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ABSTRACT

In this paper, a new subclass, €y, ,.(0, A, 1, &, B, §,1,1,t) of analytic functions, defined through a new generalized
differential operator D, ;(a,B,8,m,1,t) and the Janowski function is introduced and analyzed. The subclass
Eyxr(0,A 1,0, 3,8,m,1,1), is constructed via subordination involving a linear combination of the operator and

its derivatives. For this class, sharp bounds for the initial coefficients |a,| and |a;| were established and a precise
form of the Fekete—Szegd inequality derived.

Keywords: Univalent functions, generalized differential operator, Unit disc, Janowski Function, subordination,
coefficient bounds, Fekete—Szeg0 inequality.

INTRODUCTION

Let A denote the class of analytic functions of the form

f(z) =z + Z a, z" (1)
n=2

which are analytic in the open unit disk
D={z€eC:l|z| <1}
where C is the set of complex numbers and normalized with f(0) = 0 and f'(0) = 1.

A key concept in this paper is that of subordination. For two functions g(z) and i(z) in A, we say that g(z) is
subordinate to /(z), written g(z) < h(z), if there exists a Schwarz function w(z) which is analytic in D with w(0)
=0and |w(z)| < 1, such that g(z) = h(w(z)) forall z€ D

In recent years, considerable attention has been devoted to the construction of new differential operators in order
to generate wider families of analytic functions and to explore their structural and geometric properties. Such
operators have led to significant developments, particularly in obtaining coefficient estimates, distortion and
growth theorems, neighborhood results, inclusion relationships, and bounds for Hankel determinants.

Motivated by these ongoing developments, a generalized differential operator

D6 (o, B, 6,1,1, D)f(2),

was introduced [10] which extends and unifies several well-known operators previously studied in the literature.
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Definitior; 1 [New Generalized Differential Operator] (See [10, 17]) For f € A, the new generalized differential
operator is defined as follows:

Let

Mc(a B,6,m,1,)f(z) = f(z)

DL o (e, B, 8,1, 1 D) = ((u+70[1 +A+m+n-8-DY]-(B- 0)(7\—0()> ()

n+2A

(e

m (2)
Mo (@ B, 8,1, LDEE) = Dy o B,6,0,1,0) (DM 2(e, B,8,1,1,0)) £(2)

for,a,0,t =0, BAL>0, A#a 0<nN<6 mEN,

If f(z) =z + X, a, z", then from (2),

mo(@ B8N LOM@ =2+ ) 0,2,2", meN, (3)

where

q, = <(u+ MI+(@+m+n- 6u—+1;t)] +(m-—1DP-0)A— a)) @)

Whenl=t=0, B=0o=1, D[E;\,G(a, B,8,m, 1, ©)f(z) = f(z).

The flexibility of this operator, arising from its multiple parameters, allows for the recovery of numerous earlier
operators as special cases (see [2,3,6,9,11,14,15]) and provides a broader framework for investigating analytic
function classes.

Definition 2 (Janowski Function). (see [8,16,4,7,13]) For real parameters P and Q satisfying

—1 < Q < P <1, the function

1+PZ, 2€D, (5)
1+ Qz

®p Q(Z) =

is called a Janowski function.

The function @®p (z) is analytic and univalent in ID. It serves as a dominant function in subordination theory

and plays a central role in defining subclasses of analytic functions with prescribed geometric properties. The
Janowski function generalizes several well-known functions:

. ForP =1 and Q = —1, we obtain
1+z
Dp, Q(Z) = )
—Z
(see [5,1,12]).
. Different choices of P and Q yield various subclasses of starlike, convex, and close-to-convex functions.
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<&

To obtain its Taylor series expansion about z = 0, we rewrite ®p (z) as

®pq(z) = (1 +Pz)

1+ Qz

Using the geometric series expansion

1 oo

— _N\n ,n

T §0< Ozt 2l <1,
n=

we obtain
®p o(z) = (1 + Pz) i:(—Q)n z",
n=0

Expanding and collecting terms, we get

®po(z) = i:(—Q)rl z" + Pzi(—Q)“ z",

n=0 n=0

This gives

Ppo(z) =1+ i[(—Q)“ +P(=Q" 2"

n=1

Factoring the coefficient, we obtain

Ppo@ =1+ ) (P—Q) (-Q)"'2" 6)
n=1

Thus, the Taylor series expansion of the Janowski function is given by

Ppo(2) =1+P-Qz+ (P -Q(=Q)z* + (P - Q)(—Q)*z* + -(7)

or, in compact form,

P =1+ ) (P=Q) (-Q™'2" |zl <1
n=1

To define the new subclass, an associated linear combination of an operated function and its derivatives is
constructed as follows:

