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ABSTRACT

In this paper, we present a new fixed point theorem that generalizes the result of Souayah and Hidri [5 ] within
the context of the generalized controlled metric space with three control functions.
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INTRODUCTION

Fixed point theory has numerous applications in science and engineering. The proof of existence and uniqueness
theorems for solutions of ordinary and boundary value problems often rely on the application of various fixed
point theorems. Among them, the Banach contraction principle is the most widely used, and it has been
extensively generalized by modifying the contractive condition or by extending the underlying metric
space.Kamran et al. [1 ] originate the theory of an extended b-metric space. Mlaiki et al. [ 2] originate the theory
of a controlled metric space. Abdeljawad et al. [3 ] further extended this idea by addressing the double controlled
metric space, while Tasneem et al. [ 4] advanced the theory by defining a triple controlled metric space. Recently,
Souayah and Hidri [5 ] established a new fixed point theorem inspired by Caristi’s contraction principle within
the scheme of controlled metric spaces. Furthermore, Singh et al. [6 ] originate a generalization of the controlled
metric space by integrating three control functions. In this paper, we present a new fixed point theorem that
generalizes the result of Souayah and Hidri [5] within the context of the generalized controlled metric space
with three control functions.

Preliminaries

Definition 2.1 [1] Let Z #®, d: Z x Z — [0,%0) be a non — negative functionand a:Z xZ — [1,) be control
functions satisfying the following conditions:

I. d(f,g) =0 ifand only if f =g,
1. d(f.g) = d(9.9)

1. d(f.g) < a(fg) [d(Eh) +d(h,g)] V f,gheZ. Then
d is called a extended b- metric and (Z, d) is a extended b-metric space.

Definition 2.2 [2] Let Z #®, d:Z xZ — [0,0) be a non — negative functionand o :Z xZ — [1,%) be control
functions satisfying the following conditions:

I. d(f,g) =0 ifand only if f=g,
Il d(f,g) = d(g.9)

1. d(f,g) < a(f,h) d(f,h) + a(h,g) d(h,g) V f,g,h e Z. Then
d is called a controlled metric and (Z,d) is a controlled metric space.
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Example 2.3[2] Let Z = [0,0) and a function define by d : Z x Z — [0,0) such that
d(f,g) =0iff=g,

:]%,iffisevenandg is odd ,

= é ,if fis odd and g is even,

= 1 otherwise,
and the controlled function a:7ZxZ — [1,0)
a(f,g) = f iffisevenandg isodd
= g, iffisodd and g is odd
=1, otherwise.
Then d is called a controlled metric and (Z, d) is a controlled metric space.

Theorem 2.4 [5] Let (Z.d,a) be complete controlled metric space and H: Z—Z a function such
that for all f,g & Z such that

d(Hg,Hg,) < (£(f)- £(Hf)) d(f, 9) Where

£: Z—R is bounded below function.
Suppose foeZ, the sequence {f.} define by f, = H"fo satisfies
limy—o af,fn,)  lima_o a(fn,f) exists and are finite for every f & Z and the controlled function condition holds

SUPm>1 liMie afi+e fiv2) afisr, fm)/ afifir1) < 1/k where k € (0,1). Then
H has a unique fixed point in Z.

Example 2.5 [5] Let Z=[0,1] , d(f,g) = | f-g | ? and a(f,g) = f + g +2. It is easy to prove that (Z,d,a) is complete
controlled metric space but not traditional metric space or b- metric space. Let
the function H: Z—Z and £ : Z—R defined by H(f) = f/5+1/2 and £(f) = 2f? + 3f.

(E(P)- £(HN)A(f,g) = 2f2 + 3f - { 2(f/5+1/2)%+ 3( £/5+1/2)} | f-g | 2

= (48F/25 +2f-2) | f-g|?

However, the original problem restates the whole expression as

(E(P)- £(HN)A(f, g) = (52%/25 +4f+2) |f-g|?

d(Hf,Hg) = | - g|?2/25. Hence,

d(HEHg) < (£(D- £(H)A(F, 9)

Finally H has a unique fixed point is H( 5/8) = 5/8 £ [0,1].

