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ABSTRACT   

In  this  paper,  a  theorem  on degree  of  approximation  of  function   in  the  generalized   Zygmund   class 

by (E, q)   (𝑁̅, Pn)  means  of   Fourier  series  has been established. 
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INTRODUCTION 

The  degree  of  approximation of  function  belonging  to different  classes  like  Lip α, (Lip α, p), Lip(ξ(t),p) , 

Lip(Lp , ξ(t)) have been studied by many  mathematician using different  summability  means. The  error 

estimation of  function  in Lipschitz  and Zygmund class using different means of  Fourier   series and 

conjugate Fourier series have been great interest  among the  researcher. The generalized Zygmund class of 

functions has been widely studied in harmonic analysis and Fourier approximation because it captures 

functions whose smoothness is characterized by a controlled modulus of continuity. This class generalizes the 

well-known Zygmund class and includes functions with smoother as well as rougher behavior, making it an 

appropriate setting for studying precise error bounds in trigonometric approximations. 

A powerful approach for enhancing convergence involves the use of product summability methods. In 

particular, the (E, q) means, when combined with the weighted Nörlund means (𝑁̅, Pn) produce a generalized 

summability method denoted by (E, q)  (𝑁̅ , Pn)  means. The (E, q) means accelerate convergence by 

modifying partial sums, while the (𝑁̅, Pn)  transformation introduces flexibility through a weight sequence 

{Pn}. The generalized Zygmund  class was introduced  by Kim [1]  Leindler [2]  Moricz [3], moricz and 

Nemeth [4]etc. Recently Singh et. al. [7]  Mishra    et al. [5],   Pradhan et al. [6], Sinha et al. [8]  find  the 

results   in  Zygmund  class  by  using  different  summability Means. In this paper we find the degree of 

approximation of    function in   the generalized  Zygmund  class by   (E, q) (𝑁̅, Pn) means of  Fourier series. 

Definition 

Let  𝑔  be  a periodic  function  of  period 2𝜋  integrable in the sense of Lebesgue  over 

[π, - π]. Then  the Fourier series of 𝑔 given by  

  𝑔(𝑡) ≈  
𝑎𝑜

2
+ ∑ (𝑎𝑛𝑐𝑜𝑠 𝑛𝑥 + 𝑏𝑛𝑠𝑖𝑛 𝑛𝑥)∞

𝑛=1     ……..(2.1) 

Zygmund  class  z  is defined  as            
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𝑍 = {𝑔 ∈ 𝐶[−𝜋, 𝜋]  |𝑔(𝑥 + 𝑡) + 𝑔(𝑥 − 𝑡) − 2𝑔(𝑥)| = 𝑂(|𝑡|)}. 

In  this  paper ,  we  introduce a generalized  Zygmund    𝑍𝑤(𝛼, 𝛾)  defined as  

 𝑍𝑤(𝛼, 𝛾) = {𝑔 ∈ 𝐶[−𝜋, 𝜋](∫ |𝑔(𝑥 + 𝑡) + 𝑔(𝑥 − 𝑡) − 2𝑔(𝑥)|𝛾𝑑𝑥
𝜋

−𝜋
)

1

𝛾 = 𝑂(|𝑡|𝛼𝜔(𝑡))} 

                       ...........(2.2) 

Where   𝛼 ≥ 0 , 𝛾 ≥ 1    and   𝜔  is  a continuous non negative  and non decreasing  

function. If  we take  𝛼 = 1, 𝜔 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑎𝑛𝑑  𝛾 → ∞ ,  then   𝑍𝑤(𝛼, 𝛾) class reduces to  

the  z  class.  

We write through the paper  

 ∅𝑥(t) = 𝑔(𝑥 + 𝑡) − 2𝑔(𝑥) + 𝑔(𝑥 − 𝑡)     …….(2.3) 

𝐾𝑛(𝑡) =
1

2𝜋(1+𝑞)𝑛
∑ (

𝑛
𝑘

) 𝑞𝑘−𝑣 {
1

𝑃𝑘
∑ 𝑝𝑣

sin (𝑣+
1

2
)𝑡

sin (
𝑡

2
)

𝑘
𝑣=0 }𝑛

𝑘=𝑜                …….(2.4) 

MAIN RESULT 

In this paper we prove the following theorem. 

