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ABSTRACT

This paper presents a framework that enables multi-agent systems to learn controllers independently through
integral reinforcement learning while guaranteeing modular stability when connected. The framework addresses
a gap: existing modular control methods require analytical models and cannot handle learned controllers, while
multi-agent learning methods require network coupling during training. The proposed approach combines
Integral Reinforcement Learning for independent training with a Strictly Positive Real transformation via a
Proportional-Integral observer for post-learning certification. We establish necessary and sufficient conditions
for the PI observer construction and prove that SPR-transformed agents achieve output synchronization,
regulation to zero, and global asymptotic stability under strongly connected graphs. Unlike standard passivity-
based coordination that synchronizes to arbitrary constants, the positive definiteness condition required by strict
positive realness ensures regulation to the origin. We derive a performance bound showing that the network
convergence rate and the stability margin depend on the graph topology, the agent dynamics, and the controller
quality. The framework trades local optimality for modular guarantees: controllers optimized for isolated
operation become conservative when connected, but the performance bound quantifies this cost, showing that
better local controllers reduce the penalty. Simulations on 10 heterogeneous agents validate the framework
across 800 Monte Carlo trials, demonstrating that IRL achieves statistical equivalence to optimal LQR despite
20% model uncertainty and unstable agents.
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INTRODUCTION

Multi-agent coordination problems arise in applications such as unmanned aerial vehicle formations, cooperative
robotics, autonomous vehicle platoons, and distributed sensor networks [24]. Designing these systems under
uncertain or time-varying dynamics, distributed implementation, and plug-and-play needs creates trade-offs.
One is between local performance and global coordination. The other is between learning-based methods and
modular stability. Classical centralized optimal control can simultaneously achieve performance, stability, and
coordination when complete system models are available. However, practical multi-agent systems often need
distributed design in which agents are built independently and system models are unknown or inaccurate.
Solving these design problems has led to two distinct research methods with different approaches.

Existing modular control methods guarantee stability and synchronization with agent system structures. Qu and
Simaan developed a passivity-short method enabling agents with bounded passivity indices to achieve plug-and-
play consensus regardless of the network topology [20]. Their framework separates agent-level controller design
(rendering individual agents passivity-short) and network-level distributed control, which needs only agents’
worst-case passivity bounds rather than detailed dynamics models. Arcak established passivity as a modular
design tool, proving that bidirectional coupling of passive components preserves stability and enables distributed
formation stabilizing control with neighbor information [2]. Ren and Beard, and Olfati-Saber and Murray,
proved that topology-agnostic consensus protocols guarantee agreement [18, 23]. Papers [6, 13, 25, 32] achieve
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output synchronization for heterogeneous systems relying on state-space models of agent dynamics. Recent work
extends these ideas through Agarwal et al.’s distributed synthesis using QSR-dissipativity certificates [1],
Tanaka and Langbort’s retrofit control for modular system modifications [27], Lee and Shim’s analysis of
heterogeneous teams under strong coupling [14], and extensions of passivity theory for sampled-data systems
and output consensus [10, 11]. These methods provide modular stability proofs for plug-and-play operation, but
they use only fixed controllers designed from analytical models. When system dynamics are uncertain, time-
varying, or too complex for analytical modeling, these model-based methods become intractable or infeasible.

Existing multi-agent learning methods, in contrast, need network connections during training to achieve
coordination with convergence guarantees. Independent Learning trains agents without coordination and thus
lacks convergence guarantees. Jin et al. show through finite-sample analysis that Independent Learning achieves
only approximate convergence with error terms quantifying agent coupling [9]. Because independent training
fails to guarantee coordination, the field has adopted networked training methods. In the control community,
researchers solve coupled Hamilton—Jacobi equations for coordination using differential graphical games [8, 16,
28-30]. Other RL methods also achieve cooperative output regulation [7] and consensus [34]. In the machine
learning community, Centralized Training with Decentralized Execution methods use value decomposition and
actor-critic architectures [17, 21, 33]. Because these methods achieve coordination through learned behaviors,
network coupling during training is essential. Comprehensive surveys of both communities confirm that network
coupling during training is standard practice and independent learning with coordination guarantees is absent
from the literature [5, 19].