Let F(z) = D, 5(a, B,8,m,1,t)f(2) and define G(z) using two additional real parameters, 6 and A:

G(z):=04z%F"(z)+ (0 —A)zF'(2) + (1 — 0 + A) F(2), )

where

[oe]

F(z)=z+ Z N,a,z", F(z)=1+ z n Q,a,z"t, F"(z) = Z nn-—1) Qna(,g)"‘z.
n=2 n=2

n=2
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PIJgging 69) into (8):

. o) :
= 04 z? nZZ nn—102,a,z2"% + (06—-4)z (1 + nzzn Qnanzn‘l) + (1-6+4) <z + nZZ.Qn anz”>.
G(z)=z+ i(em nn—1) + (@—Mn+ (1-06+4))2,a,z™
=
Let
L i=0An(n—-1D+@-Dn+1—-0+4), - Gz =z+ izn 0, a, )
=2

It is convenient to name the first two composite coefficients:
A:=22.Qza2 = (26A+6_A+ 1).(2261,2, B :=Z3.Q3a3 = (69A+29—2A+1).Q3a3

Definition 3. Lety,x € Rwith0 <y < 1and x > 0, and let T > 0. A function f € A is said to be in the class
Eprr(0, A 1, B,6,n,1,t) if it satisfies the subordination condition:

26'(2)\' @D\ [, 26" @\
"”( 0 ) +a “’”( e > <1 +W> < Pro(@),

where G (z) is given by (10) and @p 4 (2) is the Janowski function.

(11)

RESULTS AND DISCUSSION

To prove the main results for the class &, (0,4, 4, a, B,8,1,1,t), it requires the Taylor series expansions of

the terms in (11). Since @, (a)(z)) is analytic in D, the subordination implies the existence of a Schwarz
function w(z) such that the right-hand side of (11) is shown as follows:

O)(Z) =cz+ C2Z2 + C3Z3 + C4Z4 + CSZS + -,
where w(0) = 0 and |w(2)| < 1.
Then,

1+ Pw(z) B

T1 00 TP -Qo@-(P- 0)Qw(2)? + (P — Q)Q%w(2)? + -

Ppo(w(2)) =
Substituting the series expansion of w(z) and simplifying, we obtain
@F,Q(w(z)) =14+ (P —-Q)c1z+ (P —Q)(c; —Qc?)z?> + (P — Q)(c3 — 2Qcqc, + cha%; + e
For the left-hand side of (11), first expand the geometric quantities.
G(z)=z+Az? + Bz3 + -, G'(z) =1+ 2A4z+ 3Bz* + -+, G"(z) =24+ 6Bz + -

G(z)=z(1+Az+ Bz? +--).
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Expansions for [G(2)]7Y, [6'(2)]"}, and the two normalized quotients 252 and 1 4 22

S @) are needed.
Therefore,

(1+U)_1= 1—u+u?+- = (1 ‘|‘AZ‘|‘BZZ)_1 =1—(AZ+BZ2)+(AZ+BZ2)2+
1—Az+ Bz? + A?z? + 2ABz® + B?z* + --- =1 — Az + (4> — B)z% + ---.

Hence
1 1
-1 =;(1—Az+(A2—B)zz+---) =E—A+(A2—B)z+---.

Similarly, for G'(z) = 1 + 24z + 3Bz? + -+,
(14 24z+3Bz?)™' =1 - 24z + (44> —3B)z> + -,
SO
“1=1-2Az+ (442 — 3B)z% + ---.
Now we compute

zG'(z) _z(1+2Az+ 3Bz + )
G(z) z(1+Az+Bz?2+-)

=(1+4+24z+3Bz*) (1 — Az + (A% — B)z?) + ---.

