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Abstract: In this paper, we try to use a first-order system
approach for Burgers’ equation. A non-linear partial differential
equation is converted into a system of linear equations with non-
linear source terms, known as a ‘relaxation system’. The new
strategy is to solve an equivalent first order hyperbolic system
instead of the second-order non-linear partial differential
equation. The numerical solutions obtained through this
approach have same order accuracy in space and time.
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I. INTRODUCTION

he non-linear parabolic partial differential equation
du du
5 tu = k( ) - (D),

where k > 0 is the constant is known as Burgers’ equation. It
arises in applications modelling traffic flow, fluid flow in
certain conditions, atmospheric behaviour, and many other
physical systems. This equation appears often as a
simplification of a more sophisticated model. It is one of the
simplest partial differential equation that combining both non-
linear propagation effects and diffusive effects.

Il. FIRST-ORDER SYSTEM APPROACH FOR BURGERS’

EQUATION
Burgers’ equation can be solved by ‘operator splitting
method’. Operator splitting is a powerful method for

numerical investigation of complex models. The basic idea of
the operator splitting methods is based on splitting of complex
problem into a sequence of simpler split sub-problems. The
sub operators are usually chosen with regard to different
physical process. The technique is generally used in one of the
two ways: It is used in methods in which one splits the
differential operator such that each split system only involves
derivatives along on of the coordinate axes. Alternatively, it is
used as a means to split the differential operator into several
parts, where each part represents a particular physical
phenomenon, such as convection, diffusion, etc. In either case,
the corresponding numerical method is defined as a sequence
of solver of each of the split problems. This can lead to very
efficient methods, since one can treat each part of the original
operator independently. Using ‘Strang-splitting’ the solution
of Z—I: = Au is obtained at half time step, again Z—: =Bu is
= Au

solved at full time step and finally, ‘;—Lt‘ is solved with

half time step. Here ‘A’ is the convection operator and ‘B’ is
the diffusion operator. There are several methods available to
solve the split sub problems. The ‘convection’ part is solved
by ‘Lax-Friedrichs method’ and we use new method to solve
the diffusion equation.

The diffusion equation Z—: = k( )
relaxation system as follows:

. (2) can be replaced by

Substitute g = —k(a—:‘) then the diffusion equation becomes
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As € = 0, right hand side of the last equation tends to zero.

Therefore, the relaxation system for (2) is given by:
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This can be written in form + A = H where,
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This is a hyperbolic system. Introducing the characteristic
variable this can be decoupled. The diagonal form of the
‘relaxation system’ can be interpreted as a discrete Boltzmann
equation leading to:
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1/2(u - —) L
wheref = ] The Burgers equatlon + u ( =) subject to initial
1/2(u +—) condition:
1 u (1 x<0
F= E[u+{(k_12£)£}/l] [—A 0 u(x,O)—{_l x>0
1y, — _ 2.0 .
E[u {(k A%¢g) ax}//l] has exact solution,
alsou = f; + f, and ¢ = A(fy + fz)  Such a system can be e *kerfc (2\/_) —er fc( zxvi)
solved in two steps: convection step and relaxation step. u(x,t) = A — o <x <o
orfe () verte (~7)
[1l. CONCLUSION

fork=0.01 result obtained by numerical and exact solution are
To validate our point, we apply this theory for diffusion step plotted in the graph enclosed and they are in good agreement.
with zero derivative boundary conditions at the ends and
‘Lax- Friedrichs’ method for convection step.

Solution of BURGERS EQUATION, k=0.01
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