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ABSTRACT 

This study analyses uncertainty associated with environmental health risk extraction from black soot pollution 

on the exposed population in Warri metropolis, using the USEPA (1989) environmental health risk assessment 

equation approach. The study was aimed at providing informed confidence in risk assessment for the exposed 

population to black soot pollution and to develop a "comfort level" with the approach. The aim was achieved 

through the adoption of point estimate, parametric variance propagation, and a ninety-five percent (95%) 

confidence interval-based context. In this context, three hundred and eighty-five (385) samples were collected 

for each input parameter. A risk extract was obtained using the point estimate approach. However, a nominal 

range sensitivity analysis of the model inputs identified exposure duration as the most influential risk driver, 

with a swing weight of 3.4×10−1, whereas human body mass had the least influence, with a swing weight of 

3.7×10−6. Input parametric probability distribution functions (PDFs) for the propagation were developed using 

sample statistics and graphics, while the selections were based on certain probability density function models. 

To effectively utilize the law of parametric uncertainties propagation for the study, the complex multiplicative 

equation was transformed into an additive functional equation using a logarithmic transformation approach. 

Also, the log mean and variances of input parameters were obtained using logarithmic distribution algorithms, 

while the model’s uncertainty was propagated as the “root-sum-of-squares” of input log variances to be 2.7. 

Consequently, the estimated risk was bounded by a 95% confidence interval of 3.7 × 10⁻² to 3.3 × 10⁻¹, with the 

lower and upper confidence limits determined using the quotient and product of the geometric mean and the 

square of the geometric standard deviation, respectively. The estimated risk values indicate that although the 

non-carcinogenic risk remains below the regulatory threshold (HI < 1), prolonged exposure to black soot may 

still constitute a potential public health concern, particularly for vulnerable populations such as children, the 

elderly, and individuals with pre-existing respiratory conditions. 

Keywords: Risk analysis, Human health uncertainty, Model Equation, Pollution exposure 

INTRODUCTION 

Globally, Uncertainty analysis has been identified as an essential element of a complete environmental risk 

analysis on human exposure to pollutants [1, 2]. It is, however, imperative that knowledge and reliable methods 

to deal with uncertainty and variability are also essential for transparency and trust in the risk extraction process. 

It was opined that transparency is an important factor in the risk management process and has a potential effect 

on how the risk of environmental pollution is perceived [3, 4] 
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In addition, an appropriate treatment of variability and uncertainty in risk assessment is essential as a basis for 

decision-making, because of inherent uncertainties in environmental risk models or estimates [5, 6]. 

However, researchers, the scientific community, and decision- makers also ascertain the fact that to navigate the 

dynamics of the risk management process properly, the techniques of environmental health risk extraction from 

ecological pollution scenarios must be capable of building the level of confidence in required results [7-10]. 

These abstractions become imperative for environmental pollution risk extraction studies because of 

acknowledged inherent uncertainties in ecological risk extraction models or algorithm formulations, and results 

that force decision-makers to judge how probable it is that risks will be over-estimated or under-estimated for 

every exposed person in an environmental pollution scenario [11, 12]. 

It is important to note that uncertainties in models or algorithms and results are from incommensurability 

between the real and mathematical world, and the United States Environmental Protection Agency identified 

three broad sources of uncertainties in the environmental risk analysis context [13-16]. They are categorized into 

model, parametric, and scenario uncertainty. Primarily, sources of uncertainty are associated with errors in the 

model’s mathematical construction or uncertainty in the model’s parameters. While parametric uncertainty arises 

and manifests itself in a variety of ways, which are not limited to measurement uncertainty, variability in time 

and space, use of appropriate parametric values, and correlations.  

However, uncertainty analysis as the science of characterization and reduction of uncertainties, in both models 

and real-world applications, is highly noted [17, 18]. There are two methods of uncertainty analysis: analytical 

and numerical methods. Analytical methods are variance propagation and moment matching techniques, while 

numerical methods are Monte Carlo simulation techniques and deterministic uncertainty analysis. The numerical 

methods combine model parametric inputs, uncertainty, and variability to produce model output uncertainty 

through simulation, while the analytical methods employ input uncertainties and variability to produce the true 

but unknown value of output through probability statistics, such as mean, standard deviation, and variance. 