Currently, no framework enables agents to learn controllers independently through reinforcement learning, then
apply a post-learning Strictly Positive Real (SPR) transformation to guarantee modular stability when connected.
This gap exists between modular control theory and multi-agent learning: modular methods cannot handle
learned controllers without an analyzable structure, while learning methods cannot decompose network-coupled
objectives into independent problems that guarantee coordination when composed. The core challenge is
enabling independent learning, which is needed for privacy and scalability, while achieving modular stability
guarantees when agents connect.

This paper presents a three-stage framework that bridges independent reinforcement learning with modular
passivity guarantees. First, each agent trains independently using Integral Reinforcement Learning (IRL) to solve
its Linear Quadratic Regulator (LQR) problem from trajectory data without system models. After training, a
SPR transformation via a Proportional-Integral (PI) observer is applied to each agent, creating a passive output.
Finally, network coupling on the SPR-transformed outputs ensures that agents synchronize, regulate, and remain
stable. This enables independent learning with plug-and-play guarantees. The framework trades local optimality
for modular stability guarantees. Controllers optimized for isolated operation become conservative when
connected, with degradation bounded by the network topology and the controller quality.

This paper is organized as follows. The Preliminaries section reviews IRL and SPR transformation methods.
The Framework Design and Analysis section presents the theoretical results, including conditions for SPR
transformation via a PI observer and multi-agent synchronization, regulation, stability guarantees, and a
performance bound. The Simulations section demonstrates synchronization, regulation, and stability across
network topologies. The Conclusion section outlines future research directions.

PRELIMINARIES
Integral reinforcement learning
Consider the linear time-invariant system
X = Ax + Bu

where x € R" is the state and u € R™ is the control input. The matrices A € R™*" and B € R™*™ are unknown.
We assume (A, B) is stabilizable.
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The LQR problem seeks the control policy that minimizes the infinite-horizon quadratic cost

V(x(to), to) = OO(XT(T)QX(T) +u"(MRu(n) dr (1)

to
with Q > 0, R > 0 and (Q'/?, A) detectable. The optimal control is u(t) = —Kx(t) with
K=R"'BTP
where P is the unique positive definite solution of the algebraic Riccati equation
ATP + PA—PBR™!BTP +Q = 0.

IRL solves the LQR problem without knowing A through policy iteration. Given an initial stabilizing gain K4,
the algorithm alternates between policy evaluation and policy improvement [31].

Policy Evaluation: For the current policy K;, solve for P, satisfying

t+T

xT(D)Px(t) = f xT (1)(Q + KRK)x(t)dt
t

+xT(t+ T)Px(t+T) (2)

for any T > 0 along the closed-loop trajectory X = (A — BK;)x. We solve this equation with a Kronecker
product parameterization [4]. Let X(t) denote the quadratic polynomial basis vector with elements x;(t)xy (t) for
j <k, and let p; be the vector of unknown parameters in P; where off-diagonal elements are 2Py.. Then (2)
becomes

t+T
BT(R(D) — X(t+T)) = f xT (0(Q + KTRK)x(Ddt.  (3)
t

The integral on the right side is measured by augmenting the system with a state V(t) = xT (t)Qx(t) +
uT(H)Ru(t), so the integral equals V(t + T) — V(t). Collecting data at N > n(n + 1)/2 points along a single
trajectory yields the least-squares problem

pi = (XXH~1XY
where
X=[&{ 8 - %], X =% -%t+T),
Y = [d(&y, Ky) d(Xz, Kp) -+ d&n, K)]T

with d(¥;,K;) = ftt+T xT (1)(Q + K[ RK;)x(t)dt. This requires persistent excitation to ensure that XXT is
invertible.

Policy Improvement:
Ki;; = R7IBTR. (4)

The policy update only needs the B matrix in (4). The system A matrix is embedded in the observed states x(t)
and x(t + T), so A is never required. The iteration terminates when || K;;; — K; lI< € for a tolerance € > 0.
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SPR transformation via PI observer

Lemma 1 (Kalman-Yakubovich-Popov [12). ] Let G(s) = C(sI—A) !B+ D be a p X p transfer function
matrix, where (A, B) is controllable and (A, C) is observable. Then, G(s) is strictly positive real if and only if
PA+ATP = —L"L —¢€P
there exist matrices P = PT > 0, L, and W, and a positive constant € such that PB=CT — LTw
wTw =D +DT.

For the special case D = 0, the conditions simplify to the existence of P = PT > 0 and Q > 0 satisfying

PA+ ATP = —-Q —€P
PB = CT.