Definition 2.6 [3] Let Z # ®, d:Z xZ — [0,00)be a non- negative functionand o, p:7Z xZ — [1,0) be two
control functions satisfying the following conditions:

I. d(f,g)=0 ifand only if f=g,
1. d(f,g) = d(g.9)
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1. d(fg) < a(fh)d(fh) + B(h,g)d(h,g) V f.g.heZ. Then
d is called a double controlled metric and (Z,d) is a double controlled metric space.

Example2.7 [3]. Let Z = [0,00) and a function define d : Z x Z— [0,00) such that
d(fg) = 0,ifx =Yy,
1

:;, iff>1 andg e[0,1)

= é ,ifg>1and fe[0,1)
=1, otherwise
and the controlled functions o, B:Z xZ — [1,0) by
a(f,g)=fiff,g>1 and B(fg)=1,iffg<1
= 1, otherwise = max{f,g}, otherwise.
Then d is a double controlled metric and (Z,d) is a double controlled metric space.
Singh et al. introduce a generalization of the controlled metric space by introducing three control functions.

Definition 2.8 [6] Let Z #®,d: Z xZ x Z — [0,00)be a non- negative functionand o,B,y:7Z xZ xZ — [1,0)
be three control functions satisfying the following conditions:

I. d(f,g,h) = 0 if at least two of the three points are the same.
I1. For f,g € Z such that f# g there exist a point h & Z such that d(f,g,h) # 0.
1. For f,g,h € Z, d(f,g,h) = d(f,h,g) = d(g,h,f) = d(h,f,g) = d(g,f,h) = d(h,g,f)
IV. For f,g,h,a € Z, d(f,g,h) < a(f,g,a)d(f,g,a) + B(g,h,a)d(g,h,a) + y(h,f,a)d(h,f,a).
Thend is called controlled metric and (Z,d) is a controlled metric space.
Example 2.9 LetZ =(0,1)andd: Z x Z x Z — [0,)is defined by
d(f,g,h) = 0, if at least two of the three points are the same.
= u(f.g,h) e 21 Fel 38 eh+ 18 |n-f| otherwise. For
continuous a(f,gh) > 0 symmetric in figh. If suffices to only verify property
(1V) of definition 2.8.Which typically in such generalized setting takes a form like.
Forall f,ghteZ.
d(f.g.h) = a(f,g,t) d(f.g,t) + B(g,h,t) d(g,h,t) + y(h,£t) d(h,f1)
for some control function a,B,y : Z x Z xZ — [1,0).
Using Jensen's inequality applied of the convex function f(x) = e* along with modulus power | a | .
d(f.g.h) = u(fg ) e V2 relr3slenlrusfil

= u(f,g,h) [1/2 elfel+3/8elehl+1/8 e|h-f|]
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= u(f.g,h) [1/2 e2IFel+12] Fel 4 3/g gli2|eh|+12]eh] +1/g gli2|h-f|+12|n-]y
<[ 1/2e"21%el41] u(fgh) e'2lFel sl s e
+[3/8e"2 el 1] (fg,h) e2Ihel+3slet]ris|uh]
+ [ 1821l +1] p(f,g,h) e Infl+38fel-us|un]
= ofg,t) d(f.g.t) + B(h,g,t) d(h,g,t) + y(h £it) d(h,f1)
Where off.g,t) = 1/2 e?2lfol+1>1
B(g,ht) = 3/8 e2lohl 1>
v(hft) = 1/8 eIl 1> 1,

Definition 2.10 [ 6 ] Let (Z,d) be a controlled metric space. Let H : Z —Z we say H, is continuous at the pair
(a,b) e Z x Z if for every € > 0, there exist r > 0 such that

H (Br(f.9)) ¢ Bc(f.9).
Definition 2.11 [ 6] Let (Z,d) be a controlled metric-type space-

I. The sequence {fn]n e~ converges to fe Z. If for every € > 0, there exists an integer n € N such that for all
n>N. d(fy, f, t) <e for some fixed t € Z.

I1. The sequence {f].:n is a Cauchy sequence,. If for every & > 0, there exist an integer n € N such that for all
n,m>N d(fn, fm, t) <& for some fixed t € Z.