Theorem1- Let  𝑔   be  a  2𝜋   periodic  function  ,Lebesgue integrable  in [0 ,2𝜋]   and  belonging  to  

generalized  Zygmund  class  𝑍𝑟
(𝑤)(𝑟 ≥ 1). Then  the degree  of  approximation of  function  g  by  (E,q )(𝑁̅, 

Pn) product mean of Fourier series is given by 

                             𝐸𝑛(𝑔) = 𝑖𝑛𝑔 ‖𝑡𝑛
𝑁𝐸 − 𝑔‖𝑟

𝑣  = 𝑜 (∫
𝑤(𝑡)

𝑡𝑣(𝑡)
 𝑑𝑡

𝜋
1

𝑛+1

) 

Where  𝜔(𝑡)  𝑎𝑛𝑑  𝑣(𝑡) denotes  the  Zygmund  moduli  of  continuity   such  that  
𝑤(𝑡)

𝑣(𝑡)
 is positive and 

increasing. 

Theorem 2- Let  𝑔  be  a  2𝜋   periodic  function, Lebesgue  integrable  in [0 ,2𝜋]  and  belonging  to  

generalized  Zygmund  class  𝑍𝑟
(𝑤)(𝑟 ≥ 1). Then  the degree  of  approximation of  function  g  by  (E,q)(𝑁̅, 

Pn) product mean of  Fourier  series  is  given by     

                              𝐸𝑛(𝑔) = inf‖𝑙𝑛(. )‖𝑝
𝑣 =  𝑜 ((

(𝑛+1)𝜔(
1

𝑛+1
)

 𝑣(
1

𝑛+1
)

) (𝜋 −
1

𝑛+1
)) 

where  𝜔(𝑡)  𝑎𝑛𝑑  𝑣(𝑡) denotes  the  Zygmund  moduli  of  continuity   such  that  
𝑤(𝑡)

𝑡𝑣(𝑡)
 

is  positive and  decreasing. 

Lemma–To  prove  the  theorem  we  need  the  following  Lemma. 

Lemma 4(a) -  For    0 ≤ 𝑡 ≤
𝜋

𝑛+1
  we have  sin 𝑛𝑡 = 𝑛 𝑠𝑖𝑛𝑡   

 |𝐾𝑛(𝑡)| = 𝑜(𝑛)                                 ….…(4.1) 
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Proof -    For   0 ≤ 𝑡 ≤
𝜋

𝑛+1
     and    sin 𝑛𝑡 = 𝑛 𝑠𝑖𝑛𝑡  then 

          |𝐾𝑛(𝑡)| = |
1

2𝜋(1+𝑞)𝑛
∑ (

𝑛
𝑘

) 𝑞𝑘−𝑣 {
1

𝑃𝑘
∑ 𝑝𝑣

sin (𝑣+
1

2
)𝑡

sin (
𝑡

2
)

𝑘
𝑣=0 }𝑛

𝑘=𝑜 | 

   ≤   
1

2𝜋(1+𝑞)𝑛 |∑ (
𝑛
𝑘

) 𝑞𝑘−𝑣 {
1

𝑃𝑘
∑ 𝑝𝑣

sin (𝑣+
1

2
)𝑡

sin (
𝑡

2
)

𝑘
𝑣=0 }𝑛

𝑘=𝑜 | 

  ≤   
1

2𝜋(1+𝑞)𝑛 |∑ (
𝑛
𝑘

) 𝑞𝑘−𝑣(2𝑘 + 1) {
1

𝑃𝑘
∑ 𝑝𝑣

𝑘
𝑣=0 }𝑛

𝑘=𝑜 | 

  ≤   
(2𝑛+1)

2𝜋(1+𝑞)𝑛 |∑ (
𝑛
𝑘

) 𝑞𝑘−𝑣𝑛
𝑘=𝑜 | 

  =   𝑜(𝑛) 

 Lemma 4(b)  -  For  
𝜋

𝑛+1
≤ 𝑡 ≤ 𝜋 ,     𝑠𝑖𝑛

𝑡

2
≥

𝑡

𝜋
    𝑎𝑛𝑑   𝑠𝑖𝑛 𝑛𝑡 ≤ 1   we have  

   | 𝐾𝑛(𝑡)| = 𝑜 (
1

𝑡
)                                                                     ……….(4.2) 

