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ABSTRACT

This study evaluates the efficiency of four iterative methods for solving nonlinear equations, namely Newton’s
method, Halley’s method, Super-Halley’s method and Modified Super-Halley’s method. The objective is to
identify the most effective method for approximating the roots of nonlinear equations. Ten nonlinear test
functions with various type such as combination of polynomial, trigonometric, logarithmic and exponential
were solved under different initial guesses and two tolerance levels (107!° and 107!°). All methods were coded
and executed in MAPLE 2016 and SigmaPlot was used to generate performance profiles based on the number
of iterations and CPU time. The results show that Super-Halley’s method required the fewest iterations across
nearly all test functions. Meanwhile, Newton’s method achieved the lowest CPU time overall. These findings
indicate that a higher theoretical order of convergence such as Modified Super-Halley’s method does not
automatically translate into practical efficiency. This is because higher order methods are more sensitive to the
choice of initial guess and carry a greater computational cost per iteration.

Keywords: Newton’s Method, Halley’s Method, Super-Halley’s Method, Modified Super-Halley’s Method,
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INTRODUCTION

Numerical analysis is a branch of mathematics that focuses on the development of computational algorithms
for obtaining approximate solutions to mathematical problems that cannot be solved analytically (Leader,
2022). Among these problems, nonlinear equations are particularly important because these equations arise in
numerous scientific, engineering and industrial applications. Most mathematical models often lead to problems
that require the use of computational rather than analytical solutions (Hildebrand, 1987). These methods have
been widely applied in various fields such as engineering, physics and computer science. For example,
iterative techniques have been successfully employed to extract electrical parameters for photovoltaic solar
cells in engineering application (Rasheed et al., 2021).

Among the available iterative methods, Newton’s method is most widely used method for solving nonlinear
equations because of its simple formulation and quadratic convergence. However, its convergence is highly
dependent on the selection of an appropriate initial guess and the method may diverge when the initial
approximation is far from the actual root or when the derivative is small or zero (Bhatt et al., 2024). To
overcome these limitations, several higher-order iterative methods have been developed. Therefore, Halley’s
method was developed using second-derivative information to achieve cubic convergence (Liu et al., 2026).
Despite the improvement, the second derivative increase the computational cost per iteration. Super-Halley’s
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method further modifies Halley’s correction term to improve numerical stability while maintaining third-order
convergence (Herceg & Herceg, 2015). Subsequently, Kou and Li (2007) introduced the Modified Super-
Halley’s method which achieves fourth-order convergence without increasing the number of function or
derivative evaluations per iteration, making it a promising alternative for solving nonlinear equations
efficiently.

Although these iterative methods are well documented individually in literature, comparative evaluations under
identical computational setting remains limited. Existing studies often focus on the convergence properties or
theoretical development of a particular method rather than comparison of these methods in term of both the
number of iterations and CPU time across a common set of test functions, initial guesses and tolerance levels.
Furthermore, the choice of initial guess significantly influences the convergence behaviour, number of
iterations, computational time and overall reliability of iterative methods. This issue is particularly evident in
higher-order methods, whose convergence may become highly unstable when the initial guess is not
sufficiently close to the root (Saxena, 2017).

Therefore, this study presents a comparative performance analysis of Newton’s method, Halley’s method,
Super-Halley’s method and Modified Super-Halley’s method for solving nonlinear equations. The four
methods are implemented using the same set of nonlinear test functions, initial guesses and tolerance level to
ensure a fair and consistent evaluation. The performance of these methods is assessed based on the number of
iterations required for convergence and CPU time. Performance profiles are employed to provide a
comprehensive comparison of the computational efficiency of these methods. The findings of this study are
expected to contribute empirical evidence that assists researchers in selecting appropriate iterative methods for
solving nonlinear equations in both academic research and practical application.

LITERATURE

Newton’s method, also known as the Newton-Raphson method, is one of the well-known method used for
solving nonlinear equations (Herceg & Herceg, 2015). It was originally formulated by Newton in 1669 and the
same idea was later applied to polynomials by Raphson in 1690 (Yang, 2020). Newton’s method converges
with second-order convergence with the initial guess close to a simple root and the derivative does not equal to
zero (Wang & Guo, 2025). Therefore, Newton’s method becomes a standard baseline method in numerical
analysis because of its simple formulation and fast convergence near the solution. Despite these advantages,
Newton’s method is sensitive to the choice of initial guess and may fail to convergence or diverge if the initial
guess is far from the root or if the derivative becomes small or zero (Herceg et al., 2025). These limitations
motivate the development of higher-order and modified methods.