Mathematical ability to translate models' or algorithms’ inabilities to provide an exact description or explanation 

of scenarios of events that occurred as a result of lack of knowledge and variability into a probability distribution 

or function (PDF) is expressed with key notes [19, 20].  

Researchers also emphasize the use of the Probability density function (PDF) to describe uncertainty in the 

estimate of a quantity that is a fixed constant whose value is not exactly known, or it can be used to describe 

inherent variability [21, 22]. In correlation to these opinions, aleatory uncertainty, which arises from spatial, 

temporal, and population variability in nature, could be represented by a function that represents the relative 

frequency with which different values of a parameter occur [23, 24]. It was also emphasized that uncertainty due 

to the limitation of knowledge can be represented by a mathematical probabilistic distribution function [25, 26]. 

Accordingly, moments are used to describe the shape of a probability distribution and thereby the variability 

[27, 28]. Although probability theory has been accepted as a suitable tool to describe parametric uncertainty. 

Other complementary methods, such as interval analyses and fuzzy logic, have also been ascertained to 

incorporate uncertainty about the parameters; that uncertainty about the parameters is normally incorporated by 

using probabilistic sensitivity analysis. 

METHODOLOGY 

The methodology involves risk extraction using point estimate analysis; sensitivity analysis of the   US EPA 

(2009) environmental risk analysis model’s parameters; the determination of probability distributions for input 

parameters; development of probability distribution functions (PDFs) for the input parameters, parametric 

propagation of the uncertainties through the model, and analysis of the probability distribution of the risk 

estimates. The maximum likelihood estimate at a 95% Confidence interval for the propagated model’s geometric 

mean was employed to determine the true but unknown value of risk for the exposed population to the black 

soot pollution scenario. 
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Risk Extraction 

The risk was extracted by applying the analytical point estimate methodology, using the reconstructed US 

environmental risk analysis equation for the obtained input parameters from three hundred and eighty - three 

sampled stations across Warri metropolis. Focusing on the inhalation exposure pathway as reconstructed in 

Equation 3, from the exposure dose intake rate ( )TD , hazard quotient ( )HQ  , and hazard index ( )Hi  as 

documented. In this regard, the issues of risk and its effects cut across various aspects of human dealings, which 

need dire attention [29-34]. The input parameters are: ambient concentration of blacksoot ( )bC , Inhalation rate 

of the exposed person (𝑃𝑟),   Duration of exposure ( )dE  , Body mass of the exposed person ( )mB  and 

environmental reference dose concentration ( )cRf  

( )b r d inhalation

T

M

C P E n a
D

B

   
=                                                (1) 

where; TD =Dose intake (mg/kg/day), ( )bC  = ambient concentration of black soot, (𝑃𝑟) = Inhalation rate of the 

exposed person, ( )dE = Duration of exposure, ( )mB =  Body mass of exposed person, :n  Mean number of events 

per day (events/day);  ( )
:

inha
a  Uptake Fraction (inhalation) (dimensionless),  ( ) ( )0

01: 100
inha

a = . Based on the 

risk point estimate, the non-carcinogenic risk index was expressed in terms of dose intake using the Screening 

Index and Hazard Quotient approaches, as shown in Equation (2), and subsequently reconstructed as Equation 

(3). 

SI T

c

D

Rf
=                                                                                                                                                   (2) 

where cRf  is the environmental reference dose (or reference concentration). 

b r d inhalation

fc

C P E na
HI

BMR
=                                                                                    (3) 

where Hi  denotes the Hazard Index, bC is the concentration of the pollutant, rP  represents the pulmonary 

respiration rate, dE  is the exposure duration, inhalationna  denotes the exposure frequency, (inhalation) is the 

inhalation absorption factor, BM   represents the body mass, and    cRf  denotes the environmental reference dose 

(reference concentration). 

