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ABSTRACT

In this paper, a theorem on degree of approximation of function in the generalized Zygmund class
by (E,q) (N, Pn) means of Fourier series has been established.
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INTRODUCTION

The degree of approximation of function belonging to different classes like Lip a, (Lip o, p), Lip(&(t),p) ,
Lip(Lp , &(t)) have been studied by many mathematician using different summability means. The error
estimation of function in Lipschitz and Zygmund class using different means of Fourier series and
conjugate Fourier series have been great interest among the researcher. The generalized Zygmund class of
functions has been widely studied in harmonic analysis and Fourier approximation because it captures
functions whose smoothness is characterized by a controlled modulus of continuity. This class generalizes the
well-known Zygmund class and includes functions with smoother as well as rougher behavior, making it an
appropriate setting for studying precise error bounds in trigonometric approximations.

A powerful approach for enhancing convergence involves the use of product summability methods. In
particular, the (E, g) means, when combined with the weighted N6rlund means (N, Pn) produce a generalized
summability method denoted by (E, q) (N, Pn) means. The (E, gq) means accelerate convergence by
modifying partial sums, while the (N, Pn) transformation introduces flexibility through a weight sequence
{Pn}. The generalized Zygmund class was introduced by Kim [1] Leindler [2] Moricz [3], moricz and
Nemeth [4]etc. Recently Singh et. al. [7] Mishra et al. [5], Pradhan et al. [6], Sinha et al. [8] find the
results in Zygmund class by using different summability Means. In this paper we find the degree of
approximation of function in the generalized Zygmund class by (E, q) (N, Pn) means of Fourier series.

Definition
Let g be aperiodic function of period 2m integrable in the sense of Lebesgue over
[n, - @]. Then the Fourier series of g given by
gt) = % + Y ,(aycos nx + bysinnx) .. (2.1)

Zygmund class z is defined as
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Z={geCl-mmn] [glx+1)+gx—1t)=29()| =0(tD}.

In this paper, we introduce a generalized Zygmund ZY(a,y) defined as

2@ ) = {g € Cl-m w7 g+ 0 + g (x = ) = 2g (O dx) = O(lelw(©))]

Where «a >0, y>1 and w is acontinuous non negative and non decreasing
function. If we take a = 1, w = constant and y — o, then Z%(a,y) class reduces to
the z class.

We write through the paper

o,()=gkx+t) -29(x)+gx-ty L. (2.3)

sm(v+—)t
K,(t) = 2n(1+q)nzk o( ) { Yi=0Py ) } ....... (2.4)

MAIN RESULT
In this paper we prove the following theorem.

Theoreml- Let g be a 2m periodic function ,Lebesgue integrable in [0,2m] and belonging to

generalized Zygmund class Zﬁw)(r > 1). Then the degree of approximation of function g by (E,q)(N,
Pn) product mean of Fourier series is given by

Ea(g) = ing 168" - gll? = o ([ 22 ar)

n+1

Where w(t) and v(t) denotes the Zygmund moduli of continuity such that ‘:((t)) is positive and

increasing.

Theorem 2- Let g be a 2m periodic function, Lebesgue integrable in [0,2] and belonging to

generalized Zygmund class Zﬁw)(rz 1). Then the degree of approximation of function g by (E,q)(N,
Pn) product mean of Fourier series is given by

En(g) = infllL,()II = o ((%) (- ﬁ))

n+1

where w(t) and v(t) denotes the Zygmund moduli of continuity such that W((t))
is positive and decreasing.
Lemma-To prove the theorem we need the following Lemma.
Lemma 4(a) - For 0 <t <—— wehave sinnt = nsint
K, ()| =0(n) ... 4.1)
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Proof- For 0<t< % and sinnt = n sint then

sin(v+= )t
2T (1+q)”zk 0( ) { Zv 0Py sm() }

sin(v+ )t
Zko() {Zvasm()}

to () 9" @+ D (- 2heo o)

|Kn (O] =

- 27t(1+q)"

1

= 2n(+n
< nciray [Zheo (1) 4
= o(n)
Lemma4(b) - For —<t<m, s §>£ and sinnt <1 we have
K@®l=o(3) (4.2)

Proof - For %S t<m, sinézﬁ and sinnt <1
. 1
n TL) k—v i k sm(v+5)t
27t(1+q)n k=0 (k q {Pk Zv:O Pv sin(%)
n _ 1 sin(v+1)t
;clzo (k) qk v {P_RZ’];:O by —2}

sin(3)
o (i) 0

| Kn(O] =

1

- 2n(1+q)™

1

— 2t(A4q)™

-o(2)

Lemmad4(c)—Let g€ Zz(,w) thenfor 0 <t<m

Ml Oll, = ow(®))

o(w(t)

(i) pC+y,0) + ¢ =y, 1) = 2¢(, Ol = {O(W(Y)

(iii) If w(t) and v(t) are defined as intheorem then

()
9G4y, + 9=y, =260, Dlly = (r0) 5o
where ¢p(x,t) = glx +t) + glx —t) — 2g(x).
Proof of Theorem 1
Let s,(x) denotes the partial sum of fourier series given in (2.1) then we have

51n(n+ )t

sn(x) — g(x)——f B(t) (5.)

