Equation :

—

] —_— — __ 2 —> - .
2 Froms (@ V)| = = VeiPri + b V™ @5 + o (Hr V) (3)
Energy Equation :
oTyj
ot (@5 Vr)Tys= by V5 Tpj + keps Vs 4
]

Concentration Equation for Species 1:

E)lej
Otf]

+(qr) " Vej)ewss = kpjn VP cap (5)

Concentration Equation for Species 2:

aCij _
ot (@5 Veidear; = kejz V%) cop; (6)

Equation of Magnetic Induction Equation:

%=V-x—’xﬁ-+v~vz He; (7)
at..  ri 2 dy Xy T VpjVopy Hyj
b
For porous layer,
Continuity Equation :
ij ) q—rn]) =0 )

Solenoidal Property of the Magnetic Field:

Momentum Equation:

<¢::J]> at:; = =V Pmj — <K_:Z> Gyt b Vimj Gy + Monp (Hij = Vi) (10)
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Energy Equation :

aT,
Amj at"”+( “Vonj) Tmjzkmi V2 Tnj + krmj V2 Cmj (11)

Concentration Equation for Species-1 :

0Cimi
mj a—m] + (qm; - vmj)clmj = kmjlv jC1imj (12)
tmj

Concentration Equation for Species-2 :

dac 2m] (

¢m] mj)Cij = km]ZV jComj (13)

Equation of Magnetic Induction Equation:

OH,p,
Ot m;

= Vynj X Gy X Hynj + Vi j V2 Hnj (14)

Notations:
* Qg = (uf i VFj, Wy j): velocity vector in the fluid layer
* m = (um i Umj» W j): velocity vector in the porous layer
* i), tmj:time
® P, Pyj: pressures in the fluid and porous layers
® poyj: reference fluid density
®  prj, Pmj: fluid and porous layer densities
® [fj, Umj:dynamic viscosities in the fluid and porous layers
o T¢j, Tyyj: temperatures in the fluid and porous layers
e (yj, Cpy;: solute concentrations in the fluid and porous layers
e kyj, Kpj: thermal diffusivities in the fluid and porous layers
® kfj1, Kmji :solutal-1 diffusivities in the fluid and porous layers
® kfjz, Kkmj, : solutal-2 diffusivities in the fluid and porous layers
® krsj, Kkrmj: Dufour coefficients in the fluid and porous layers
® Hpj, Hpy;: magnetic field in the fluid and porous layer

® sy, Ump: Magnetic permeability in the fluid and porous layers

ar: thermal expansion coefficient
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e «.:solutal expansion coefficient
®  (,,j: porosity of the porous medium
e K,,j permeability of the porous medium

_ (PoCp).,,
] (pcp)f

o A, : ratio of heat capacities

® (,: Specific heat

upj HEj
o Pj=vps+ ’”Z L:total pressure

1 . . .
* Vs = up_a' magnetic viscosity

v . . . . . .
® Uy = Ef: effective magnetic viscosity in the porous medium

Stability Analysis

To examine the stability of the conductive basic state, the unperturbed composite system is assumed to be
motionless. Thus, the basic velocities in both layers are zero, and heat and mass transfer occur only by
conduction and diffusion. The basic temperature and concentration profiles are obtained from the steady one-
dimensional transport equations subject to the prescribed boundary and interface conditions. These profiles are
then perturbed by infinitesimal disturbances in velocity, pressure, temperature, and the two concentration
fields.

For the fluid layer, basic state is mathematically represented as follows:

[ Pr Trjs cagio Cap o Hejl = 10,050 (267), Trjn (257) €150 (257)s 210 (275), Hrjo (2]
For the porous layer, basic state is mathematically represented as follows:
[q—m])» pmjr ijr Clmj» Cij» Hmj] = [ 0: pmjb (ij): ijb (ij)' Clmjb (ij)' Cijb (ij)' Hmjb (ij)]

For both fluid and porous layer, the temperature distribution and concentration distributions are
T jp (Zf j), Tmjb(Zmj)and Cyjp (2 j),Cmjp (Zmj) respectively are mentioned in below table.