Lemma 2 ([12). ] The linear time-invariant minimal realization x = Ax + Bu, y = Cx + Du with G(s) = C(sl —
A)"B+Dis

e passive if G(s) is positive real;
e strictly passive if G(s) is strictly positive real.
A PI observer for the system is [3, 26]

X = (A — LpC)X + Lpy + Bu + Bw
w = Li(y — CX)

where & € R™ is the state estimate, w € R™ is the integral term, and Lp € R™P and L; € R™*P are the
proportional and integral gains.

Rmxn

Introducing u = —KX + v where K € is a stabilizing feedback gain and v € R™ is an external input signal,

the system becomes
x = Ax+ B(—K&+v) = (A—BK)x—BKe + Bv (5)
where e : = X — x. The PI observer becomes

X = (A — LpC)X + Lpy + B(—K& + v) + Bw
W = —LICe.

Combining the system and error dynamics, the augmented system is

X
é
w.

Theorem 1 ([22). ] Let the strictly proper transfer function G(s) with m inputs and p outputs be represented by
its state-space realization X = Ax + Bu, y = Cx where (A, B) is controllable and (C, A) is observable. Then,
there exist proportional and integral gain matrices Lp and L;, with stabilizable state-feedback gain K, as well as
a matrix C,., = BT Py, such that the transfer function matrix between input v and new output y = C,., X is SPR.

A—BK -
0 A- ch B
0 —L,C

Augmented system realization

For analysis and multi-agent coordination, we express the augmented system (6) in compact form. Define the
augmented state

g=[xT e wTl"eR¥™™m™
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and the augmented system matrices

A—BK —BK 0
AO = 0 A— LPC B ,
0 ~LC 0
B, =[BT 0o ol
A—LpC

B .
where Ax = A—BKand A, = [ 0] as defined previously.

~L,C

By the construction in [22], there exists P, = Py > 0 satisfying the KYP conditions for the augmented system.
The SPR output matrix is

Co = B¢P,.
The augmented system is

€=AE+Bov, (7)
y =0Co&  (8)

Since e = X — x, we have X = X + e, so the output becomes

X
vy = Co€ = BP, H = BTPg(x + €) = BTPR = Cpe k.
W

The augmented realization (A, By, Cy) realizes the SPR transfer function from v to y described by the system
(A, B, Cnew)-

FRAMEWORK DESIGN AND ANALYSIS
Framework architecture
Consider a network of N agents, each with linear dynamics
X; = Aijx; + Bjy;, i=1,..,N
where x; € R" is the plant state and u; € R™i is the control input. The matrix A; is unknown.

The framework proceeds in three stages. First, each agent applies IRL to learn its optimal LQR controller Kj
from trajectory data. Agents operate independently during this training phase without network connectivity or
communication. The learned K; minimizes the local cost (1).

Second, after training completes, each agent implements a PI observer with augmented dynamics (7) and SPR
output (8).

Third, agents connect via the network coupling. The external input v; from (7) is defined by
Vi = Z ajj (Yj -vi) )
JEN
where V; denotes the neighbors of agent i in the communication graph and a;; > 0 are the coupling weights.

Because agents train independently with v; = 0, the learned controller Kj is optimal only for the isolated system.
When connected, the network input v; # 0 degrades local optimality. The framework trades local optimality for
modular guarantees of stability, synchronization, and regulation.
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Feasibility conditions for SPR transformation
The PI observer construction requires that each agent’s system satisfy specific structural properties.

Lemma 3 (PI Observer Feasibility). Consider the system x = Ax + Bu with output y = Cx. There exist gains
Lp € R™P and L; € R™*P such that the PI observer error dynamics matrix A, is Hurwitz if and only if

1. (A, C) is observable, and
2. rank(CA™!B) = m when A is invertible.

Proof. See Appendix A. O
Remark 1. When A is singular, condition (2) generalizes to rank[’é ]3] = n + m, as shown in Appendix A.

The second condition requires each input channel to influence the measured outputs at steady state. If
rank(CA™1B) < m, the augmented system has an unobservable eigenvalue at s = 0 that cannot be relocated by
any choice of gains, preventing stabilization.

Synchronization and regulation

After SPR transformation, each agent has augmented dynamics (Ag;, Bgj, Co ;) that satisfy the KYP conditions
for strict positive realness. The following result establishes the network behavior under Laplacian coupling.

