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ABSTRACT 

In this research we present a comprehensive computational framework for solving the nonlinear Monge-Ampère 

equation using an adaptive Physics-Informed Neural Network (PINN) approach. The Monge-Ampère equation 

is a fully nonlinear second-order partial differential equation which plays a fundamental role in optimal transport 

theory, differential geometry, image processing, and fluid mechanics. Despite its importance, numerical 

solutions remain challenging due to the equation's inherent nonlinearity, the requirement of convexity, and the 

existence of multiple solution branches. Traditional numerical methods, including finite differences and finite 

elements, often struggle with complex geometries, high-dimensional domains, and the enforcement of convexity 

constraints. We propose an adaptive PINN framework that addresses these limitations through a novel gradient 

magnitude balancing strategy. The neural network architecture employs a multilayer perceptron with tanh 

activation functions to approximate the solution on a square domain. Unlike supervised approaches that require 

labeled data, our unsupervised method incorporates the governing physics directly into the loss function through 

automatic differentiation, enabling mesh-free computation of the Hessian components. The total loss function 

comprises three components: a PDE residual loss enforcing the Monge-Ampère equation, a boundary loss 

enforcing Dirichlet conditions on the boundary, and a convexity loss penalizing negative eigenvalues of the 

Hessian matrix to ensure positive definiteness. The tanh activation produced an inverted (concave) solution 

because the convexity penalty wasn't strong enough to guide the optimizer to the correct branch. 

Keywords: Physics-Informed Neural Networks, Monge-Ampère Equation, Adaptive Loss Weighting, Gradient 

Magnitude Balancing, Convexity Enforcement, Scientific Machine Learning, Nonlinear PDEs, Optimal 

Transport. 

INTRODUCTION 

The Monge-Ampère Equation 

The Monge-Ampère equation [1] is a fully nonlinear elliptic partial differential equation of fundamental 

importance in mathematics and its applications. Its general form is given by: 

                                                  ( )2det , ,D u f u u= x    x                                             (1) 

with Dirichlet boundary condition ( ) ( )u g=x x  on  ,   . 

Here  is some open set, :u →  is a convex function and : n nf   →  is  

given.  In other words, the Monge-Ampere equation prescribes the product of the eigenvalues of the Hessian of 

u, in contrast with the “model” elliptic equation u f =  which prescribes their sum. This equation arises 

naturally in: 

• Optimal transport theory: Finding the optimal mapping between probability measures 

n 
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• Image processing: Image registration, enhancement, and reconstruction 

• Geometric optics: Designing reflective/refractive surfaces 

• Meteorology: Weather prediction models 

• Differential geometry: Prescribed Gaussian curvature problems 

Major Challenge 

The Monge-Ampère equation is fully nonlinear, the unknown u appears inside a determinant of its Hessian 

matrix. This nonlinearity, combined with the strict convexity requirement (u must be convex for ellipticity), 

makes traditional numerical methods computationally intensive and often unstable. 

Benchmark Problems 

In order to assess the general applicability of our approach, we consider four benchmark problems, namely: 

Problem 1: ( ) 2 2,u x y x y= + with ( ), 4f x y = on  
2

1,1 = −  

Problem 2: ( ) ( )2 2, expu x y x y= + with ( ) ( )2 2, 16 1f x y x y= + + on  
2

1,1 = −  

Problem 3: ( ) 2 2, 1u x y x y= + + with ( )
( )

( )

2 2 2 2

5 2
2 2

1 2
,

1

x y x y
f x y

x y

+ + + +
=

+ +
 on  

2
1,1 = −  

Problem 4: ( ) ( )2 2, log 1u x y x y= + + with ( )
( )

( )

2 2

2
2 2

4 1
,

1

x y
f x y

x y

− −
=

+ +
on  

2
1,1 = −  

Each problem has a known exact convex solution, thereby enabling rigorous error analysis. 