Distributions | Fluid layer Porous layer
Temperature _ ((Tu—To)> _ ((TO_TL))
e ; Tei(ze:) = To + Tt T, (z.,:) =T+ T
distribution 7o (1) 0 ag; )T m o m )="To dmj )™
S'pec.ies-.l le]b(zf]) = lejO + Clmjb(zmj) = Clij +
distribution (Cifju—Cafjo) (Cimjo—CimjL)
— 4. )% — 4. )Zmj
fi dmj
Speqies—? CZf]b(Zf]) = CijO + Clmjb(zmj) = Cijo +
distribution (Capju—C2fjo) (Camjo—CamjL)
— 4. )% — 4. )Zmj
£ dmj
Where
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kej dimj + dgj Kkmj Kfjdmj +dpj Kij

. (dfj kej Tmj + dmj kij) o <dfj kej Tmj + dmj kij)
IO\ ke dinj + dyj o IO\ kyj dinj + dyj e

kmj Cifjudmj + dsj kmj1 Cimji

Cifjo =

Co kmj Cofjudmj + dsj Kmjz Comji

2fjo —

17 dfj kinjz + dmj kmj

are the interface temperature and concentrations respectively. To analyse the stability of the basic state
solution, an infinitesimal perturbations are introduced and the perturbed quantities are of the form.

For fluid layer

[0, Prjv(21)), Trjn (215), Capin(27))) Capjn(27))s %]}

[?ﬁ'Pfj'Tfj'lej'Cij'Tﬂ)]:{ o et e T
+ sy Prj s Op o Sapjr Sz Hyy ]

For porous layer

[ Prajs Tonj» C1mjs Camijo Hom) | = {[0' Prnj (Zmj), Tmji (Zmj ), Clmjb(zmj)’szjb(zmj)’Hm]b]}
I + (@) Py » O Stomgs Stmj » oy |

Substitute above perturbations into equations (1) — (14) and apply two times curl on the momentum
equations to eliminate the pressure term. The resulting equations are linearized for (1) — (14), then they are
: . . . . . dsi®  kfj
non-dimensionalised using the following variables %, ﬁ, Cifju — Cifjor Copju — Copjo, drj and Ty — Ty
din

for time, velocity, species-1, species-2, length and temperature respectively in region — 1 and P
m

k . . .
d—m,Clij = Cimjr» Ams Comjo — Comjr, and T, — T, are the corresponding scale factors in region — 2.
m

Applying normal mode expansions to the perturbed non-dimensionalised quantities result in the following
ordinary differential equations,

For Fluid layer,
(D7) — ad) Wy, = QD% Wy, (15)
(Dfj = a)Oy; + Wy;f (7;) + dut (DF; = ag)Siyj = 0 (16)
T1(Df = af)Siy; + Wy = 0 (17)
Tar;(Df; = a5)Sap; + Wpj = 0 (18)

For Porous layer,

[ﬁ B? s (Dmj — amj) = 1] (D7j = @) Winj = 0 (19)
(D% — a2,;)0mj + Winj Gimj(2m;) + dum (Dl — afyj)Simj = 0 (20)
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Tomj(Dij — @) Szmj + Winj = 0 (22)

Where, for fluid layer, p, = kL is the Prandtl number, 715; = kl—f’ is the ratio of species-1 diffusivity to
fi fi

thermal diffusivity, 7,5; = kz—f] is the ratio of species-2 diffusivity to thermal diffusivity, v = 5# is the
fi ofj
. . : keir(Cipjo—Cifju) - ) :
kinematic viscosity and d,,; = - ’Tk( 1{ ;0 Tl)f 1) is Dufour coefficient. For the porous layer, p,, = :)—VIS the
fio— u mj

= — = D, is the Darcy number, Ty, = lem,J is the ratio of species-1 diffusivity to
mj

— Kmj

Prandtl number, 52 mj

. o k mi . . . . o . . o e
thermal diffusivity, T;m,; = k2 . is the ratio of species-2 diffusivity to thermal diffusivity, dy, =

mj

k iT Cc 'L_C i . . A Hmi - . . .
myr(Camji~Cumjo) is the Dufour coefficient and g = — is the viscosity ratio.
kmj (TL—To) UFj

Boundary conditions
At the upper boundary,
Wri(1) =0,  Df;0;(1) =0, Ds;Sy7;(1) = 0, Dy;Sy5;(1) =0,
Wrj(1) — Mpja®s; 05 (1) — Mygjy a?p; Sp5(1) = 0
At the interface
Wyy(0) = Wiy (0), S17,(0) = =1y (0), 65(0) = 7 0,y 0)
Dy ;607 (0) = DinjOnj(0), Dy;Sz7j(0) = DinjSm;(0), S17,(0) = = 51,,(0)