Theorem 2 (Regulation to Zero). Consider N agents with dynamics after SPR transformation via PI observer:
& = Ag;& + Bovi,
Yi = Coji&i,

and y; € R™i is the SPR output. Assume (Ag;, By, Co,i) is strictly positive real with Ay; Hurwitz. Let the
communication graph be strongly connected with Laplacian L. Under the coupling (9), the network achieves:

where & = [x],el, w[]T € RMusi is the augmented state, v; € R™i is the network input,

1. Output synchronization: lim_,, Il yi(t) — y;(t) lI= 0 for all i, j
2. Regulation to zero: lim;_y;(t) = 0 for all i
3. Global asymptotic stability: The origin & = 0 is globally asymptotically stable

Proof. Since each agent is SPR, by the Kalman—Yakubovich-Popov lemma there exist Py; = Pgi >0and Q; =
Q! > 0 such that

ApiPosi + PoiAg; = —Q;,
Po,iBoi = Coj-

Define the storage function V;(§;) = %E;F Py i&;. Its derivative along the augmented dynamics is
Vi = &Py (A,i& + Bo,ivi)
1
= EE'iF(A'g,iPO,i + PyiAoi)& + Vi vi
1
=-3 & Qi + i vi-

Letp = [py, ..., pn] T be the positive left eigenvector of L satisfying pTL = 0. Consider the weighted Lyapunov
function
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N L&
V= Z pi Vi(§) = Ez Pi & Poi&i.
i=1 i=1

Its derivative is

N N
. . 1. .
VZZPiViZZPi(—EEi QiEi+YiVi>
i=1 =1
N
1 T
= Ezp & QEI-I_ZpIYIVI
i=1

Substituting (9) yields

= z pi ;i (Y] v;— Il vi 1)
ij

1 2
= _Ezpiaij Iy; —v; NI
i

The last equality follows from pTL = 0 and symmetry of the quadratic form [15].

N N N
Z PiYiVi = z Pi Vi z aj; (vj — vi)
=1 =1

Thus

N
. 1 - 1 ,
V= _Ezpigi Qi&i — 3 E pia Il y; —y; I’< 0.
i=1 i

Since V is positive definite and radially unbounded, all trajectories are bounded. By LaSalle’s invariance
principle, the largest invariant set where V = 0 satisfies

pi&i Qi& = 0 forall i,
yi =Yj forall i, j.

Because p; > 0 and Q; > 0, the first condition requires & = 0 for all i. Hence y; = Cy;§; = 0. Therefore, the
origin is globally asymptotically stable, achieving both synchronization and regulation to zero. O

Remark 2. Unlike standard passivity-based synchronization, strict positive realness ensures that A, ; is Hurwitz,
and the Q; > 0 condition ensures that the invariant set equals the origin. This guarantees regulation to zero rather
than synchronization to an arbitrary constant.

Performance degradation bound

While local optimality is lost when agents connect, the following result quantifies the degradation and shows
that controller quality affects network performance. The spectral abscissa o, = maxRe A(A,;) determines the
network stability margin and the convergence rate. Trajectories decay with an exponential rate a,., S0 a more
negative o, indicates faster convergence and larger stability margins.
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Lemma 4 (SPR Output Factorization). Let an augmented agent after PI observer SPR transformation be realized

i = Ag,i&i + Boivi, . . : - .
as g 016+ Bovi with § = [x],e], w{]T € RZM*™Mi and observer estimate &; = X; + e; € R™. Define the

Yi = Coi&i,
selection matrix Sg; = [In;, In;, On,xm;] € RM*@0i+mi) wwhich satisfies &; = Sg;&; and S,A(,iS;{i = 2I,,. By the
SPR construction, there exists a plant-dimension matrix Pg; € R%*™ such that y; = Co;& = B Pg;&; =
(BfPxi)Ssi& V&, (10) hence Co; = (BfPg;i)Sg; € RMi*(Zni*mi)  Consequently, Il Co; ll,<Il Bf Px; Il
Sg,i 2= V2 1| B Pg; Il

Proof. Equality (10) states that the SPR output y; computed from the augmented realization equals the SPR
output from the plant realization with output matrix Cpe,; = Bl Py j acting on X; = Sg;§;. Since the expressions
agree for all & , the output matrices are equal: Cy; = (B;FPK,i)S;(,i . The norm bound follows from

submultiplicativity and || Sg; ll,= /AmaX(Sﬁ'iS;{ )=+2.0

Theorem 3 (Performance Degradation Bound). Consider N agents with augmented dynamics (Ag;, B, Co )
after SPR transformation on a strongly connected directed graph with Laplacian L. The network spectral abscissa
satisfies