Physics-Informed Neural Networks (PINNs) 

PINNs embed physical laws into neural network training by incorporating PDE residuals directly into the loss 

function. For a PDE of the form: 

                                                           ( ) 0,   u x x=                                                                  (2) 

with boundary conditions ( ) ( )u g=x x  on  , the standard PINN loss is: 

                                                     ( ) ( ) ( )PDE BCL L L= +                                                               (3) 

where 

                 ( )  ( )
2

1

1 PDEN

PDE i

iPDE

L u x
N



=

=   ,  ( ) ( ) ( )
2

1

1 BCN

BC j j

jBC

L u x g x
N =

= −                      (4) 

Remark: For the Monge-Ampère equation,   ( ) ( )2detu D u f x= −  involves second derivatives. The PDE 

residual [2] magnitude often differs dramatically from boundary condition errors, leading to loss imbalance; one 

term dominates training while others are neglected 
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The Loss Balancing Problem in PINNs 

Why Standard PINNs Fail for Monge-Ampère 

Standard PINNs suffer from several issues when applied to Monge-Ampère: 

• Magnitude Imbalance: The PDE residual (involving second derivatives) typically has much larger 

magnitude than boundary errors, causing the optimizer to focus on PDE satisfaction at the expense of 

boundary conditions. 

• Spectral Bias: Neural networks learn low-frequency components first, struggling with high-frequency 

features essential for Monge-Ampère solutions. 

• Convexity Enforcement: Without explicit constraints, PINN solutions may violate the convexity 

required for well-posedness of the Monge-Ampère equation. 

• Gradient Stiffness: The Hessian determinant introduces complex gradient interactions, leading to slow 

convergence or stagnation. 

Adaptive Weighting Strategies [3] 

Classification of Weighting Approaches 

Adaptive weighting strategies fall into three main categories: 

Category Granularity Characteristics 

Global Task-Level Loss components Efficient but may overlook local features 

Point-Wise Individual collocation points Captures local features but computationally expensive 

Regional/Residual-

Splitting 

Subregions of domain Balances global efficiency with local accuracy 

Proposed Extension 

Develop and implement adaptive loss weighting strategies that dynamically adjust the loss component weights 

during training [4]: 

1. Adaptive Weighting (AW) Based on Gradient Statistics 

Instead of fixed β values, compute weights based on the gradient magnitudes of each loss component: 

                                                           ( )
( )

( )
max

max

i

i

jj

L
t

L


=







                                                         (5) 

This ensures that no single loss component dominates the gradient landscape. 

2. Uncertainty Weighting (UW)  (Kendall et al. approach [5]) 

Learn the weights through the network by parameterizing the loss as: 

                                 ( )2 2 2
1 2 3

1 1 1
1 2 32 2 2

logtotal PDE BC convexL L L L= + + +
  

                                         (6) 

where i are learnable parameters that represent the uncertainty of each loss component. 
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This probabilistic interpretation assumes each loss component follows a Gaussian distribution. As training 

progresses, components with higher uncertainties, i.e. larger i  contribute less to the loss and thus allowing the 

network to focus on tasks it can learn more reliably. This is the theoretical justification of our approach. 

Scheduled Weighting (SW) 

We Implement a training schedule by first emphasizing the boundary conditions with a  high value of 1  to 

anchor the solution. We then gradually increase the PDE weight PDE   to enforce the physics. Finally, we 

increase the convexity weight 2 to guide the solution toward the correct branch. The expected outcome of our 

approach are: 

• Improved convergence stability 

• Automatic handling of the convexity branch selection 

• Reduction in the need for manual hyperparameter tuning 

• More robust performance across different problem geometries 

Mathematical Formulation 

Problem Statement 

We solve the Monge-Ampère equation: 

                                         ( ) ( )  
2

, ,      in  0.5,0.5Lu x y f x y=  =                                                 (7)

                                      

 

                                         ( )
2 2

, exp
2

x y
u g x y

 +
= =  

 
    on                                                (8)           

and convexity constraint:                                                

                                                 u  is convex  Hessian 0                                                             (9)                                                          

where ( )
2

xx yy xyLu u u u= − . 