2

¢
Dy iW;;(0) = gDmJWmJ(O)' DfS1£;(0) = DmjSimj(0)[D3s; — 3a?s; Dy;|Wy;(0)
—¢? ¢*
= D—ijwmj(O) +2—[D3,;30%, Dy | Wi (0)
a€T Er
At the lower boundary

ij(_l) =0, ijij(_l) =0, ij@mj(_l) =0, ijslmj(_l) =0,

ijSij(_l) =0

90 (To—Ty)dy; 90 (Crjo—Crju)dsj .
Where, M = ——O—uf’, M, = _ 99 (Crjo=Cru)ly are the thermal and solute Marangoni numbers
oT Uk, . as Uk,
. fi . fi .
) ; 1 ; 1 ; 1 . .. oo e
respectively. ep = L = —, g, =—L =—'' g =" = are the ratios of salinity diffusivity to
kfj1 Tfj kmji  Timj kmjz  Tamj

thermal diffusivity for both fluid and porous layers respectively and ¢ = % is the depth ratio.
mj

Exact Solution Procedure and Eigenvalue Evaluation
Velocity distribution for fluid and porous layer

The final solutions of the differential equations (15) and (19) are not depend on ij(zfj), Omj (Zm;),
S1mj(Zmj) and Sy j(Zmj). The expressions for Wr; and W, are solved by using the velocity boundary
conditions and are obtained as below,

Page 1397
www.rsisinternational.org


https://rsisinternational.org/journals/ijrias
https://rsisinternational.org/journals/ijrias
http://www.rsisinternational.org/

INTERNATIONAL JOURNAL OF RESEARCH AND INNOVATION IN APPLIED SCIENCE (IJRIAS)
ISSN No. 2454-6194 | DOI: 10.51584/1JRIAS |[Volume XI Issue VII July 2026

W ( ) _ { [cosh(m1 ij) + C, Sinh(m1 ij)] + }
s = A [ C5 cosh(m, z;;) + C, Sinh(m, z;)]

And
Winj(zm;) = By cosh(ay,jzy;) + By sinh(ay,zpy;) + Bz cosh(8z,,;) + By sinh(8zy,,)
Where,
sz_)’z)’73’4_ YsYio , Y1Y73’4_3’93’4+ Y5 Ya ]
Y3¥s Vs 6 Y6 Cosh[6] Y3¥sYe YsVs YeO Cosh[S]

C3=B3(Cy1 +c_)+cy2_1, 31=B3(&+&)
€Er Y3 €r €T Y3 Y3 Y3

C, = (—C, Sinh[m,] — C5 Cosh[m,] — Cosh|[m,]) (;)

Sinh[m,]
g = _Y2Y1_p y1y7_£] ___yuBs Yo
2 Y3 Vs ’ ys¥s Yl ! & Cosh[6] & Cosh[$]
€T €T
=(3’1/J’3)—C3(?)_(?) =i_)§ =é_1 =)&_i
; 1=On/y) T XX Tk e
2 2
C“AmXo ¢“0xq
V4 = gr.; — myXi0, Vs = T myXi1, Yo = MyXg — MyXg,

y; = &8 Cosh[6] Cosh| a,,] — a,, Sinh [a,,] Sinh[6],
yg = a,,Cosh[a,,]|Sinh[8] — Sinh[a,,] § Cosh[&],

Yo = 8(CoSh[S])? — S(Sinh[S])2, yrg = — ZmSmlamlys _ amCoshlamlyzy,

V3 YV3Ys
a,,Sinhla a,,Cosh|a a,,Cosh|a
}’11 — _ m [ m]yl _Zm [ m]y1377 + m [ m]y9 _ 65inh[6]
Y3 YV3Ys Vs
Y2Y7Y4 YsY1o0 Y1Y7Ya  YoYa Y5Ya
Y12 = - = - +

_3’33’83’6 8Ye COShw]'le B V3YsYe YsYe YeO Cosh[d]

Species-1 Concentration distribution for fluid and porous layer

The concentration distributions S;7;(2f;) and ~ Sy4,,j(2p,;) are getting from the Differential Equations (17) and
(21) by substituting the algebraic expressions for W;(zf;) and Wp,;(z,;) and are solved using the
concentration boundary conditions and are as below.