Proof  -   For  
𝜋

𝑛
≤ 𝑡 ≤ 𝜋 ,     𝑠𝑖𝑛

𝑡

2
≥

𝑡

𝜋
    𝑎𝑛𝑑   𝑠𝑖𝑛 𝑛𝑡 ≤ 1 

| 𝐾𝑛(𝑡)| = |
1

2𝜋(1+𝑞)𝑛
∑ (

𝑛
𝑘

) 𝑞𝑘−𝑣 {
1

𝑃𝑘
∑ 𝑝𝑣

sin (𝑣+
1

2
)𝑡

sin (
𝑡

2
)

𝑘
𝑣=0 }𝑛

𝑘=𝑜 |  

  ≤   
1

2𝜋(1+𝑞)𝑛 |∑ (
𝑛
𝑘

) 𝑞𝑘−𝑣 {
1

𝑃𝑘
∑ 𝑝𝑣

sin (𝑣+
1

2
)𝑡

sin (
𝑡

2
)

𝑘
𝑣=0 }𝑛

𝑘=𝑜 | 

  ≤   
1

2𝑡(1+𝑞)𝑛 |∑ (
𝑛
𝑘

) 𝑞𝑘−𝑣𝑛
𝑘=𝑜 | 

  = 𝑜 (
1

𝑡
) 

Lemma 4(c) – Let    𝑔 ∈ 𝑍𝑝
(𝑤)

   then for  0 < 𝑡 ≤ 𝜋 

                          (i)‖𝜙(. , 𝑡)‖𝑝 = 𝑜(𝑤(𝑡)) 

                          (ii) ‖𝜙(. +𝑦, 𝑡) + 𝜙(. −𝑦, 𝑡) − 2𝜙(. , 𝑡)‖𝑝 = {
𝑜(𝑤(𝑡)

𝑜(𝑤(𝑦)
 

                         (iii)  If   𝜔(𝑡)  and  𝑣(𝑡)  are  defined  as  in theorem  then 

‖𝜙(. +𝑦, 𝑡) + 𝜙(. −𝑦, 𝑡) − 2𝜙(. , 𝑡)‖𝑝 = {𝑣(𝑦)
𝜔(𝑡)

𝑣(𝑡)
 

     where 𝜙(𝑥, 𝑡) = 𝑔(𝑥 + 𝑡) + 𝑔(𝑥 − 𝑡) − 2𝑔(𝑥). 

Proof of  Theorem 1 

Let   𝑠𝑛(𝑥)  denotes the partial sum of fourier series given in  (2.1) then we have 

 𝑠𝑛(𝑥) − 𝑔(𝑥) =
1

2𝜋
∫ ∅(𝑡)

sin (𝑛+
1

2
)𝑡

𝑠𝑖𝑛
𝑡

2

𝑑𝑡
𝜋

0
.      ….(5.1) 
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The (E,q) transform 𝐸𝑛
𝑞
  of 𝑠𝑛is given by  

𝐸𝑛
𝑞 − 𝑔(𝑥) =

1

2𝜋(1+𝑞)𝑛 ∫ ∅(𝑡) {∑ (𝑛
𝑘

)𝑞𝑛−𝑘
𝑠𝑖𝑛(𝑘+

1

2
)𝑡

sin (
𝑡

2
)

𝑛
𝑘=0 } 𝑑𝑡

𝜋

0
 .                                        ……(5.2) 

The  (E,q)(𝑁̅, Pn) transform of   𝑠𝑛(𝑥) is given by 

 𝑡𝑛
𝑁𝐸(𝑔) − 𝑔(𝑥) =

1

2𝜋(1+𝑞)𝑛 ∫ ∅(𝑥, 𝑡)
𝜋

0
∑ (

𝑛
𝑘

) 𝑞𝑘−𝑣 {
1

𝑃𝑘
∑ 𝑝𝑣

sin (𝑣+
1

2
)𝑡

sin (
𝑡

2
)

𝑘
𝑣=0 } 𝑑𝑡𝑛

𝑘=𝑜    

                   ……(5.3)  

  = ∫ ∅(𝑥, 𝑡)  𝑘𝑛(𝑡)𝑑𝑡
𝜋

0
 .         