Halley’s method was originally introduced by Edmond Halley (1656-1742), the well-known English
astronomer and mathematician (Nelson, 2008). It extends Newton’s method by reducing the curvature term in
the correction step used to define the Newton iteration which speeds up convergence (Ferndndez & Verdn,
2025). Unlike Newton’s method, Halley’s method uses second-order derivative information that allows for
more accurate local approximation of the nonlinear function. Over time, Halley’s method has been recognized
as a core higher-order iterative technique (Suleiman, 2009). One advantage of Halley’s method is its third-
order convergence which makes it converge faster than Newton’s method (Herceg & Herceg, 2015). However,
since Halley’s method requires the second derivative, its computational cost per iteration also increases.
Therefore, this has led the researchers to explore the balance between convergence speed and computational
cost through derivative-free and modified Halley-type methods.

Super-Halley's method was introduced to enhance Halley's method by modifying the correction factor applied
to the Newton step. This enhancement aim to improve convergence behaviour while retaining the Newton-type
iterative structure (Chun & Ham, 2008). This method is part of a broader family of third-order convergent
iterative methods such as Chebyshev's method and Halley's method which are generated from a common
iterative formulation through different parameter selections (Kanwar et al., 2012). Studies have shown that
Super-Halley’s method maintains third-order convergence (Herceg & Herceg, 2015). Compared with Halley's
method, Super-Halley's method adjusts the correction factor by applying a stronger rational multiplier to the
Newton step which can enhance efficiency per iteration and make it faster than Halley's method (Gutierrez &
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Hernandez, 2001). However, Super-Halley's method still depends on the second derivative which increases its
computational cost per iteration and limits its practical use (Herceg et al., 2025).

To further improve the efficiency of higher-order iterative methods, Kou and Li (2007) proposed the Modified
Super-Halley's method to overcome the limited order of convergence found in existing Newton-type methods.
This method achieves fourth-order convergence without increasing the number of function or derivative
evaluations per iteration compared to Super-Halley’s method. This improvement enhances the theoretical
efficiency index while maintaining a computational structure similar to its predecessor. Singh and Behera
(2022) have demonstrated that the Modified Super-Halley’s method is capable to achieve the desired accuracy
with fewer iterations while maintaining stable convergence characteristics.

Overall, the existing literature demonstrates a clear progression in the development of Newton-type iterative
methods from Newton’s method through Halley’s method, Super-Halley’s method and Modified Super-
Halley’s method. These methods exhibit increasingly higher orders of convergence, which enable higher-order
methods to achieve the desired accuracy with fewer iterations. However, previous studies have compared
selected iterative methods using measures such as convergence order, efficiency index and the number of
iterations, but a comprehensive comparison involving all four methods remains limited (Fernandez & Verén,
2025). The novelty of the present study lies in providing a systematic and consistent comparative evaluation of
Newton’s method, Halley’s method, Super-Halley’s method, and Modified Super-Halley’s method under the
same computational framework. In particular, all four methods are evaluated using the same set of nonlinear
test functions, identical initial guesses, and consistent stopping criteria based on prescribed tolerance levels
of 1071% and 10715, The comparison considers not only the theoretical order of convergence but also practical
computational measures, including the number of iterations and computational efficiency, thereby providing a
more comprehensive assessment of the trade-off between convergence order, accuracy, and computational
cost. Therefore, this study conducts a systematic comparison of these four iterative methods to provide a fair
evaluation of their computational efficiency and practical performance in solving nonlinear equations.

METHODOLOGY
Iterative Methods

This study compares the performance of four Newton-type iterative methods, namely Newton’s method,
Halley’s method, Super-Halley’s method and Modified Super-Halley’s method for solving nonlinear
equations. The four methods were selected because these algorithms represent successive developments in
Newton-type algorithms with increasing orders of convergence. Newton’s method achieves second-order
convergence. Meanwhile, Halley’s method and Super-Halley’s method achieve third-order convergence.
Modified Super-Halley’s method further improves the convergence to fourth order.

For convenience, the following auxiliary functions are used in the iterative formulas of the higher-order
methods:

[ I6) )
K(x)=f(" 3f'(xn)Jf(").
” [F(x)]

The iterative formulas and corresponding orders of convergence of the four methods are summarized in Table
1.
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Table 1. Formulas of the Iterative Methods

Method Iterative Formula Order of Convergence
Newton’s Method ooy f(x,) 2
n+l n f ,(Xn )
Halley’s Method o =x —u(x) 2 3
2-L(x,)
Super-Halley’s Method 2-L(x,) 3
'xn+l _xn_ ( n) ﬁ
-L(x,))
Modified Super-Halley’s 2 4
K
Method xM:xn—u(xn) 1+l- K(xn)+m
2 1-aK(x,)
a=0

Test Functions

A total of ten test functions were selected from previous studies such as Gutierrez and Hernandez (2001),
Herceg and Herceg (2015), Kou and Li (2007), Kumar et al. (2013) and Thukral (2015) to evaluate the
performance of the four iterative methods. The selected functions consist of combination of polynomial,
exponential, logarithmic and trigonometric equations. Each test function was evaluated using two initial
guesses, both near and far from the root. The test functions and their corresponding initial guesses are
presented in Table 2.