Cnet S A5 + KpAmax (Ls)BeV2(Br + Akagr) (1)

where:

o o, = maxReA(A,.) is the spectral abscissa of the network matrix A, = A — B(L & )C with A =
diag(Aoll, 'AO,N)D B = diag(Boll, ey BO,N)’ C = diag(C(),l, ey CO,N)

alocll = max;Amax (He(Ag,)) is the maximum local spectral bound
e Bg =max; |l By; ll; and B¢ = max; || Co; ll, are worst-case system norms

o Lg= %(DpL + LTDp) is the symmetrized Laplacian with D, = diag(p) and p’L=0

* K, = \/ max;p;/min;p; is the graph conditioning factor
* Bkr = max; | RiK] Il; and Ay = max;8; where & =Il BJ (Px; — Pigs) Il2

Here Pg; € R"i*Mi is the plant-dimension matrix from Lemma 4 and P, ; solves the algebraic Riccati equation
for K{ = R 'B{ P

Proof. (i) Spectral abscissa upper bound. For any real matrix M with an eigenvalue A and normalized
eigenvector v, we have v He(M)v = Re(A). Since vIHe(M)v < A, (He(M)) for any normalized v, we obtain
Re(A) < Apnax(He(M)) for all eigenvalues. Taking the maximum gives

Apet =< Amax(He(Anet))'
(ii) Hermitian decomposition. Since A = diag(A,;) is block-diagonal,
He(A,) = diag(He(Ap,1), ...,.He(Agn)) — He(B(L ® I)C).

(iii) Eigenvalue perturbation. For Hermitian matrices A and B, the eigenvalues satisfy A,,x(A —B) <
Amax(A)+I1l B |, by the Weyl perturbation theorem. Applying this yields
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Amax(He(Aner)) < Amax(diag(He(Ao;)))+Il He(B(L & )C) Iz
= miakaax(He(AO'i))Hl He(B(LQ DCOC) I,

= al%%l 1| He(B(L ® DC) ;.
(iv) Weighted Hermitian bound. By Lemma 8 (Appendix B),

|| HC(B(L ® I)C) ”2S KIZJ}\maX(Ls)BBBC-

(v) Bound B¢ using controller quality. From Lemma 4, || Co; lI,< NA BEFPKJ ll,. Adding and subtracting
B;r Pisi gives

Il Bf Pg; ll,<Il B Py Il +1 Bf (Pii — Pigei) Il
=|| RiK;“ I, + §;.

Taking the maximum over all agents yields B¢ < V2(Pgr + Ax.iqr)-
Combining (i)-(v) establishes (11). O

Remark 3. For identical agents, Bg =Il Bo ll,, Bc =l Co Il,, and ol =24 .. (He(Ay)), giving oo <
}\max(He(AO)) + Kf)}\max(]-'s) " BO ”2 \/E(” RK* ”2+ Sspr-lqr)-

Remark 4. The bound separates the performance penalty into graph effects (KSAmaX(LS)), system structure (),

and controller quality (vV2(Bkr + Ax.iqr))- The conditioning factor x,, equals 1 for balanced graphs and grows

with directedness. The term Bxr = max; Il RiK{ Il, depends on the learned controllers, showing that better local
controllers across all agents reduce the network degradation penalty.

Remark 5. This result justifies using IRL to learn optimal Kj rather than arbitrary stabilizing controllers. While
local optimality is lost when agents connect, the bound shows that the controller quality directly affects the
network performance through the kg term. Optimal controllers minimize this penalty, improving the worst-
case network stability margin even in heterogeneous teams.

Framework completeness

The preceding results combine to establish the complete framework guarantees.