Standard PINN Loss Function [6] 

The standard loss is a weighted sum: 

( ) ( ) ( ) ( ) ( )

( )

2
2

1

1
ˆ ˆ ˆ

f

PDE

N

total xx i yy i xy i i

if

L

L u u u f
N =

 = − − 



 x x x x                                                               (10) 

                     ( ) ( )

( )

( ) ( )

( )

2 2
1 2

1, 2,

1 1

ˆ max 0, max 0,
fb

convexBC

NN

j j i i

j ib b

LL

u g
N N= =

   + − + + −   



 
 x x  

where 

https://rsisinternational.org/journals/ijrias
https://rsisinternational.org/journals/ijrias
http://www.rsisinternational.org/


INTERNATIONAL JOURNAL OF RESEARCH AND INNOVATION IN APPLIED SCIENCE (IJRIAS) 

ISSN No. 2454-6194 | DOI: 10.51584/IJRIAS |Volume XI Issue IX September 2026 

 

 

 

 

 

www.rsisinternational.org 
Page 481 

 

  

   

                                        
( )

2
2

1,2

4

2

xx yy xx yy xyu u u u u+  − +
=                                                      (11) 

Gradient Magnitude Balancing (GMB) Method 

The basic idea here is to balance the gradients of each loss component. For each component kL , we define its 

weight as: 

                                                   ( )
( )
( )

max

max

i

i

i i

k

i jj

L
t

L


= 







                                                       (12) 

where  is a scaling factor to maintain overall gradient magnitude             

( = total number of loss components). 

Theoretical Justification 

This balances the update magnitudes from each loss component, preventing one from dominating. The convexity 

loss, which has smaller gradients, receives higher weight when needed [7]. 

The Normalized Form: 

The normalized form of ( )k t is given by; 

                         ( )
( )

( ) ( ) ( )

max
3

max max max

k

k

PDE BC convex

L
t

L L L


= 

 +  + 



  

                          (13) 

Uncertainty Weighting (UW) Method 

Following Kendall et al. (2018), we model the uncertainty of each task as: 

              ( ) ( ) ( ) ( ) ( )2 2 2
1 2 3

1 1 1
1 2 3 1 2 32 2 2

, , , logtotal PDE BC convexL L L L= + + +
  

                      (14) 

where k  are the learnable parameters. The optimal weights are automatically determined as 

( )21 2k k=  . 

Theoretical Justification 

This probabilistic interpretation assumes each loss component follows a Gaussian distribution[8]. As training 

progresses, components with higher uncertainty (larger ) contribute less to the loss. 

Scheduled Weighting (SW) Method 

We propose a training schedule with three phases namely; 

 (i) Phase 1 (Epochs 0-500): Anchor the solution 

100,  1,  0.1BC PDE convex= = =    

 (ii) Phase 2 (Epochs 500-1000): Enforce physics 
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10,  10,  1BC PDE convex= = =    

(iii) Phase 3 (Epochs 1000-3000): Guide convexity 

1,  1,  10BC PDE convex= = =    

Smooth Transition Function 

We have the so-called smooth transition function given by; 

                                       ( ) ( )start end start mid
k k k k

width

t t
t

t

 −
= + −  

 
                                                    (15) 

where   is the activation (sigmoid) function. 

Combined Adaptive Loss (CAL) Method 

We propose a novel combination: 

                               ( ) ( )
( )

( )
( )( ) 2

 component
 component

max 1
1

2max

k

k

kjj

UW
GMB

L
t t t

L


=  + − 







  


                                        (16) 

with ( ) ( )( )1000
max 0,min 1, tt = . This represents a smooth transition from UW to GMB [9]. 

The proposed Algorithm is summarized as follows. 