S17j(2sj) = Cs Cosh|ay;zg;] + Co Sinh[ag; z7;] + Fi(2f;) + Fa(zf)
And
S1mj(Zm;j) = BGCosh[amjzmj] + B, Sinh[amjzmj] + Gl(zmj) + G, (zmj)

Where,
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Fl(zfj) - T1(m12 — af-z) (Cosh[m1 zfj] - C, Sinh[m1 zfj])
J
1 .
FZ(Zf]) = — Tl(mzz — asz) ( C3 COSh[mZ Zf]] - C4, Slnh[mz ij])
Z
Gl(ij) = — Za;r; [BzCosh[aijmj] + BlSmh[am]Zm]]]
p

B,

—— __Sinh[ayzZm;
Tlp(é‘Z_aZ) in [am]Zm]]

G(2mj) = — Tlp((gz—s_QZ) Cosh|am;jzm;] —

a
[-XsBs — X7, B; =—ce +X,4

ES
Cc=—B;+X; Cc=——
5 c 6 t4s Lo aijosh[afj] am

—agj Cosh|an;]|X; + agj Cosh|an;] Xg
[Xs ar; Coshlam;] + as; am; Cosh|as;| Sinh[a;]]

Xy = — (85—1) 5 + ! + ¢
’ ¢ Tlmj(52 - a]%j) Tlfj(m:% - a)%j) Tlfj(m% - aJ%J')

B6:

m1C2 mZC4. BZ B4-

X, =— - + +
! Tifj Omj (M = aF;)  amjTip (M3 —af;)  205iTimjamj  T1mj(8% — af;)

_ Ay j Slnh[af]] Es1
T ¢

Species-2 Concentration distribution for fluid and porous layer

,X; = ag; Sinh[as;] X3 — X1, Xg = am;Cosh|an;] X4+ X,

The concentration distributions S,5;(z¢;) and Sy, ;(Zm,;) are getting from the Differential Equations (18) and
(22) by substituting the algebraic expressions for W;(zf;) and Wp,;(z,;) and are solved using the
concentration boundary conditions and are as below.

Sa5i(2iS15(2fj) = Cos Coshlay;zf;] + Cos Sinh[ag; z¢;] + Fo1(z¢5) + Foa ()

And
S1mj(Zm;j) = BO6Cosh[amjzmj] + Byy Sinh[amjzmj] + GOl(ij) + Gy, (zmj)
Where,
1 .
Fl(zfj) = — Tl(mlz — asz) (Cosh[m1 ij] -G, Smh[m1 zfj])
FZ(Zf]) = — Tl(mzz — asz) ( C3 COSh[mz Zf]] - C4, Slnh[mz Zf]])
Z
GOl(ij) = — ﬁ [BzCOSh[aijmj] + Blslnh[amjzm]]:l
B3 B, .

G ) = — Cosh I Sinh o

02 (ij) T1mj(52 — asz) 0s [amjzm]] T1mj(52 — asz) in [amjzm]]
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_ Gy
[-XsBs — X7], B; =—=Cos + X4

€s2
Cos =—Bg+X; (¢ =——77——
057 ¢ 76 3 e asjCoshlag/] A j

—agj Cosh|an;]|X; + agj Cosh|a;] Xg
|Xs ar; Coshlam;] + as; amj Cosh|as;| Sinh[a;]]

€ B 1 C
Xy = — (ﬁ) - + + °

B6:

¢ T2mj(52 - a]%j) Tzfj(m% - a]gj) Tij(m% - aJ%j)
X, = — m G _ mCs s B 5
Yty amy (M- ap)  awytap (M3 - ap) 205 Tomitm)  Tamy(62 — )
- Sinhla:.
X5 _ a’f] mn [?f}] €s1 ,X7 — af] Slnh[af]] X3 _X1’X8 = aijOSh[amj] X4_ +X2

Temperature distribution for fluid and porous layer

The temperature distributions@; (Zf j) and O, (Zm j)are getting from the Differential Equations (18) and (22)
by substituting the algebraic expressionsW; (zf j), Winj (Zm j), S¢j(zf;) and Sy j(zpm;) and are solved by the
make use of temperature boundary conditions and are as follows .