Theorem 4 (IRL-SPR Framework). Consider the three-stage framework where each agent:

1. Applies IRL from initial stabilizing gain Ki(l) to learn optimal K7

2. Implements SPR transformation via PI observer using learned Kj

3. Connects via the Laplacian coupling (9)

Assume each system satisfies rank (C;A; *B;) = m; and the communication graph is strongly connected. Then:
1. Local optimality: Each K{ minimizes its local LQR cost for the isolated system

2. Network stability: The coupled network is globally asymptotically stable

3. Synchronization: lim,e, Il yi(t) — v;(t) II= 0 for all i,j

4. Regulation: lim;_,Y;(t) = 0 forall i
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5. Bounded degradation: o, < a9 + KSAmaX(LS)BB\/E (Bkr + Ak-iqgr)

Proof. Property (1) follows from Vrabie’s convergence proof for IRL, which establishes that policy iteration
from any stabilizing initial controller converges to the optimal LQR solution for the isolated system. Properties
(2)-(4) follow from Theorem 2 applied to the post-learning SPR-transformed system. Property (5) follows from
Theorem 3. The rank condition from Lemma 3 ensures that the PI observer construction is feasible. O

Remark 6. The framework achieves independent learning with modular stability guarantees. Agents train
without network connectivity (enabling privacy and scalability), then gain stability guarantees through post-
learning transformation. This separation contrasts with existing multi-agent RL methods that require network
coupling during training.

Remark 7. The framework trades local optimality for modular stability. Locally optimal controllers Kj become
conservative when interconnected because they were designed for v; = 0. Theorem 3 quantifies this trade-off,
showing that better local controllers reduce the performance penalty even after degradation.

SIMULATIONS

Simulation setup

We validate the framework on a network of 10 heterogeneous agents with second-order dynamics X; = A;X; +
B;u; where x; € R? and u; € R. Each agent has an output y; = [1,0]x; and seeks to minimize the local LQR cost
with Q = diag(100,1) and R = 1. The agents have diverse eigenvalues: [0.2, -0.5] (Agent 1, unstable real), [0.2
+ 0.98j] (Agent 2, unstable oscillatory), [-0.3 £+ 0.5j], [-0.4 £ 0.63j], [-0.25 £+ 0.89j] (Agents 3-5, stable
oscillatory), [-0.25, -0.25], [-0.5, -0.5], [-0.2, -0.8], [-0.3, -0.6], [-0.4, -0.5] (Agents 6-10, stable damped). This
diversity demonstrates the framework’s robustness: only stabilizability is required, not stability of the open-loop
systems.

Nominal models from system identification, linearization, or engineering estimates introduce errors. LQR
controllers designed from these nominal models are suboptimal for the true system. For each agent, we create a
nominal model A,,,,; by multiplying each entry of the true A; by a random variable uniformly distributed over
[0.8, 1.2], representing 20% model uncertainty. Following the IRL policy iteration algorithm in the Preliminaries
section, we compute an initial controller K., ; for each agent by solving the LQR problem for A, ;. We then
apply policy iteration starting from this nominal controller to refine it using trajectory data from the true system.
The PI observer gains are designed using A, ; following the PI observer construction in the Preliminaries
section. This setup demonstrates the framework’s robustness to model uncertainty.

The network is tested on two topologies. The ring topology uses directed coupling 1 - 2 - --- - 10 - 1 with
an asymmetric Laplacian. The path topology uses undirected coupling 1 & 2 & --- & 10 with a symmetric
Laplacian. Both topologies are strongly connected as required by Theorem 2. The coupling gain is a = 0.5.
Figure 1 illustrates both communication structures.

Ring Topology

10 oo
€)) (3)

G D
m O

Path Topology

(D=2 (6(TDo(E(9D)000)

Figure 1. Communication topologies. Ring: directed coupling 1 —» 2 = --- - 10 — 1 (unidirectional, all nodes
degree 1). Path: undirected coupling 1 < 2 < .-+ & 10 (bidirectional, interior nodes degree 2). Both use
uniform coupling gain « = 0.5.
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Four controller types are compared. The IRL controller applies policy iteration starting from Ko, ; until
convergence. The LQR controller is the optimal controller for the true A;. The Random controller uses stable
random pole placement. The Aggressive controller uses stable pole placement with poles near —10.

We perform 100 Monte Carlo trials for each controller and topology combination. Initial conditions are drawn
with a radius uniformly distributed over (0, 1] and an angle uniformly distributed over [0, 2m). The simulation
horizon is 30 seconds with a time step of 0.01 seconds. Agents are coupled from t = 0 with no delay. Three
performance metrics are measured: convergence time (time to reach max; || x;(t) [I< 0.001), cumulative control

effort 33; | (;F l u;(t) I? dt, and final synchronization error max;; [ yi(T) —y;(T) II.