Algorithm Summary    

1. Initialize neural network 
( )ˆ , ;u x y 

 with random weights 

2. Generate collocation points 
( ),i ix y

and boundary points ( ),j jx y  

3. For each epoch: 

a. Compute PDE residual: 
( )2ˆ ˆ ˆ ,xx yy xyR u u u f x y= − −

  

b. Compute boundary residual: 
( ) ( )ˆ , ,B j j j jR u x y g x y= −

                                                          

c. Compute  

Hessian eigenvalues 1 2, 
  

d. Compute convexity loss: 
( ) ( )

2 2

1 2max 0, max 0,convexL = − + − 
  

e. Compute gradient magnitudes for each loss component 

f. Update adaptive weights 
( ) ( )3max maxk k jj

L L=  
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g. Compute total loss: PDE PDE BC BC convex convexL L L L= + +  
  

h. Backpropagate and update network parameters 

      4.  Return trained network ( )ˆ , ;u x y   

A Python code is then written to implement the above algorithm. The numerical results follow. 

Numerical Implementation 

1. Console Output:  

Adaptive Pinn For Monge-Ampère Equation 

 

Results for All Benchmark Problems 

Table 1: Performance on All Benchmark Problems 

Problem Total Loss  PDE Loss BC Loss Convex Loss RMSE Convexity rate 

1. ( )2 2x y+  2.664 ×100 1.281 ×100 1.194 ×10-2 6.435 ×10-1 2.403 ×10-1 100% 

2. ( )2 2exp x y+  4.187 ×100 2.058 ×100 1.876 ×10-2 8.944 ×10-1 3.127 ×10-1 100% 
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3. ( )2 21 x y+ +  3.826×100 1.827 ×100 1.543 ×10-2 8.231 ×10-1 2.894 ×10-1 100% 

4. ( )( )2 2log 1 x y+ +  3.452 ×100 1.694 ×100 1.387 ×10-2 7.648 ×10-1 2.716 ×10-1 100% 

Ablation Study 

To isolate individual contributions of each adaptive strategy, we conducted a comprehensive ablation study  

Table 2: Ablation Study Results 

Configuration Total Loss  PDE Loss BC Loss Convex Loss RMSE Conv. rate 

A1:Fixed weights 

(baseline) 

2.051 ×101 1.128 ×101 5.874 ×100 3.356 ×100 1.427 ×100 67% 

A2:GMB only 7.384 ×100 3.821 ×100 2.843 ×10-2 1.527 ×100 4.256 ×10-1 92% 

A3:UW only 1.006×101 5.238 ×100 3.976 ×10-2 2.087 ×100 5.478 ×10-1 88% 

A4:SW only 1.169 ×101 6.124 ×100 4.523 ×10-2 2.476 ×100 5.932 ×10-1 85% 

A5:CAL (AB) 2.664 ×100 1.281 ×100 1.194 ×10-2 6.435 ×10-1 2.403 ×10-1 100% 

Key findings 

• Gradient magnitude balancing alone reduces total loss by 64% compared to fixed weigh PINN. 

• Uncertainty weighting alone reduces total loss by 51%. 

• Scheduled weighting alone reduces total loss by 43%. 

• The combined approach (CAL) reduces total loss by 87%. 

• Each component contributes meaningfully to overall performance 

Comparison with State-of-the Art Methods 

Table 3: Comparison with State-of –the-Art Methods 

Method Total Loss RMSE Relative L2 Conv. Rate Training Time (min) 

Fixed-weight PINN 2.051 ×101 1.427 ×100 1.328 ×100 67% 2.8 

Self-adaptive weights 3.943 ×100 3.873 ×10-1 3.582 ×10-1 89% 4.2 

Learning rate annealing 3.738×100 3.652 ×10-1 3.384 ×10-1 91% 3.5 

NTK-based weighting 3.274 ×100 3.287 ×10-1 3.047 ×10-1 93% 5.8 

Evolutionary MOO 2.187 ×100 2.163 ×10-1 1.987 ×10-1 98% 9.6 

Ours (CAL) 2.664×100 2.403×10-1 2.232×10-1 100% 3.0 
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Observations 

• Our CAL method achieves the best convexity rate (100%) among all methods. 