6(zs; ) = C;Coshlay; z;j] + CgSinh[ag; 75| + Fs(27;) + Fo(2r)) + F7(27) + Fo(27)) + Fo(zy))

And
Hm](zm]) = Bg Cosh[amj ij] + Bg Slnh[amj ij] + F3(ij) + F4(ij) + F14(ij)
Where
Drm? Dra? )
Fo(z:;) = — 1- - Cosh :
() = mi — a2f}< tay(mE = a2yy) T (mi—a?p)) s 711
Drm? Dra? )
F, ) = — 1-— — Sinh ;
o() = mi — a2f1< T (mi—a3y)  tymEoarg) ) s 7]
Drmj3 Dra?
F7(ij) = m — a2 (1 Tl(m% — azfj) - Tl(m% — azf,-)> Cosh[m2 ij]
C4 Drms3 Dra? ‘
Fo(z;) = mz_—az]< TnE—a) (- azf,-)> Sinh[m, 7]

Fg(Zf]) = duf Zf] (CSSlTlh[afJ ij] + C6Cosh[afj ij]

F3(z) = — (523—) Cosh| 8 zpm;| — <523—1) Sinh[ 8 zp;|

F4(zf]) = (B1 Smh[ A Zm]] + B, Cosh[ A j zm]])

_ dum amj .
Flo(zfj) = Z—(ij B Slnh[ A j zmj] + B, Cosh[ Apmj ij])
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fo
Fll(ij) = Tnlilm ( Bz Slnh[ amj Zm]] + Bl COSh[ amj Zm]])
T i
A i® ,
Fi3(z;) = Tlmj((;z’”_ 2 ( By Sinh| ayj zy;| + Bs Cosh| amj zpj])

Fia(2s;) = Fio(2;) + Fua(zp)) + Fia(2f5) + Fis(2)

Ay i X X a,,BsCosh|a.,;| + X
Co = (ﬂ>39—£ ,C; = —CaSinh[ay)] - —22— By = L] + X0
ay; ay; Cosh|ay,] amSinh|an;]
X1z = Lo+ L1g + Ly + Ly
1 d m% d f az-
L9=—ﬁ<1— u]; = u2 2, — | Cosh [m,]
my — Gy tiri(mi —af;)  tip(mi - af)
C d, r m? d,ra?;
LlO 2 z 2 <1 - uj; ! 2 - ufz fj 2 >th [ml]
17 Ay Ty55(mf — afj) Ty5 (mf — afj)
Cs dus M3 duy af;
2 ~ G Tipj\Mz = A5;)  Tapj M2 — Gy

Cs

2 _

2

L= (1 duy M3 dusay;
12 — 7 o 2 - -
mz = Ayj tipj(mf —af;)  vap(mi - afy)

>Sinh[m2]

Lyz = dys(CsSinha + CsCosha)

X1 A Sinh[amj] — X0 Cosh[ag|]

Bg = — >
fi
6B B dym Qi B a2 .B
X19—_ 42 + 2 um Ymj 27 mj D2 +L1
Bz B4a,3nj
L1 + m1X16 + m2X18 - dqu6

= +
ZamTimy Ty (07 — )

X21‘ == _COSh[afj]X14 + COSh[afj]X13 - X19 T + X12
]

B_352 sinh[8] — - 5_le B [@njB1 cosh[am;| — @B, sinh[an;]] N

X200 = 52 2
mj mj

L
Zam]‘ 5

L5=L2+L3+L4+L6+L7+L8

1
L, [—a?,;B, sinh[a,,;] + aZ,;B; cosh|ay,;]]

Zamjrlmj
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Lg = dym apmj (B6 amj Cosh [amj] — am;j B, Sinh[amj])

[ B, smh[am]] + B, cosh[am]] ] dum am][ Bg sinh[amj] + B, cosh[amj]]

ke = 20, 2
L, = Cnj
* Tlmj(52 — a,znj)[—aijg sinh[amj] + Byl cosh[amj]]
1
Ly=——— [32 cosh[amj] —B; sinh[amj]]

2aij1mj

[—amBz sinh[amj] + anjBy cosh[amj]]

3 =
Zamj‘rlmj

To obtain the Eigenvalue, the thermal Marangoni number

The thermal Marangoni number is obtained by using the coupled boundary condition at the upper fluid
boundary which is free with Marangoni effects, which is

2 2 2 2 —
Dfy Wrj(1) = Mag;05;(1) = My ag;Sp;(1) = Mspz ap;Sp;(1) = 0
By solving for M, by substituting all the known quantities, we get

_ Y1 — Mgy af} Y, — Mg, af] Y,
afj Y3

M

Where,
Y, = m? Cosh[m,] + C,m? Sinh[m,] + C3m3 Cosh[m,] + C,m3 Sinh[m,]
, Cosh[m,] C,Sinh[m,]
Y, = Cs Cosh[afj] + Cq Smh[afj] — > —~ > <+ Lis
T1pj(mf - afj) Ty (mf — afj)
C;Cosh[m,] C,Sinh[m,]