II1. The space (Z,d) is complete, if every Cauchy sequence in Z is convergent.
In order to simplify results, we define the following products as follows:
Define

Uo(t, fy, fre1) = a

Ui(fm, t, foet, fre2) =By

Uz(fm, t, foeg, ez, faez) =B ay

Us(fm, t, fre1, sz, fres, freg) =P aay

In general

Um-n-1(fm, t, fasa, favo, faea, Frea ..o, fn) = B (a... (M-n-2)) times) y
Define

Vo(t, fo, fm) =y

Vi(fm, t, foet, fir2) =B P

Vo(fin, t, frea, freo, frea) =B o B

V3(fm, t, fasa, fre2, sz, i) =B a aP

In general
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Vm-n-l(fm, t , fn+1, fn+2, fn+3, fn+4 ceey fm-l) = B ((l. .. (m'n'Z)) t|meS) B

Main Result

Theorem 3.1 Let Z # @ and (Z,d) be a complete controlled metric space. Let

H, : Z —Z be a functions satisfying

(3.1) d(HEHG.D) < (£(f)- £(HP)d(f.o.) V fgte Z.

Where £: Z—R is bounded function.

Assume that

(3.2) supms1 limise I Ujsa(fm, t, faet,... fis2)/ Uj(fm, t, free,... fi+1) 1 <UK

(3.3)  supmzt limjee | Vijea(fi, t, fase,... fir2)/ Vij(fm, t, faee,... fix1) I <1/k, where ke (0,1)
Also assume that for each f ¢ Z, the limits

(3.4) iMoo af,fat), lim—w  B(f,fn,t) and lim—e y(ffht) exists.
Then H has a unique fixed point in Z.

Proof Let fo € Z be arbitrary. Define sequence {fn}n:~ by far1 = Hfn for n e N. Then from (3.1), we get
d(fn, fres,t) = d(Hfna,Hfn,t) < (£(fr-1)- £(Hfn1)) d(fo-1,fn.t)
= (£(fa1)- £(fn)) d(Fo-1,fn.t)
Let, bn = d(f-1,fn.t). Then
(3.5)  Dbnst/ bn < £(fn1)- £(fr) V ne N.
This implies that the sequence { £(f,)} is non- increasing and bounded below hence convergent. Thus,
limn—. £(fs) = r > 0. Summing the inequality (3.5), we get
Zi=t" bis/bi < Zim" (£(fi0)- £(F))
= £(fo)- £(fn),
which is finite,so
(3.6) limi—x bisa/bi =0.
Hence there exists io € N such that for all i > io
(3.7) bisa/bi<k fork €(0,1), so
(3.8)  d(fifitr,t) <k d(fis,fi,t) forall i>io
By recursion
(3.9) d(fi,fix1,8) < k' d(fo,f1,t) for all i > i

Showing Cauchy Property
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Let m,n eN with m>n, we obtain

d(fa,fm,t) < o(fn, fm, frer) d(fn,fm,Foer) + B(fm,t,fre2) d(fm,t,fre2) + y(t, £, Frer) d(E, fo,Frea)
< af, fn, Frer) d(Fo, Fn, Fer) + B(Ein,t,Fre) @, Fn, Fvs) d(fin,t,Fea)

+ Bt frrr) Bt Frvn, Frva) At Frva, Fva)t B(Eimt Frer) y(Frra, Fin, Forvz) d(Frva, Fin, Forv)

+y(t, fo,Foer) d(t, Fo,Fov)

< afn, fm, fre1) d(fo, fm, Frer) + B(fim,t,Frer) a(fin,t,Fre2) a(fin,t Frvs) d(fim,t ,Frvs)

+B(fimt Fre1) fn,tFre2) (L vz, Frvs) A(t Frvz,Favs)

+B(fmt, Faa) (it av2) Y(Frvz, Fn, Fuva) d(Frvz, in, Fova)

HB(fm, t ne ) B(t, frvt, Tre2)A(E Frvt, Frs2) - B, fnen) y(frvt, Ty Fov2) d(fv, i, Fov2)