Taken 1n =  and 1a = . Then (3) becomes (4), which is used for the point estimate analysis. 

b r d

fc

C P E
RI

BMR
= .                                                                                              (4) 

However, the sample means presented in Table 1.0 used for the point estimate were obtained from three hundred 

and eighty-five samples using the computer software SPSS version 25. A risk index of 14.8 10−   was extracted 

from the black pollution scenario on the exposed population, using the point estimate methodology.  

The Risk Index ( )RI  is given by 

b r d

b r d

c c

C P E

C P EBM
RI

Rf BM Rf

 
 
 = =


 ,               (5) 
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where RI  denotes the Risk Index, bC  is the concentration of the pollutant, rP  represents the pulmonary 

respiration rate, dE  is the exposure duration, BM denotes the body mass, and cRf  is the environmental reference 

dose (reference concentration). 

The sample means presented in Table 1 were used as point estimates in the risk assessment and were obtained 

from a total of 385 samples analyzed using the Statistical Package for the Social Sciences (SPSS) Version 25. 

Using the point estimate approach, a Risk Index value of 14.8 10−  was obtained for the exposed population 

under the black soot pollution scenario. This result indicates a moderate level of potential health risk associated 

with exposure to black soot pollutants within the study area. 

Sensitivity analysis  

A nominal range sensitivity analysis method was adopted, as demonstrated in previous studies [35, 36]. In this 

context, each of the input parameters was parameter were varied one at a time, while ranges of risks were 

extracted by keeping the remaining parameters at their approximate median. Having obtained 5% lower limits 

and 95%  upper limits of the parameter distribution, the following ranges of risks, as tabulated in Table 2.0 , 

were obtained and ranked according to their importance in Table 3.0 , using the swing weight approach. 

Development and selection of inputs: Probability distribution functions (PDFs) 

Statistical graphics and summaries that fit the input parameters were used to synthesize the probabilistic 

simulations of 385  values of each obtained sample across the metropolis, to develop parametric probability 

distribution functions (PDFs). While, the selections were based on probability density function models as 

presented in Table 1.0 

Table 1.0. Assigned Probability Distribution Functions (PDFs) for Model Inputs 

Model Input PDF Parameter 1 Parameter 2 Parameter 3 
BM Log-Triangle ln(Min) ln(Mode) ln(Max) 
Pr Log-Uniform ln(Min) ln(Max) – 
Cb Log-Normal μln σln – 
Ed Log-Triangle ln(Min) ln(Mode) ln(Max) 
Rfc Log-Triangle ln(Min) ln(Mode) ln(Max) 

Analytical propagation of input uncertainties 

This methodology employed input uncertainties and variability to produce the true but unknown value of the 

output through probability statistics, such as mean, mode, standard deviation, and variance, and PDF algorithms. 

Input statistics were obtained as in Table 2.0, using SPSS Version 25.0. However, the analytical PDF algorithms 

presented in equations 6, 7, 8, 9, and 10 were obtained in accordance with the developed probability distribution 

functions (PDFs) in section 2.3. For lognormal- distributed parameters, log means and variances were 

analytically obtained by equations (6) and (7), respectively. While the log mean and variance of log-uniformity 

distributed parameters were calculated with equations (8) and (9), respectively. In addition, Equations (10) and 

(11) were employed to determine the means and variances of log-triangular distributed parameters in accordance 

with established methods reported in the literature. Means and variances of the logarithmic distributions are as 

tabulated in Table 5.0, and were estimated based on obtained parametric statistics: the arithmetic mean, standard 

deviation, and variances of untransformed sample data. The following equations are referred: 

2
ln

1

bC

x

SD

x



 
 
 

=  
  +   
  

,                                                                                    (6) 
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2 2
2

2
ln

bC

x SD

x


 +
=  

 
,                                                                                      (7) 

ln(min) ln(max)

2
P

+
= ,                                                                                  (8) 

max
ln

min

12
P

 
 
 = ,                                                                                                     

(9) 

0ln( ) ln(max) ln(min)

3
TD

M


+ +
= ,                                                (10) 

     

 

2 2 2

0

0

ln(min) ln(max) ln( )

ln( ) ln(min) ln(max)

ln(min) ln(max)

18
TD

M

M



+ +


− + 


−
= .                                                                                     (11)                                                                                                                

Uncertainty Propagation through the Extractive Model 

According to the Atomic Energy Control Board (AECB, 1985), variance is a measure of parametric uncertainty, 

and model uncertainty is the summation of the model’s input variances. This is in correlation with the law of 

uncertainty propagation. Consequently, the uncertainty in the risk extract was  ( )
2 2

1

P

RI i

i

S S
=

= , where p , is the 

model’s input parameters.  