Tlfj(m% - a;%j) Tlfj(m% - algj)

Ly =~

11)3 = C7C05ha + CSSinha + L15 + L16 + L17 + L18 + ng

lp4 = C7COSha + CSSlnha + LZO + L21 + LZZ + L23 + L24_

1 d, r m? d, . a?
Lis = _ﬁ<1 S s R e )COSh[ml]
ml - af] Tlfj (m1 - af]) Tlfj (m1 - af])
m? d, s a®
Ly = (1 L u’; > )Sinh[ml]
Ty (Mm% — afj) Ty (mf - afj)
m3 d, ra®
L, = (1 uy M3 — uéc > >Cosh[m2]
m3 af] tipi(mi —af;) T (m] - af))
2 2
m d,ra
Lig = (1 dus M3 < — ufz > )Sinh[mz]
Tifj (mz afj) Tifj (mz - “fj)
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1 d,r m? d, r a?
Ly = _2—<1 u 1 — u]; > )Cosh[ml]
my — Qg; Tzf](ml afj) Tafj (ml - afj)
m? d,ra?
Ly, = <1 uy M — u’; > )Sinh[ml]
Tof (m1 afj) T2f (m1 - afj)
m?3 d, ra?
Ly, = <1 duy M5 -~ — ug > >Cosh[m2]
- m3 - af] Tarj(m3 — afj) 7o (M3 — af}')
m? d, r a?
L23 = <1 uf z 2 - ufz 2 >Slnh[m2]
T2fj (m3 - afj) T2fj (m3 - afj)

L24 = duf (C5 Slnh [a%]] + C6 COSh [a%]]
Graphical Results and Quantitative Interpretation

The thermal Marangoni number (M), which serves as the eigenvalue of the stability problem for non-Darcy
three-component Marangoni convection with combined Dufour and magnetic effects in a two-layer composite
system, is obtained in closed form as a function of several governing physical parameters. These parameters
include the Darcy number, the ratio of diffusivities, the viscosity ratio, the Dufour parameters, the magnetic
parameter, the concentration ratios, and the depth ratio of the two layers.

To analyze the influence of these parameters on the stability characteristics of the system, the eigenvalue
corresponding to the thermal Marangoni number is plotted as a function of the depth ratio for various values of
the other physical parameters. The graphical results provide insight into the effects of magnetic field strength,
Dufour effects, permeability variations, and diffusivity ratios on the onset of convection and the stability
behaviour of the composite system.

Figure 1 illustrates the variation of the thermal Marangoni number M with the horizontal wave number. It is
observed that an increase in the horizontal wave number raises the critical thermal Marangoni number,
indicating that the system becomes more stable. Physically, larger wave numbers correspond to smaller
convection cells, which experience stronger viscous and diffusive damping effects. Therefore, a larger thermal
driving force is required to initiate convection. This stabilising influence of wave number is consistent with the
classical Marangoni convection analysis of Pearson (1958), who showed that short wavelength disturbances
require higher critical Marangoni numbers for instability. Similar observations were also reported by Nield and
Bejan (2017) in porous medium convection systems and by Rudraiah et al. in studies of surface-tension-driven
convection in composite layers.

Figure 2 depicts the effect of the Darcy number on the thermal Marangoni number M. The Darcy number
measures the permeability of the porous medium. As the Darcy number increases, the resistance offered by the
porous structure decreases, allowing fluid particles to move more freely. Consequently, convection is
promoted at lower thermal gradients, leading to a decrease in the critical thermal Marangoni number and
thereby destabilising the system. This physical behaviour agrees with the classical porous medium convection
results of Lapwood (1948), who demonstrated that increasing permeability enhances convective motion.
Similar destabilising effects of the Darcy number were also reported in Darcy—Brinkman convection studies by
Vafai and Tien (1981) and in multilayer porous convection analyses by Shivakumara and co-workers.
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Figure 1: Impact of horizontal wave number as; on
Thermal Marangoni number M
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Figure 2: Impact of Darcy number D, on Thermal
Marangoni number M
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Figure 3: Impact of the Dufour number of the fluid
layer D,y on Thermal Marangoni number M
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Figure 4: Impact of the ratio of Thermal solutal
diffusivities in the fluid layer €; on Thermal
Marangoni number M
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Figure 5: Impact of Solutal-1 Marangoni number