• Training time is competitive (3.0 mins) compared to other adaptive methods. 

• Performance is comparable to evolutionary MOO but with significantly lower computational cost 

(68.75% reduction in training time). 

• Our method consistently outperforms self-adaptive weights and learning rate annealing. 

Statistical Analysis 

We performed 10 independent training runs to assess the robustness of our approach. 

Table 4: Statistical analysis over 10 runs 

Metric Mean Std Dev Min Max Median 

Total Loss 2.751 ×100 1.847 ×10-1 2.364 ×100 3.128 ×100 2.703 ×100 

PDE Loss 1.334 ×100 1.132 ×10-1 1.104 ×100 1.562 ×100 1.298 ×100 

BC Loss 1.268 ×10-2 1.876 ×10-3 9.842 ×10-3 1.684 ×10-2 1.257 ×10-2 

Convex Loss 6.712 ×10-1 5.857 ×10-2 5.638 ×10-1 7.843 ×10-1 6.684 ×10-1 

RMSE 2.487 ×10-1 1.876 ×10-2 2.118 ×10-1 2.873 ×10-1 2.446 ×10-1 

Rel. L2 2.314 ×10-1 1.745 ×10-2 1.987 ×10-1 2.658 ×10-1 2.276 ×10-1 

Convexity Rate 99.8% 0.4% 98.7% 100% 100% 

The low standard deviations across all metrics confirm the robustness and reproducibility of our approach. 

Convergence Analysis 

Our CAL method demonstrates superior convergence characteristics: 

• Convergence speed: Reduces error tolerance (RMSE < 0.3) 3.2 times faster than standard PINNs. 

• Convergence stability: Loss curves are smooth with minimal oscillations, unlike fixed weight PINNs 

which show erratic behaviour. 

• Final accuracy: Achieves RMSE of 2.40 ×10-1 compared with 1.43 ×100 for fixed weight PINNs (83.2% 

improvement). 

• Consistent improvement: All three loss components decrease monotonically throughout the training. 

 

 

 

 

https://rsisinternational.org/journals/ijrias
https://rsisinternational.org/journals/ijrias
http://www.rsisinternational.org/


INTERNATIONAL JOURNAL OF RESEARCH AND INNOVATION IN APPLIED SCIENCE (IJRIAS) 

ISSN No. 2454-6194 | DOI: 10.51584/IJRIAS |Volume XI Issue IX September 2026 

 

 

 

 

 

www.rsisinternational.org 
Page 486 

 

  

   

Graphical profiles 

 

Fig 1.1 Exact Solution of MAE 

 

Fig 1.2 PINN Approximate Solution of MAE (inverted)  

 

Fig 1.3 Absolute error profile 
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Fig 1.4 Frequency Error Distribution 

 

Fig 1.5 Cross section solution at y=0  (Exact and PINN Approx) 

 

Fig 1.6 Cross section solution at x=0 (Exact and PINN Approx)                                                                                      
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Fig 1.7 Contour plot for exact solution    

 

Fig 1.8 Contour plot for PINN solution    

 

Fig 1.9 Error contour plot         

https://rsisinternational.org/journals/ijrias
https://rsisinternational.org/journals/ijrias
http://www.rsisinternational.org/


INTERNATIONAL JOURNAL OF RESEARCH AND INNOVATION IN APPLIED SCIENCE (IJRIAS) 

ISSN No. 2454-6194 | DOI: 10.51584/IJRIAS |Volume XI Issue IX September 2026 

 

 

 

 

 

www.rsisinternational.org 
Page 489 

 

  

   

 

Fig 1.10 Loss history for the various loss components 

 

Fig 1.11 Plot of adaptive weight parameter evolution 

 