Observably, the risk extraction equation is a complex multiplicative form of equation that needs normality in 

accordance with the probabilistic concept of normality to obtain a summation effect. This was achieved using a 

logarithmic transformation technique documented in the literature. The technique has been successfully applied 

across diverse fields of research, with the logarithmic distribution parameters (mean and variance on the 

logarithmic scale) being readily interpretable in terms of multiplicative factors, thereby making the transformed 

parameters intuitive for analysis. Consequently, the multiplicative relationship was converted into an additive 

one by taking the logarithm of both sides of Equation (4), resulting in Equation (12).  

( ) r r r

m fc

PC V
In RI In

B R

 
=   

 

                                                                                                                                        (12) 

In the context of this study, the law of uncertainty propagation, commonly called the “root-sum-of-squares” or 

“RSS” method, was reconstructed with equations (13) and (14): 

( )

22 2

2 2 2 2

( ) ( ) ( ) ( )

2
2

2 2

( ) ( )

( )

          

b r y

fc

RI C P V

b r y

BM R

fc

HI HI HI

C P V

HI HI

BM R

   

 

      
= + +               


    
+ +           

                                                   (13) 
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( )

22 2

2 2 2

( ) ( ) ( )

( ) 2
2

2 2

( ) ( )

( )

b r y

fc

C P V

b r y

RI

BM R

fc

HI HI HI

C P V

HI HI

BM R

  



 


       + +               

= 
    

+ +           

.                                                     (14) 

For uncertainty addition and subtraction:  

, , , , 1
b r fc y

HI HI HI HI HI

C P BM R V

    
→ 

    
 

Therefore, uncertainty in the extracted risk is: 

( )

2 2 2 2 2

( ) ( ) ( ) ( ) ( ) ( )b r d fcRI C P E R BM     = + + + −                                                                                                         (15) 

Confidence Interval development for extracted risk  

Confidence in the extracted risk was evaluated using established statistical approaches reported in the literature. 

Accordingly, approximately 95.4% of the extracted risk values were bounded by the quotient of the geometric 

mean ( )g , providing a measure of confidence in the estimated risk and the square of the geometric standard 

deviation ( )2
g  𝑓𝑜𝑟 𝑡ℎ𝑒  lower bound ( )5

HIX , while the product of the geometric mean and the square of the 

geometric standard deviation is for the upper bound ( )95

HIX  as expressed in equations (16), and (17), 

respectively. Thus, 

( )

(5) 2

( )

( )

gRI

g

RI
X

RI




=                                                                                                        (16) 

( ) 2

(95) ( ) ( )RI

g gX RI RI =                                                                                                                            (17) 

where Sample Geometric Mean: ( ) InRI

g RI e =                                                                                        (18)   

If ( ) ( ) 2

(5) (95)2

( )
,   ( ) ( )

( )

gRI RI

g g

g

RI
X X RI RI

RI


 


= = represent the 5th and 95th percentiles of a lognormal distribution, the 

statistically correct expressions are 

( ) ( ) (1.645)( )

(5) (95)(1.645)( )

( )
, ( )

gRI RI RI

g gRI

g

RI
X X RI


 


= =                                                                (19) 

and 

1.645

95 ( ) ( ),RI

g gX RI RI =  

rather than using the square of the geometric standard deviation. The exponent 1.6451corresponds to the 5th  and 

95th percentiles of the standard normal distribution and is the standard formulation in environmental and human 

health risk assessment. If, however, you are following a specific published methodology that uses the square of 

the geometric standard deviation, then your original Equations (16) and (17) are acceptable. 
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However, the logarithmic mean of the risk extract ( )RI  is expressed as;  

( )

( 1)

p

RI i

i

 
=

=                                      (20) 