Table 2. Test functions and their corresponding initial guesses

No | Test functions Near Initial Guess Far Initial Guess
1 (X _ 1)3 _ 2 2 2.5
2 X +x"+4x7 =20 1 1.2
3| sin? (x)— a7 41 1 2

4 ln(x)Jr\/;_S 8.3 8.4
5 x* —sin’ (x)+3cos(x)+5 -1 -3

6 ) X 2 3

s1n(x)—5

7 e*sin(x)—2x—5 -2 -3
8 x’—e' —3x+2 0.5 1

9 tan(x)—e* -1 1.3 1.4
10 (xe"—sin2 (x)+3cos(x)+5)10 -1 -1.5

Experimental Setup

All iterative methods were implemented using Maple 2016 to ensure a consistent computational environment
throughout the study. Each method was applied to the same set of test functions using identical initial guesses

: . . . -10 -15
and stopping criteria to ensure a fair comparison. Two tolerance levels, e=10"" and ¢ =10"", were

considered to examine the effect of convergence accuracy on the performance of the iterative methods. For
each method, the iteration was terminated when the absolute difference between two consecutive

approximations satisfied|x, , —X

n

<&, where € denotes the prescribed tolerance. Thus, the stopping criterion

was applied consistently using € =107 and £ =107", respectively, for all test functions and iterative
methods.
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RESULTS AND DISCUSSIONS

Number of Iterations

The convergence efficiency of the four iterative methods was evaluated based on the number of iteration (NOI)
required to satisfy the stopping criteria. Each method was applied to the same set of ten test functions using
same initial guesses and tolerance levels to ensure a fair comparison. The results are presented in Table 3.

Table 3. Comparison of the number of iterations for the four iterative methods

Test X, 107 107"
Function NM HM SHM MSHM | NM HM SHM MSHM
TF1 2 6 4 4 5 6 4 4 6
2.5 5 4 4 5 6 4 4 5
TEF2 1 7 4 4 6 7 5 5 6
1.2 6 4 3 5 6 4 4 6
TF3 1 6 4 4 5 7 5 4 6
2 6 4 4 5 6 5 4 6
TF4 8.3 3 3 3 4 4 3 3 5
8.4 4 3 3 6 4 3 3 7
TF5 -1 6 4 4 6 6 4 4 6
-3 6 4 4 8 7 5 5 8
TF6 2 5 3 3 4 5 4 4 5
3 6 5 4 5 6 5 5 6
TF7 -2 4 3 3 5 5 4 4 6
-3 4 3 3 8 5 4 4 9
TF8 0.5 4 3 3 5 5 4 4 5
1 4 4 4 6 5 4 4 6
TF9 1.3 6 4 4 6 7 4 5 7
1.4 5 3 4 5 6 4 6 5
TF10 -1 180 99 28 180 290 156 43 290
-1.5 192 104 25 192 301 162 39 301

Table 3 shows the number of iterations required by Newton’s method, Halley’s method, Super-Halley’s
method and Modified Super-Halley’s method to achieve convergence. The methods exhibited different
convergence behaviours depending on the characteristic of test functions, initial guess and tolerance level.
Higher-order methods generally require fewer iterations because of the higher convergence rate. However, the
performance varied across different test functions indicating that convergence behaviour also influenced by
choice of initial guesses.

CPU time

In addition to convergence efficiency, the computational performance of each iterative method was assessed
using CPU time. The recorded execution times for all test functions are summarized in Table 4.