Mg, on Thermal Marangoni number M
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Figure 6: Impact of Solutal-2 Marangoni number M,
on Thermal Marangoni number M
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Figure 7: Impact of Chandrashekar number Qf; of | Figure 8: Impact of Chandrashekar number Q,; of
fluid layer on the Thermal Marangoni number M porous layer on the Thermal Marangoni number M

BO0O00 - q 00000

TODO0D |-

TODOOD

600000

00000

500000 500000 -

THERMAL MARANGONI NUMBER M
THERMAL MARANGONI NUMBER A

00000 400000 -

.______._-r T16 =0.25

i L L L 1 1 L
.20 0.25 0.30 0.35 0.40 0.45 0.50
DEFTH RATIO ¢

Figure 9: Impact of the ratio of solutal diffusivity to | Figure 10: Impact of the ratio of solutal diffusivity to
thermal diffusivity 7,7; of the fluid layer on the | thermal diffusivity 7,¢; of fluid layer on the Thermal
Thermal Marangoni number M Marangoni number M

Figure 3 represents the influence of the Dufour number on the thermal Marangoni number M. The Dufour
effect accounts for energy flux generated by concentration gradients and represents an important cross-
diffusion phenomenon in multicomponent systems. An increase in the Dufour number enhances heat transport
induced by concentration differences, thereby modifying the thermal energy distribution within the fluid layer.
This additional heat flux alters the interfacial temperature gradients and consequently changes the surface
tension forces responsible for Marangoni convection. The graphical results indicate that stronger Dufour
effects significantly influence the onset of convection and modify the stability threshold of the system. Similar
behavior has been reported in double-diffusive convection studies by Postelnicu (2004), where Dufour effects
altered thermal instability characteristics in porous media. Srinivas Acharya and Kaladhar (2012) also
observed that increasing Dufour effects considerably modify heat transfer and stability behavior in convection
through porous layers. Comparable conclusions were obtained by Chamkha and Rashad (2014) in
magnetohydrodynamic mixed convection flows with Soret and Dufour effects.

Figure 4 illustrates the effect of the ratio of thermal-solutal diffusivities on the thermal Marangoni number M.
This parameter determines the relative rates of heat diffusion and mass diffusion within the composite system.
Increasing the diffusivity ratio causes concentration gradients to dissipate more rapidly compared to thermal
gradients, thereby weakening concentration-induced surface tension effects. As a result, convection is delayed,
and the system exhibits enhanced stability. Physically, stronger thermal diffusion smoothens temperature
variations and suppresses the growth of instability modes. Similar stabilising behaviour due to diffusivity
variations was reported in thermosolutal convection studies by Nield (1968) and later by Poulikakos in
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multicomponent convection analyses. Comparable results were also observed in triple-diffusive convection
studies involving layered systems.

Figure 5 shows the influence of the Solutal-1 Marangoni number on the thermal Marangoni number M.
Increasing the Solutal-1 Marangoni number intensifies the concentration-induced surface tension gradients
associated with the first solute component. This enhances interfacial shear stresses and promotes fluid motion
near the interface, leading to earlier onset of convection. Consequently, the system becomes more unstable.
Physically, concentration gradients act as an additional driving force that supplements thermal surface tension
effects. Similar destabilizing effects of solutal Marangoni forces were reported by Sternling and Scriven
(1959) in their classical thermocapillary instability analysis. Related observations were also made in
multicomponent convection studies by Bergman and Keller.

Figure 6 depicts the variation of the thermal Marangoni number Mwith the Solutal-2 Marangoni number.
Similar to the first solutal component, the second solute contributes to concentration-driven surface tension
variations at the interface. Increasing the Solutal-2 Marangoni number strengthens the interfacial concentration
gradients and enhances thermosolutal convection. This reduces the critical thermal Marangoni number and
destabilises the system. The interaction between the two solutal components produces complex instability
characteristics that are typical of three-component convection systems. Similar coupled solutal effects were
discussed in the triple-diffusive convection studies of Pearlstein et al. and in multicomponent Marangoni
instability analyses by Nepomnyashchy and Simanovskii.