Multiply term-by-term up to z2, we have:

=1—Az+ A%2% —Bz? + 2Az — 2A%7% + 2A%323 — 2ABz3 + 3Bz%? — 3ABz3 4+ 3A%Bz* — 3B?%z* + -

Thus
1+ QA—A)z+ (A% —B —24% +3B)z% + -+ =1+ Az + (2B — A%)z% + ---.
Next,
zG"(z
+Tg)) =1+2z(2A+ 6Bz) (1 — 24z + (4A% — 3B)z?%) + ---.
: . zZGn(z) 2.
Starting with e up to z*4:
zG"(z
G'((z)) 224+ 6B2) (1 — 24z + ) = 242+ (6B — 442> + -
hence
zG"(z
1 +# =14 24z + (6B — 442)z2 + ---.
G'(z)
zG1(2)\",
Now expand (Tz)) :
Let
zG'(z
S(z):= @) sazs (2B — A%)z% 4 -,
G(2)
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‘L'(‘L' 1)

Using (1 +uw)*=1+1u+——=u?+ - withu = Az + (2B — A?)z?,

S(z)=1+71(4z+ (2B — A?)z?) + T(TZ_ D (Az+ (2B — A?)z%)? +

Thus

(Zg;()))f =14+714z+ 2B+ 1(t—3)/24%)z% +-
and multiplying by ¥ we have:

l/)(ZG’( ))T =y +yYtAz+ QB + Y1(t — 3)/2A*)z* + ---.

G(z) (13)
Expand (ZG'(?) (1+ %)1_K
First,

(Zg;()))'f =1+ kAz+ 2kB + k(k — 3) /2 A?)z% + - (14)
by the same binomial computation as above with T — k.
Second,

z6"(z) . e
(1+ o) )1k = (1 4 24z + (6B — 442)z?)!
Lety:=1—kxand w = 24z + (6B — 44%)z?,
A+w) =1+yw+ Y(YT_DWZ =1+ 2yAz + (y(6B — 442) + 2y(y — 1)A4?)z2.
Therefore,
zG"(z)_,
A+——)'""=1+2(1-1)Az+ (6(1 —k)B — (4 + 2k)(1 — K)A?)z* + -+,
G'(z) (15)
Now multiplying (14) and (15),
zG'(z) . 2G"(z) , . B B B 5
(G(z)) (1+ G()) =1+R2-x)Az+ (2B —-2k)B+k?>+5k—8/24A )z(l—|6-)
Multiply (16) by (1 — y):
B G'(2) ZG”( Dok 4 B B
(=)o) A+ )™ = (=) + (=P - KAz

+2(1-yY)B-2k)B+1—y/2(k*+5k—8)A ()127)+

Summing (13) and (17):
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20 HONSRE(C)
5 -+ s

Ve =1+[Yr+ 1 —-yY)2—k)]Az

=:Bq

\

w
=K e
1 =:Rq

(
| |
+4 2¢r+(1—¢)(3—2x)]B+ [zpr(r—3)+(1—¢)(zc + 5k — 8)] A2$z2+---
| |
\ )

G'(z) . G'(z) 2G"(z)
¢(G()) +A-9)G, e At G()

Theorem 1 (Coefficient estimates). Let f € &y ,.(0,4u,a,f,8,1n,1,t) with parameters such that
0,05 2,2 B1K; # 0. Then the Taylor coefficients a, and a5 of f satisfy

|P - Q|
|B11 1221 12,

)1 K=1+BlAZ+{K1B+R1A2}Z {'19)

la,| <

|P—Ql

——————max{1, |V]}.
AR e

las| <
where X, :=04n(n—1)+ (0 —A)n+ (1 — 6 + A4), 2, is defined in (4),
By =yt+ 1 -2 —x),
Ky =2[yr+ (1 -9)B - 2K)],
= ~[yr(z - 3) + (1 — P) (2 + 5 — 8)], and
V=2a + 2 (P = Q).
Proof. Equating the coefficients of z and z?2 in (12) and (19), we have

A=P-Q)c;, K B+R A2=(P-Q)(c,—Qc?)