Table 4. Comparison of CPU time for the four iterative methods

Test X, 1071 107"
Function NM HM SHM MSHM | NM HM SHM MSHM
TF1 2 0.2344 10.2813 ]0.3125 [0.3594 ]0.1094 |0.1875 |0.2031 0.3750
2.5 0.2188 0.3125 0.3125 0.5313 0.0938 0.2344 0.1875 0.3125
TF2 1 0.0938 10.2344 ]0.2188 [0.3750 ]0.0938 |0.2344 |0.2813 0.3281
1.2 0.1406 0.2969 0.2344 0.3750 0.0938 0.2031 0.2344 0.3125
TF3 0.0781 0.2500 ] 0.2031 0.2813 0.1094 ]0.1875 ]0.2031 0.3750
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2 0.0781 |0.1875 [0.2031 |0.2656 |0.0938 |0.2344 |0.1875 |0.3125
TF4 8.3 0.1094 ]0.2500 | 0.2188 ]0.3594 |0.0938 |0.2031 |0.1875 ]0.2656
8.4 0.0781 |0.2188 [0.2188 03125 |0.0781 ]0.2188 ]0.2188 |0.2969
TF5 -1 0.0938 10.2500 | 0.2031 ]0.3125 [0.1250 | 0.2344 |0.2344 |0.3438
-3 0.0938 10.2344 0.2344 |0.2813 |0.1094 |0.2344 |0.2344 | 0.3750
TF6 2 0.0781 [0.1719 [0.2188 |0.2656 |0.0625 |0.1563 |0.2031 | 0.2813
3 0.1094 [0.2031 | 0.1875 ]0.2969 |0.0938 |0.2344 |0.2031 | 0.2969
TF7 -2 0.1094 10.1094 [0.2188 |0.3125 |0.0938 |0.1094 |0.2344 |0.3125
-3 0.0781 ]0.1094 |0.2188 |0.3125 [0.0938 |0.1094 |0.1875 |0.3281
TF8 0.5 0.1094 10.1094 [0.1719 ]0.2813 |0.0781 ]0.1563 |0.2031 | 0.3594
1 0.0938 10.1094 |0.2500 ]0.3438 [0.1094 |0.0938 |0.2188 |0.3125
TF9 1.3 0.0938 10.1094 |0.1250 |0.1406 |0.0781 | 0.1250 | 0.1250 | 0.1406
1.4 0.0781 10.0625 |0.2344 |0.2344 |0.0781 ]0.1094 |0.2500 | 0.2344
TF10 -1 0.2031 [0.2188 | 0.2969 |0.7344 |0.2656 | 0.2344 | 0.3438 | 0.8906
-1.5 0.2344 10.2031 [0.3125 |0.7188 |0.2500 ]0.2500 ]0.3125 |0.8594

Although higher-order iterative methods generally require fewer iterations to reach convergence, additional
derivative evaluations within each iteration resulting in higher computational cost. Consequently, the method
with the fewest iterations does not necessarily achieve the shortest execution time. The CPU time results
presented in Table 4 illustrate the trade-off between convergence efficiency and computational cost.

Performance Profile

The efficiency of the four iterative methods was evaluated using the number of iterations and CPU time as
performance indicators. The number of iterations represents the total iterations required by each method to
reach the stopping criteria, while CPU time measures the computational time required to obtain the
approximate root. These two indicators were selected because these metrics reflect both convergence
efficiency and computational performance. In addition, performance profiles were constructed based on the
methodology proposed by Dolan and Moré (2002) to provide a comprehensive comparison of the relative
performance of the four methods across all test functions.

To provide an overall comparison of the four methods were constructed based on the number of iterations and
CPU time. Performance profile offers a graphical representation of the relative performance of each method by
considering all test functions simultaneously.

— e —
].J

1.0

0.8 +

0.6 -
a
0.4 -
NM
0.2 - — HM
—— SHM
—— MSHM

t

Fig 1. Performance profile based on the number of iterations
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Fig 2. Performance profile based on CPU time

Figures 1 and 2 present the performance profiles of the four methods based on the number of iterations and
CPU time. The performance profile provides an overall comparison of the computational performance of the
methods across all nonlinear test functions. Figure 1 show that SHM achieved the highest performance in
terms of the number of iterations. Meanwhile, Figure 2 shows NM recorded the best performance in terms of
CPU time. This indicates that a higher convergence order does not necessarily correspond to lower
computational time. The complexity of derivative evaluations also influences the overall execution time.

CONCLUSION AND RECOMMENDATIONS

This study compared the performance of Newton’s method, Halley’s method, Super-Halley’s method and
Modified Super-Halley’s method for solving nonlinear equation using ten benchmark test functions under two
initial guesses and two tolerance levels in Maple 2016. All four methods successfully converged to the actual
root for all test functions. The computational performance was evaluated based on the number of iterations and
CPU time with the overall results further illustrated using performance profiles.

Based on the number of iterations, Super-Halley’s method demonstrated the best convergence performance by
requiring the fewest iterations of most test functions. In terms of CPU time, Newton’s method achieved the
shortest execution time because each iteration requires only first-derivative evaluations. Meanwhile, Halley’s
method, Super-Halley’s method and Modified Super-Halley’s method require additional second derivative
evaluations. Although, Modified Super-Halley’s method possesses fourth-order convergence in theory, it
demonstrated comparatively lower practical performance for the more complex test functions tests findings
indicate that a higher theoretical convergence order does not necessarily guarantee a high computational
efficiency. This is because the complexity of derivative evaluations and the choice of initial approximations
also influence practical performance.

Future studies may consider a wider range of tolerance levels, such as 10 and 1072, to further investigate the
influence of stopping criteria on convergence behaviour. In addition, derivative-free higher-order iterative
methods could be explored to reduce the computational cost associates with second-derivative evaluations
while maintaining rapid convergence.
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