                                .........(5.4) 

Let       𝑙𝑛(𝑥) = 𝑡𝑛
𝑁𝐸 − 𝑔(𝑥) = ∫ ∅(𝑥, 𝑡)  𝑘𝑛(𝑡)𝑑𝑡

𝜋

0
    then 

𝑙𝑛(𝑥 + 𝑦) + 𝑙𝑛(𝑥 − 𝑦) − 2𝑙𝑛(𝑥) = ∫[𝜙(𝑥 + 𝑦, 𝑡) + 𝜙(𝑥 − 𝑦, 𝑡) − 2𝜙(𝑥, 𝑡)]

𝜋

0

  𝑘𝑛(𝑡) 𝑑𝑡  

using  the  generalized  Minkowaski’s  inequality  we  get   

‖𝜙(. +𝑦, 𝑡) + 𝜙(. −𝑦, 𝑡) − 2𝜙(. , 𝑡)‖𝑝 = {
1

2𝜋
∫ |𝑙𝑛(𝑥 + 𝑦) + 𝑙𝑛(𝑥 − 𝑦) − 2𝑙𝑛(𝑥)|𝑝 𝑑𝑥

2𝜋

0

}

1

𝑝

 

        = {
1

2𝜋
∫ |∫[𝜙(𝑥 + 𝑦, 𝑡) + 𝜙(𝑥 − 𝑦, 𝑡) − 2𝜙(𝑥, 𝑡)]

𝜋

0

  𝑘𝑛(𝑡) 𝑑𝑡 |

𝑝

𝑑𝑥 

2𝜋

0

}

1

𝑝

 

≤ ∫ {
1

2𝜋
∫ |[𝜙(𝑥 + 𝑦, 𝑡) + 𝜙(𝑥 − 𝑦, 𝑡) − 2𝜙(𝑥, 𝑡)]  𝑘𝑛(𝑡)|𝑝 𝑑𝑥

2𝜋

0

}

1

𝑝

𝑑𝑡

𝜋

0

 

                    = ∫ (|  𝑘𝑛(𝑡)|𝑝)
1

𝑝 {
1

2𝜋
∫ |[𝜙(𝑥 + 𝑦, 𝑡) + 𝜙(𝑥 − 𝑦, 𝑡) − 2𝜙(𝑥, 𝑡)]|𝑝 𝑑𝑥

2𝜋

0
}

1

𝑝

𝑑𝑡
𝜋

0
 

= ∫‖𝜙(. +𝑦, 𝑡) + 𝜙(. −𝑦, 𝑡) − 2𝜙(. , 𝑡)‖𝑝|  𝑘𝑛(𝑡)| 𝑑𝑡

𝜋

0

 

             = ∫ ‖𝜙(. +𝑦, 𝑡) + 𝜙(. −𝑦, 𝑡) − 2𝜙(. , 𝑡)‖𝑝|  𝑘𝑛(𝑡)| 𝑑𝑡

1

𝑛+1

0

 

+ ∫‖𝜙(. +𝑦, 𝑡) + 𝜙(. −𝑦, 𝑡) − 2𝜙(. , 𝑡)‖𝑝|  𝑘𝑛(𝑡)| 𝑑𝑡

𝜋

1

𝑛+1
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                       =  𝐼1 + 𝐼2(𝑠𝑎𝑦).         ..............(5.5) 

Using  lemma 4(a)  and  4(c)  and the  monotonically of    
𝜔(𝑡)

𝑣(𝑡)
 with respect  to  t  we  have 

                               𝐼1 = ∫ ‖𝜙(. +𝑦, 𝑡) + 𝜙(. −𝑦, 𝑡) − 2𝜙(. , 𝑡)‖𝑝|  𝑘𝑛(𝑡)| 𝑑𝑡
1

𝑛+1
0

 

                                   = ∫ 𝑜 (𝑣(𝑦)
𝜔(𝑡)

𝑣(𝑡)
) 𝑜(𝑛) 𝑑𝑡

1

𝑛+1
0

 

                                 = 𝑜 (𝑛𝑣(𝑦) ∫
𝜔(𝑡)

𝑣(𝑡)
 𝑑𝑡

1

𝑛+1
0

). 