Recall that
A:=23,05a, B:=X;03as;.
Hence,
B % 0a, =(P—Q)cy
a, = (P - Q) 20)
By X, 0,
K 2303a5 + Ry (2,02, a,)* = (P — Q)(c; — Qcf)
K 230305 = (P — Q)(c, — Qcf) — Ry (2,02, ay)?
2
KiZ303a3 = (P —Q)(c; — Qcf) — Ry (Zz 12, %)
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R
Ky 230303 = (P —Q)(c, — Qcf) — <B_;(P - Q)2> cf
1

(P-0) R
as 21(12—3?23 Cy — QC12 - (B_%(P - Q))QZ]
| ]|

-0 3

“3‘m|62_<Q+B_f(P_Q))Cf| (21)
| =, ]
Since |¢;| < 1, from (20) we have
P -0l
R ADAIN

Now applying the Schwarz-function sharp inequality

lc, —vc?| < max{1,|v|]} withv:=V,

we obtain
|P—Ql
las| £ ——————max{1, |V|
AT e
Corollary 1. ForP =1and Q = -1
lay| € —————
2L By 12,1 12,
las| < {1 2R, 1‘}
x| < ——maxs 1, |— —
T AIAIGN B?

Remark 1. The estimates |a,| and |as| in corollary 1 are the coefficient estimates that will be obtained for
functions with positive real parts instead of the Janowski Function.

Theorem 2 (Fekete-Szegd Inequality). Let f € &y ,.(0, A, u,a,f,6,n,1,t) with parameters satisfying
K205 # 0 and B; 2,0, # 0. Then, for any real number &, the functional a; — £a3 satisfies

|P— Q] | y {1, if & € [£1,&,],

las — §a3| <
1K

125119251~ UV +&T|, if§ € [§1, 6],
where
o (P~ QK 230
Bf 2305
. {—1—V 1—V} _ {—1—V 1—V}
& i=min i &, i =max T Ty
and
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V=0+5(P-0Q)

When T = 0 the piecewise description collapses to a constant bound.

Proof. From (20) and (21),

a _(P_Q)C1 a _(P_Q)[c —Ve?]
T B 5,0, SUK E 0 T
(P—-0Q) (P—-Q)?
a; —&as=———[c, —Vc?| - =2
P K0t Y B0l
| \
P—-Q (P —Q)K; 2305
2= le,— |V Z
e = | '\“f B 502 /'Cw
| -~ |
where the constant, T is defined as
(P—Q)K; 230,
T = 2v2 N2
3122‘(22
LetU =V +¢&T, then
P-Q
a; —éat =————(c, — Uc?)
3 2 K123-Q3 2 1

Now applying the Schwarz-function sharp inequality
lc, — vc?| < max{1,|v]} withv:=1U,
we have

|P—Ql

las — ad?| € ———r7—
T AIAIN

max{1,|U|}

. If |U| = |V + ¢éT| < 1, then max{1, |U|} = 1. In this case the bound reduces to the constant

|P—Ql

las — 03] < —— oL
T AIAIN

which is independent of ¢.

. If |U| = |V + &éT| > 1, then max{1, |U|} = |V + &T|, and the bound becomes

|P—Ql
la; — &a?| < ————— |V + £€T|.
I ATAT AR
Assume T # 0. Then
—-1-V 1-vV
-1<V+T<1 & T SEST if T >0,
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and the inequalities reverse if T < 0. The clean way to state the interval is

El-—mln T , T , 62._max - , - .
Hence, the sharp Fekete-Szego inequality is
(_IP—al
| 0 if £ €[&,8],
2 4K1 |23| |.Q3| E [fl 52]
las — &asl < | P — 0|
—— |V +ET|, if ¢ EAS
(& mras VTl el

Under the hypotheses and notation above, assume P — Q # 0 and that B, 2,0, # 0, K; 2505 # 0. Then, for any
§ER,

(_1P-al |
| f
|a _€a2|<4K1 |23||-(23|' 1 56[51152]1
3 2= |P-0Q| R, (P—Q)K, 55 05|
I— -y —_ —_ .
G 0O - & T pg | TEERG]

where &;, &, are given above, and

B, =yt+(1-9)2-K),

Ky =2[yr+ (1 -9)3-2K)]

R, =vy1(t—3)+ (1 —vy)(k? + 5k —8),

5, =200+0—A+1,  Z3=604+20—-24+1,
w+tDE@+1+m+n-56-DO)+(n—-D(F-0)A - a)

2, =

u+a
Corollary 2. ForP=1and Q = —

(2 if €€ [£, 5]
1 ) )
QKl |21 1Qs]” v
—&aj| < | 2R, 2K, 25 Q4 £ E e (£ ]
- - .—F 1 ) )
| K Izgllﬂgl B? 32 (2 o2

Remark 2. The estimates |a; — £a3| in corollary 2 is the Fekete-Szeg0 estimates that will be obtained for
functions with positive real parts instead of the Janowski Function.
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