2
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The (E,q) transform E;! of s, is given by

El~9(0) = 5 Jy 9©) { r=o(a™ ™ %} a. L (5.2)

The (E,)(N, Pn) transform of s, (x) is given by

1 n _ 1 sin(v+1)t
tNE(9) = 900 = i fy B, O Xikeo (i) 0 {— bopo —} dt

= [T 0(x, 1) ky(Ddt.

Let  1,(x) = thF — g(x) = [; @(x,t) k,(Ddt then

L+ 3) + Ln(x = ) = 20, (0) = f [ +7,0) + dCx — 3, 0) — 260, ] kn(2) dt
0

using the generalized Minkowaski’s inequality we get

1
p

2T
1
lpC+y,t) + d( =y, t) —2¢(, ), = Ej [L(x +y) + L,(x —y) — 21, (x)|P dx
0

2m

_1f
) 2n

0

D

f[fl)(x +y,t) + dp(x —y,t) —2¢(x,t)] k,(t)dt| dx
0

1
T 21 14

< [{52 [ 190G+ 3.0 + 60,0 - 260001 k(P ax a
0

0

1

= 70 @I {E [0 0+ 3,0 + 6 = 7,0 = 200, 011 dxf e

- f 1 +7,0) + (=, 8) — 26, Oll,| kn(O)] dt
0

1
n+1

- f 1$C+7, 0 + b —y,6) = 26(, Ol | kn(D)] de
0

t j 1G4y, + (=0 — 26, Oll,| kn(®)] dt

n+1
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=L +L(say). . (5.5)

(

Using lemma 4(a) and 4(c) and the monotonically of v())wnh respect to t we have

1
L= [rlleC+y,6) + ¢ =y, 0) — 2¢(, Dll,| kn(®) dt
1
= [7¥0 (v Z2) o(n) dt
=0 (nv(y) fn+1w(t) dt).
v(t)
Using second mean value theorem of integral we have

L <o (nv(y) f"+1 v((t)) dt)
— 0( n v(nid)) >

(s
(w03

For I, using lemma 4(b) and 4(c) we have

L= [ llgpC+y,0) + ¢ =y, 6) = 26, Dllp| ka()] dt

n+1

= o([% (v)29)* ar)

n+1

=0 (v(y) J5 (twv((tt))) dt)

n+1

.............. (5.7)
from (5.5) (5.6) and (5.7) we get
1 A9) + b =) = 20Ol = o(v(y)%)} o (v [3 (53) )
SUD fllnC4n)+n(-9—2L01,  (©(55) N0
y %0 o) =0 <@) +o0 (fn%-l (tv(t)))' .......... (5.8)

Again using Lemma we have

. Cllp < (4 £3) loC 0ll K0 de

=0 (n foﬁ w(t)dt) +0 (fl‘“it) dt)

n+1
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_ n 1 T w(t)
= o 0 () +o (12, %2 @)

n+1

=0<w( )) (f’iﬂdt) .............. (5.9)

n+1

) 4 2
%, g
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from (5.8) and (5.9) we have

SUP ity (4)+1n (=) =21n )l
v — p
IOl = NGl + 5, 2 T

=0 (o 52 wo (12,52 a0) o (5] o (1, (25)

n+i n+1

=Yiali
Now we write J;in terms of J; and J,,J; in term of J,,

in view of the monotonicity of v(t) we have

(@) w(t) w(t)
w(t) = ( (t)) v(t) < v(m )< (t)) <m> forO0<t<m

therefore we can write

J1 =0(J3).

Again using monotonicity of v(t)

C(e® [ [e® f{ w(® ~
2= IT dt = f(tv(ﬂ) dt < v(m) I(m) dt =o(J,)

w©

using the fact )

is positive and non decreasing , we have

Ja= f(w(t)>dt =w("i’1f1) f(l) dt > ‘”(%1)

tv(t L t _—
1 ( ) v (n+1) 1 v (n+1)
n+1 n+1
therefore we can write
I3 = 0(]4)-
So we have
l V=0 —0(” w(®) dt)
IOl = 0Us) = o ([ (55)
Hence
Ea(g) = inflit, Ol = o ([ (£2) a )
Page 817

www.rsisinternational.org


https://rsisinternational.org/journals/ijrsi
https://rsisinternational.org/journals/ijrsi
http://www.rsisinternational.org/

INTERNATIONAL JOURNAL OF RESEARCH AND SCIENTIFIC INNOVATION (1JRSI)
ISSN No. 2321-2705 | DOI: 10.51244/1JRSI |Volume XII Issue V11l August 2025

7 ~
% >
¢ RSIS ~

This completes the proof Theorem 1.

Proof of Theorem 2 — We have from theorem 1

we assume that

E,(g) = inflll,()I; = o (f” (ta)((tt))) dt)

w(t)

() IS positive and decreasing in t then

w(nil)

En(g9) = infl|L,()ll; = o

),

( v(75)
Ee

En(g) = infl|l,()lly = o

En(g9) = infl|ll, (DIl = 0(

En(9) = infllL, (I = o ((%) (n- ;)>

This completes the proof Theorem 2.
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