Using  second  mean  value  theorem  of  integral  we  have 

                       𝐼1 ≤ 𝑜 (𝑛𝑣(𝑦) ∫
𝜔(𝑡)

𝑣(𝑡)
 𝑑𝑡

1

𝑛+1
0

) 

                           = 𝑜 (
𝑛

𝑛+1
 𝑣(𝑦)

𝜔(
1

𝑛+1
)

𝑣(
1

𝑛+1
)
)) 

                           = 𝑜 ( 𝑣(𝑦)
𝜔(

1

𝑛+1
)

𝑣(
1

𝑛+1
)
)).         

                            

..............(5.6) 

For  𝐼2 using  lemma 4(b)  and  4(c)  we  have  

                  𝐼2 = ∫ ‖𝜙(. +𝑦, 𝑡) + 𝜙(. −𝑦, 𝑡) − 2𝜙(. , 𝑡)‖𝑝|  𝑘𝑛(𝑡)| 𝑑𝑡
𝜋
1

𝑛+1

 

                   = 𝑜 (∫ (𝑣(𝑦)
𝜔(𝑡)

𝑣(𝑡)
)

1

𝑡
 𝑑𝑡

𝜋
1

𝑛+1

) 

                  = 𝑜 (𝑣(𝑦) ∫ (
𝜔(𝑡)

𝑡 𝑣(𝑡)
)   𝑑𝑡

𝜋
1

𝑛+1

) 

             ..............(5.7) 

from  (5.5)  (5.6)  and  (5.7)   we  get 

 ‖𝑙𝑛(. +𝑦) + 𝑙𝑛(. −𝑦) − 2𝑙𝑛(. )‖𝑝 =  𝑜 ( 𝑣(𝑦)
𝜔(

1

𝑛+1
)

𝑣(
1

𝑛+1
)
)) +  𝑜 (𝑣(𝑦) ∫ (

𝜔(𝑡)

𝑡 𝑣(𝑡)
)   𝑑𝑡

𝜋
1

𝑛+1

) 

 
𝑠𝑢𝑝

𝑦 ≠ 0
‖𝑙𝑛(.+𝑦)+𝑙𝑛(.−𝑦)−2𝑙𝑛(.)‖𝑝

𝑣(𝑦)
  = 𝑜 (

𝜔(
1

𝑛+1
)

𝑣(
1

𝑛+1
)
) + 𝑜 (∫ (

𝜔(𝑡)

𝑡 𝑣(𝑡)
)

𝜋
1

𝑛+1

).                ..........(5.8) 

Again   using   Lemma  we  have  

                     ‖𝑙𝑛(. )‖𝑝 ≤ (∫ + ∫ .
𝜋
1

𝑛+1

1

𝑛+1
0

) ‖𝜙(. , 𝑡)‖|𝐾𝑛(𝑡)| 𝑑𝑡 

                                      = 𝑜 (𝑛 ∫ 𝜔(𝑡)𝑑𝑡
1

𝑛+1
0

) + 𝑜 (∫
𝜔(𝑡)

𝑡
 𝑑𝑡

𝜋
1

𝑛+1

) 
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                                     = 𝑜 (
𝑛

𝑛+1
 𝜔 (

1

𝑛+1
)) + 𝑜 (∫

𝜔(𝑡)

𝑡
 𝑑𝑡

𝜋
1

𝑛+1

) 

                               = 𝑜 ( 𝜔 (
1

𝑛+1
)) + 𝑜 (∫

𝜔(𝑡)

𝑡
 𝑑𝑡

𝜋
1

𝑛+1

)                     ..............(5.9) 

from  (5.8) and (5.9)  we have  

 ‖𝑙𝑛(. )‖𝑝
𝑣 = ‖𝑙𝑛(. )‖𝑝 +

𝑠𝑢𝑝
𝑦 ≠ 0

‖𝑙𝑛(.+𝑦)+𝑙𝑛(.−𝑦)−2𝑙𝑛(.)‖𝑝

𝑣(𝑦)
 

 = 𝑜 ( 𝜔 (
1

𝑛+1
)) + 𝑜 (∫

𝜔(𝑡)

𝑡
 𝑑𝑡

𝜋
1

𝑛+1

) + 𝑜 (
𝜔(

1

𝑛+1
)

𝑣(
1

𝑛+1
)
) + 𝑜 (∫ (

𝜔(𝑡)

𝑡 𝑣(𝑡)
)

𝜋
1

𝑛+1

) 

 = ∑ 𝐽𝑖
4
𝑖=1 . 