+y(t, fn,Faea) d(t, Fr,Frer)

d(fo,fm,t) < 0(f,fm, Frer) d(fo,fn,Fres) + B (Finst,Frer) @0 (Fn,tfrv2) @ (gt fovs) o (Fnst,Frea) d(fim,t, frva)
+ B (Fmyt,Fov1) @ (Fn,t,Fae2) o (Fn b, Fovs) B (8, Fovs,Frva) d(Frss, Fova)

+ B (fnt,Fre1) o (FnstFre2) o (Fin, b Fovs) Y(Frsa, Fin, Frea) d(Frsa, Fin, Firea)

+ B (fm!tyfn"‘l) B (fm)t)fn+2) B (ta fn+2, fn+3) d(t)fm) fn+3) (
3-10) + B (fm,t,fn+l) a (fm,t,fn+2) Y( fn+2,fm, fn+3) d(fn+2,fm, fn+3)

+ B (fm,t,fne1) B (t, Fre1,Frv2) A(t,Frea, Frez)

+ B(fm,t,fre1) Y(frea, T, Fre2) d(Fee, fn,Frv2)

+ y(t, fn,faez) d(t, o, Fres)

Using 3.9, we get

d(fa,fm,t) < a (i, T, Fae2) K" (Fo, Fin, F1) +B(fm,t,Fre1) @ (Fnt,Fre2) o (fin,t,Fne3) o (fin,t, Fres) d(fin,t, fora)
+ B (fmt,fre1) o (Fn,t Fe2) o (Fin,t,fres) B (8, Fres, Frea) K™ d(t, o, o)

+ B (fn,t,foe1) o (Fn,t,Fre2) o (Fin,t,Fres) Y( Fovs, fm, Frea) k™2 d(fo, fm, o)

+ B (Fnt,fre1) o (Fnt Fae2) B (¢, frvz, Fres)k™2 d(t,fo, f2)

(38,11)  + B (fn,t,fae1) afin,t,Fae2) Y( Foez,fm, Fara)k™2 d(fo,fm, f1)

+ B (fn,t,Fae1) B (t, Foer, Fr2) k™ d(t,fo, f1)

+ B (Fn,t,fre1) y(fret, Fn, Fe2) k™2 d(fo, fn, fr)

+ y(t, fm,fas1)K" d(t, fo,f1).

It follows that inequality, (3.11), can be written as

d(fo,fm,t) < K" d(fo,f1,fm) [ Uo( fo,fmfre1) + K Us( fm,t,fren Frz) + K2 Ua( fin t,Foer Frez, fres) +...

+ K™ Unna( ftfoss foese fnes. ) ]
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(3.12) +Kk"d(fo,fr,t) [Vo( fn,fm,Fre1) + K Vi( fin,t,fnee Fre2) + k? Vo ( Tt foeg, Frez, Treg) +...

+ K™V ( fngt faes Frez, . fna. )]

The ratio test together with 3.2 and3.3, implies that the series converges and thus the sequence {fi}. ev is a
Cauchy sequence. Since (Z,d) is complete controlled metric space there exists f* & Z such that

d(fa,f*, t) —0 as n—oo.

Proving f* is a fixed point.Using (3.9) we get

, (P H P t) < o( P, HF*, foer) AP HT* foer) + BOHF* L frer) d(HP L H* fren) + (8, %, Fret) d(t,F%,fre)
<o (P, HF*,foer) d(0* HF* frer) + B (HF*, 1 fret) d(HE 8 HE) + y(t, %, fosr) d(t,F*,Fre)

<o (P, HF*,foer) d(0,HF*, frer) + B (HF* 1 frer) kd(F8 ) + y(t, 7, fred) d(t, 7%, Fose).

Taking the limit as n—ooand using (3.9), we get

d(f*,Hf*t) < 0.

Implies, Hf* = f*.

Uniqueness

Suppose there is another fixed point f** #f*. Then

(3.13)  d(f*,f**t) = d(HF* Hf**,t) < (£(f*)- £(f*)) d(f*,F**t)

d(f*,f**,t) = 0,

which implies f* = f**, Thus the mapping H has a unique fixed point f* ¢ Z.

Remark: Our result extend the corresponding result of Souayah and Hidri [5 ] and others.
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