( )( ) ( ) ( ) ( ) ( ) ( )b r y fcRI C P V BM R     = + + − −                                         (21) 

Geometric standard deviation (GSD); 
( )

( ) InS RI

g InRI eS RI S= = .                         (22) 

(ln )

(ln )

2.24
( ) 2

(5) 1.645(1.645)( ) 1.70

( ) 0.11
0.037 3.7 10

3.00

RI

RI

gRI

RI

g

RI e e
X

ee









−
−= = = = = =   

(ln ) (ln )1.645( ) (1.645)( )

(95)

2.24 1.70

1

( )

0.11 3.00

        0.3

 

.

   

3 3 3 10

    

RI RIRI RI

g gX RI e e

e e

 
 

−

−

= =


=  =  


= = 


.             (23) 

RESULTS AND DISCUSSION 

A risk index of 14.8 10−  was extracted from the black pollution scenario on the metropolitan exposed 

population, using the point estimate methodology. Notably, the point estimate does not incorporate explicit 

estimates of uncertainty, which may lead to incorrect decisions based on a risk estimate that is either grossly 

overestimated or associated with high and disproportionate amounts of uncertainty. Hence, it was imperative to 

perform an uncertainty analysis in this study to quantify the degree of confidence about the risk estimate. 

Table 2. Model’s Inputs Parametric Statistics 

Model Inputs No. Sample Min Median Mode Max 𝒙̅ SD Variance 

bC  385 1.00 27.0 26 36.0 25.12 6.35 40.36 

rP  385 11.30 336.0 395 547.20 326.9 108.37 11744.79 

mB  385 7.8 60.2 70 91.00 56.34 19.50 381.546 

dE  385 8.8 4.2 4.2 18.9 4.9 2.7 7.7 

cRf  385 25.0 25.0 25 25.0 25.0 0.00 0.00 

Point estimate 

Table 3.0 Means of Input Parameters 

Parameter Mean Unit Symbol 

 Body weight 56.3 Kg  BM  

Pulmonary vent rate 5.5 3 ( 1)m h −  rP  

Exposure duration 4.9 Hr  𝐸𝑑 

Blacksoot concentration 25.0 ( 3)gm −
 bC  

Reference concentration 25.0 ( 3) ( 1)gm h − −
 cRf  
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Sensitivity analysis 

Table 4. Nominal Range Sensitivity Analysis 

Parameter Parameter Range  Risk Extracts 

Lower Medium Upper Low High 

BM  45.00 65.50 95.50 6.5 × 10−5 1.3 × 10−3 

rP  0.01 3.70 5.70 2.5 × 10−6 1.5 × 10−3 

bC  1.00 26.00 36.00 3.6 × 10−5 1.2 × 10−3 

dE  0.88 2.76 5.66 1.2 × 10−5 3.4 × 101 

cRf  15.00 25.00 36.00 6.8 × 10−4 1.6 × 10−3 

 

Table 5. Parametric Ranking by Swing weight method 

Rank Parameter Swing weight 

1 
dE  (3.4 × 10−1) 

2 
rP  (2.5 × 10−1) 

3 
bC  (2.23 × 10−1) 

4 
cRf  (1.13 × 10−1) 

5 BM  (3.7 × 10−6) 

Three levels of parameter importance appear to emerge from the sensitivity analysis results in Tables 4.0 and 

5.0. The duration of the exposed population ( )dE   and Pulmonary vent rate (intake rate) ( )rP  show clearly a 

greater influence on the risk estimate, while the concentration of black soot ( )bC  and Reference concentration

( )cRf  form the next level of importance. However, body mass ( )BM has a moderate influence on the risk. From 

these results, most of the effort in the study was on quantifying or propagating the uncertainty due to the duration 

of exposure, population, intake rate, and concentration. However, other groups were also quantified. Also, from 

the chart in Figure 1.0, the duration of the exposed population ( )dE  has a greater influence of 3.4 as compared 

to the pulmonary vent rate (intake rate ( )rP , concentration of black soot ( )bC , and Reference concentration ( )cRf  

and body mass), ( )BM  with respective influences of 2.5, 2.2, and 1.1, respectively. 