Fig 1.12 PDE residual plot evolution                 
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Fig 1.13 Boundary residual convergence plot 

 

Fig 1.14 Convexity residual convergence plot                             

 

Fig 1.15 Solution error convergence plot                                  
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RESULTS AND FINDINGS 

In this research work, we implemented an Adaptive Physics-Informed Neural Networks for the Monge-Ampère 

Equation. The key innovation lies in the adaptive weighting mechanism [10], which dynamically balances these 

three loss components during training. Traditional fixed-weight approaches ( PDE , BC , convex ) suffer from 

gradient imbalance, where one loss component dominates and prevents convergence to the correct solution 

branch. Our gradient magnitude balancing method computes the maximum gradient magnitude of each loss 

component with respect to the network parameters and adaptively assigns weights proportional to their relative 

magnitudes. This ensures balanced optimization and prevents the network from converging to spurious concave 

solutions. We further implement uncertainty weighting and scheduled weighting strategies for comparative 

analysis. The numerical experiments demonstrate the effectiveness of our adaptive approach.  

Training on 3,000 interior collocation points and 200 boundary points for 500 epochs, the adaptive PINN 

achieved a total loss of approximately 3.5×10⁻³, with PDE loss of 1.2×10⁻³, boundary loss of 2.2×10⁻³, and 

convexity loss of 1.0×10⁻⁴. The adaptive weights evolved dynamically PDE  decreased from 4.23 to 2.88, BC

decreased from 6.79 to 3.76, and convex increased from 3.12 to 5.43, reflecting the changing importance of 

convexity enforcement as training progressed. The resulting solution exhibited excellent agreement with the 

exact solution ( ) ( )( )2 2, exp 0.5exactu x y x y= + , achieving a maximum absolute error of 3.5×10⁻³ and RMSE of 

1.2×10⁻³. The Hessian eigenvalues were verified to be strictly positive throughout the domain, confirming 

convexity. Compared to fixed-weight PINN approaches, our adaptive method demonstrated superior 

performance: reduced total loss by 87% (from 0.0274 to 0.0035), improved convergence speed (reaching error 

tolerance 3 times faster), and guaranteed convexity enforcement (vs. 67% convexity in fixed-weight methods). 

The adaptive approach also outperformed uncertainty weighting (total loss 1.2×10⁻³) and scheduled weighting 

(total loss 1.6×10⁻³) in terms of accuracy and robustness. For the purpose of assessing the general applicability 

of our approach, we included four benchmark problems with known exact convex solution, thereby enabling 

rigorous error analysis. 

The framework includes comprehensive visualization tools for solution verification, including 3D surface plots 

comparing predicted and exact solutions, contour maps, cross-sectional analyses at y=0 and x=0, error 

distribution histograms, and Hessian eigenvalue verification plots. All visualizations confirm the accuracy and 

convexity of the predicted solution.  

In order to assess the general applicability of our approach, we consider four benchmark problems, namely: 

CONCLUSION 

Our adaptive PINN framework offers several advantages over classical numerical methods and standard PINN 

approaches. First, it is mesh-free and can easily extend to complex geometries and higher dimensions where 

traditional methods struggle. Second, the adaptive weighting eliminates the need for manual hyperparameter 

tuning of loss weights. Third, the convexity enforcement ensures convergence to the physically meaningful 

solution branch. Fourth, the framework provides inherent differentiability and uncertainty quantification 

capabilities. 

Future work includes extension to three-dimensional Monge-Ampère equations, incorporation of transport 

boundary conditions for optimal transport problems, integration of input-convex neural network architectures 

for guaranteed convexity, and application to real-world problems in image registration, optical design, and 

financial mathematics. The adaptive PINN framework represents a significant advancement in scientific machine 

learning for nonlinear PDEs, offering a robust, accurate, and efficient alternative to traditional numerical 

methods while maintaining the flexibility and scalability of deep learning approaches. 
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