Now we write 𝐽1in  terms  of  𝐽3 𝑎𝑛𝑑  𝐽2 , 𝐽3 𝑖𝑛  term of  𝐽4, 

in  view  of the  monotonicity  of  v(t)  we  have   

𝜔(𝑡) = (
𝜔(𝑡)

 𝑣(𝑡)
) ,    𝑣(𝑡) ≤  𝑣(𝜋) (

𝜔(𝑡)

 𝑣(𝑡)
) = 𝑜 (

𝜔(𝑡)

 𝑣(𝑡)
)      𝑓𝑜𝑟 0 < 𝑡 ≤ 𝜋       

therefore  we  can  write  

   𝐽1 = 𝑜( 𝐽3). 

Again using  monotonicity  of  v(t) 

    𝐽2 = ∫
𝜔(𝑡)

𝑡
 𝑑𝑡

𝜋

1

𝑛+1

= ∫ (
𝜔(𝑡)

𝑡 𝑣(𝑡)
)  𝑑𝑡 

𝜋

1

𝑛+1

≤  𝑣(𝜋) ∫ (
𝜔(𝑡)

𝑡 𝑣(𝑡)
)  𝑑𝑡 

𝜋

1

𝑛+1

= 𝑜(𝐽4) 

          ............(5.10) 

using  the  fact   
𝜔(𝑡)

 𝑣(𝑡)
   is  positive  and  non  decreasing , we  have  

𝐽4 = ∫ (
𝜔(𝑡)

𝑡 𝑣(𝑡)
)  𝑑𝑡 

𝜋

1

𝑛+1

=
𝜔 (

1

𝑛+1
)

 𝑣 (
1

𝑛+1
)

∫ (
1

𝑡 
)  𝑑𝑡  ≥  

𝜔 (
1

𝑛+1
)

 𝑣 (
1

𝑛+1
)

𝜋

1

𝑛+1

 

therefore  we  can  write  

                                                   𝐽3 = 𝑜(𝐽4). 

So  we  have   

                                       ‖𝑙𝑛(. )‖𝑝
𝑣 =  𝑜(𝐽4) = 𝑜 (∫ (

𝜔(𝑡)

𝑡 𝑣(𝑡)
)  𝑑𝑡 

𝜋
1

𝑛+1

). 

Hence  

                                          𝐸𝑛(𝑔) = inf‖𝑙𝑛(. )‖𝑝
𝑣 =  𝑜 (∫ (

𝜔(𝑡)

𝑡 𝑣(𝑡)
)  𝑑𝑡 

𝜋
1

𝑛+1

) 
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This  completes  the  proof Theorem 1. 

Proof of Theorem 2 – We have from theorem 1 

                                        𝐸𝑛(𝑔) = inf‖𝑙𝑛(. )‖𝑝
𝑣 =  𝑜 (∫ (

𝜔(𝑡)

𝑡 𝑣(𝑡)
)  𝑑𝑡 

𝜋
1

𝑛+1

) 

we assume that   
𝑤(𝑡)

𝑡𝑣(𝑡)
 is  positive and  decreasing in t then 

                                    𝐸𝑛(𝑔) = inf‖𝑙𝑛(. )‖𝑝
𝑣 =  𝑜 ((

𝜔(
1

𝑛+1
)

1

𝑛+1
 𝑣(

1

𝑛+1
)
) ∫  𝑑𝑡 

𝜋
1

𝑛+1

) 

                                     𝐸𝑛(𝑔) = inf‖𝑙𝑛(. )‖𝑝
𝑣 =  𝑜 ((

𝜔(
1

𝑛+1
)

1

𝑛+1
 𝑣(

1

𝑛+1
)
) (𝑡) 1

𝑛+1

𝜋 ) 

                                     𝐸𝑛(𝑔) = inf‖𝑙𝑛(. )‖𝑝
𝑣 =  𝑜 ((

𝜔(
1

𝑛+1
)

1

𝑛+1
 𝑣(

1

𝑛+1
)
) (𝜋 −

1

𝑛+1
)) 

                                    𝐸𝑛(𝑔) = inf‖𝑙𝑛(. )‖𝑝
𝑣 =  𝑜 ((

(𝑛+1)𝜔(
1

𝑛+1
)

 𝑣(
1

𝑛+1
)

) (𝜋 −
1

𝑛+1
)). 

This  completes  the  proof Theorem 2. 
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