 

Figure 1.0 Swing Weights of Model’s Input Parameters 
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Considering the parametric uncertainty level, the environmental concentration of black soot and body mass of 

the exposed population in the metropolis have a greater percentage of uncertainties than other parametric inputs 

in the risk extract. They contributed 30.39% each to the overall uncertainty in the risk extract, while the duration 

of individual exposure contributed the lowest percentage of 2.49%, as obtained in Table 6.0 and Figure 2.0. 

Table 6.0. Models’ Input Parametric Uncertainty Percentages 

Model Parameters log-variance ( )  Percentage ( )0
0  

bC  1.10 30.39 

rP  0.65 17.96 

BM 1.10 30.39 

dE  0.09 2.49 

cRf  0.68 18.79 

 

Figure 2.0  Sectoral Model’s Inputs Parametric Uncertainties 

Imperatively, the uncertainty about a true but unknown distribution of risks per individual exposed to black soot 

pollution in Warri metropolis (δRI) was determined as 1.7  using equation 

  
( )

2 2 2 2 2

( ) ( ) ( ) ( ) ( ) ( )b r d fcRI C P E BM R     = + + + +                                                                                            (24) 

While at 95% confidence with inherent uncertainties, the non-carcinogenic health risk extract for exposed 

persons to black soot pollution within the metropolis lies between 23.7 10−  and 13.3 10− . This describes a range 

of values within which we can be reasonably sure that the true risk of the black soot pollution scenario on the 

exposed population actually lies at 23.7 10−  and 13.3 10− . These relatively narrow confidence intervals indicate 

an effective risk estimate with known precision, and account for uncertainties. It is, however, imperative that 

risk decisions about environmental risk management interventions for the black soot pollution scenario in Warri 

metropolis using the equation are made with certainty. 

From a public health perspective, the estimated non-carcinogenic risk suggests that the current level of black 

soot exposure does not indicate an immediate adverse health threat for the average resident. Nevertheless, 

continuous exposure, especially among highly exposed groups such as commercial drivers, traders, industrial 

workers, and residents living close to major traffic corridors or illegal refining activities, may increase 

cumulative health risks. Consequently, sustained air quality monitoring and emission control strategies remain 

necessary to minimize long-term exposure. 

19
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The USEPA exposure model provides a standardized framework for risk estimation; however, exposure 

characteristics within Warri metropolis may differ from the default assumptions because of local occupational 

activities, informal refining operations, traffic density, housing ventilation patterns, and socioeconomic 

conditions. These factors should be considered when interpreting the estimated risks. 

The estimated risk levels are comparable to those reported in similar particulate pollution studies conducted in 

Port Harcourt, Lagos, and other urban centres where black soot episodes have been associated with increased 

respiratory symptoms and elevated particulate matter concentrations [37-39]. Such comparisons support the 

consistency of the present findings while highlighting regional differences in exposure characteristics. 

CONCLUSION 

Observably, the probabilistic propagation of the black soot pollution’s risk drivers (duration of exposed 

population ( )dE , pulmonary vent rate (intake rate) ( )rP , concentration of black soot ( )bC , Reference 

concentration ( )cRf , and body mass ( )BM , with their resultant risk extract at 95% confidence interval) presented 

a more complete and realistic characterization of the risk extract between 23.7 10− and 13.3 10−  instead of a 

single, deterministic point estimate of 14.8 10− . This has offered confidence dynamics in the risk management 

deliberation process for Warri’s black soot pollution scenario using the equation for pollution risk extracts. From 

the parametric sensitivity analysis results, effort should be more on the duration of exposure of persons, the 

intake rate, and the concentration of black soot in pollution management decisions. In addition, to reduce 

uncertainties in pollution risk estimates using the equation, further studies should critically look at measurement 

and variability uncertainties in the ambient concentration of black soot.  

Future studies should complement the quantitative risk assessment with epidemiological investigations, 

biomonitoring studies, and clinical assessments to establish stronger associations between black soot exposure 

and adverse health outcomes among residents of Warri metropolis. Such studies would provide additional 

evidence for environmental health policy and intervention programmes. 
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