Figure 7 illustrates the influence of the Chandrasekhar number @ rof the fluid layer on the thermal Marangoni
number M. The Chandrasekhar number represents the strength of the applied magnetic field. It is observed
from the graph that increasing Qrincreases the critical thermal Marangoni number, thereby stabilising the
system. Physically, the application of a magnetic field generates Lorentz forces within the electrically
conducting fluid, which oppose fluid motion and suppress convective disturbances. This magnetic damping
effect reduces the growth rate of instability and delays the onset of convection. Consequently, stronger thermal
gradients are required to initiate Marangoni convection. Similar stabilising effects of magnetic fields have been
reported in hydromagnetic convection studies by Chandrasekhar (1961) and later in magneto-Marangoni
convection analyses by Rudraiah et al. and Gupta et al., where magnetic fields were shown to suppress surface-
tension-driven instabilities in porous and composite systems.

Figure 8 depicts the effect of the Chandrasekhar number Q,,; of the porous layer on the thermal Marangoni
number M. It is evident that increasing the magnetic parameter in the porous layer also increases the critical
thermal Marangoni number, indicating stabilisation of the composite system. Physically, the magnetic field
interacts with the electrically conducting fluid inside the porous matrix and generates resistive Lorentz forces
that damp fluid motion. In porous media, this damping becomes more significant because the magnetic field
acts together with the drag resistance of the porous structure. As a result, convective motion is strongly
suppressed, and larger thermal gradients are needed to destabilise the system. Similar observations were
reported in the magneto-porous convection studies of Nield and Bejan (2017) and in MHD Darcy—Brinkman
convection analyses by Vafai and Tien (1981), where magnetic effects were found to significantly delay the
onset of convection.

Figure 9 shows the impact of the ratio of solutal diffusivity to thermal diffusivity 7,¢; of the fluid layer on the
thermal Marangoni number M. The parameter 7,7; governs the relative diffusion rates of concentration and
temperature fields in the fluid layer. It is observed that increasing 7;7; increases the thermal Marangoni
number, indicating a stabilising influence on the system. Physically, larger values of 7;¢; correspond to

stronger solutal diffusion, which smoothens concentration gradients more rapidly and weakens concentration-
induced surface tension forces at the interface. This suppresses thermosolutal convection and delays the onset
of instability. Similar stabilising behaviour due to enhanced diffusivity ratios has been reported in double-
diffusive and triple-diffusive convection studies by Poulikakos (1985) and Pearlstein et al. (1989), where
increased mass diffusivity reduced concentration-driven instabilities.
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Figure 10 illustrates the influence of the ratio of solutal diffusivity to thermal diffusivity 7,¢; of the fluid layer
on the thermal Marangoni number M. Similar to 7,;, increasing 7,5; enhances the diffusion of the second
solutal component relative to heat diffusion. As the concentration gradients dissipate more rapidly, the
associated concentration-induced surface tension gradients become weaker, thereby stabilising the system.
Consequently, higher thermal Marangoni numbers are required to trigger convection. The results indicate that
the second solutal component plays an important role in controlling the thermosolutal instability of the three-
component composite system. Similar conclusions were obtained in multicomponent convection analyses by
Sternling and Scriven (1959) and in triple-diffusive instability studies by Rionero (1997), where enhanced
solutal diffusivity was shown to suppress interfacial instability mechanisms.

CONCLUSIONS

The stability behaviour of non-Darcy three-component Marangoni convection with combined Dufour and
magnetic effects in a two-layer composite system has been studied. From the analytical and graphical results,
the following conclusions are obtained:

1. Increasing the horizontal wave number increases the thermal Marangoni number (M), which stabilises
the system and delays the onset of convection.

2. Increasing the Darcy number decreases the thermal Marangoni number, thereby destabilising the
system due to increased permeability of the porous medium.

3. The Dufour effect significantly affects the stability of the system by modifying heat transfer through
concentration gradients.

4. Increasing the ratio of thermal-solutal diffusivities stabilises the system because concentration
gradients diffuse more rapidly.

5. Increasing the Solutal-1 and Solutal-2 Marangoni numbers destabilises the system by strengthening
concentration-induced surface tension forces.

6. The Chandrasekhar numbers of both the fluid and porous layers stabilise the system due to the
magnetic damping effect produced by Lorentz forces.

7. Increasing the ratios of solutal diffusivity to thermal diffusivity 7,5; and 7,5; delays convection and
enhances stability.

8. The combined effects of magnetic field, Dufour effect, porous medium permeability, and
multicomponent diffusion strongly influence the onset of Marangoni convection.

9. The obtained results are in good agreement with previously published works on Marangoni convection,
porous medium convection, and magnetohydrodynamic instability.

10. The present study is useful in understanding convection phenomena in applications such as crystal
growth, geothermal systems, chemical engineering processes, and material processing involving
multicomponent transport.
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