RESULTS

Table 1. Statistical Comparison vs LQR (p-values from t-tests, n = 100)

Controller | Sync Error | Effort Peak Dev
IRL p=1.000 | p=1.000 | p=1.000
Random p <0.001 | p<0.001 | p<0.001
Aggressive | p < 0.001 | p < 0.001 | p < 0.001

Table 2. Statistical Comparison vs LQR (p-values from t-tests, n = 100)

Controller | Sync Error | Effort Peak Dev
IRL p =1.000 | p=1.000 | p = 1.000
Random p < 0.001 | p<0.001 | p<0.001
Aggressive | p < 0.001 | p < 0.001 | p < 0.001

Table 1 and Table 2 show a statistical comparison between each controller type and the LQR baseline. IRL
achieves statistical equivalence to LQR with p = 1.000 for synchronization error, control effort, and peak
deviation in both topologies. This validates Theorem 4 property (1): each learned controller K; achieves local
optimality for the isolated system.

Additionally, the learned controllers converge rapidly from the nominal initialization despite 2 agents having
unstable open-loop dynamics, with an error from the true optimal ranging from 2 X 10711 to 4 X 1077, well
within the specified convergence tolerance. The framework demonstrates robustness: IRL achieves optimality
despite 20% model uncertainty in nominal models and the presence of unstable open-loop agents. In contrast,
Random and Aggressive controllers show statistically significant differences from LQR with p < 0.001 for all
metrics.
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Figure 2. Performance metrics. Box plots over 100 trials showing median, quartiles, and outliers. (a) Ring final
synchronization error: IRL/LQR achieve 10712 (machine precision), Random/Aggressive 107°. (b) Ring
control effort: IRL/LQR median 23, Random 203 (9%), Aggressive 535 (23x%). (c) Ring peak deviation. (d)-(f)
Path metrics show identical distributions to ring topology. Controller quality substantially affects performance
despite identical asymptotic behavior.
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Figure 3. Network dynamics. (a) Ring: Mean SPR output y;(t) across 10 agents, where each agent’s trajectory
is the element-wise median across 100 trials, for four controller types. Mean outputs are regulated to zero within
2-3s. (b) Ring: Maximum state norm max; |l x;(t) |l (element-wise median across 100 trials) converges to zero.
(c) Path: Mean SPR output shows identical regulation. (d) Path: Maximum state norm shows identical
convergence. Four curves per panel: IRL, LQR, Random, Aggressive. Validates Theorem 2 properties (2) and
(3): regulation to zero and global asymptotic stability.

Figure 2 panels (a) and (d) show the final synchronization error max;; Il y;(T) — v;(T) Il at T = 30s. For the
ring topology, IRL and LQR achieve median synchronization error of 7.5 X 10712, while Random shows a
larger error of 1.3 X 107> and Aggressive 1.7 X 107°. The path topology shows nearly identical results:
IRL/LQR error 7.5 X 1072, Random error 1.3 X 107>, and Aggressive error 1.7 X 107°. These results validate
Theorem 2 property (1): output synchronization limge Il vi(t) —yj(t) I=0 . All controllers achieve
synchronization asymptotically, but differ in convergence speed, as discussed below.

Figure 3 panels (a) and (c) show SPR output y;(t) averaged across 10 agents, where each agent’s trajectory is
the element-wise median across 100 trials. All controllers achieve regulation to zero: the mean SPR outputs
converge to zero within 2-3 seconds. This validates Theorem 2 property (2): regulation to zero lim_,y;(t) = 0.
The regulation behavior is nearly identical between ring and path topologies.

Figure 3 panels (b) and (d) show the maximum state norm max; || x;(t) Il across all agents, where each agent’s
trajectory is the element-wise median across 100 trials. All trajectories converge to zero, demonstrating global
asymptotic stability of the origin. This validates Theorem 2 property (3): the origin £ = 0 is globally
asymptotically stable. The stability behavior is nearly identical between ring and path topologies. All 800 trials
across both topologies and all controller types achieved regulation and stability. This confirms the framework’s
guarantees depend only on strong connectivity, not specific topological structure.

Figure 2 panels (b) and (e) quantify control effort differences }; [ OT l u;(t) I* dt. For the ring topology, IRL and

LQR achieve median effort of 23.1, while Random shows higher effort of 202.5 (9% worse) and Aggressive
535.0 (23x worse). The path topology shows nearly identical results: IRL/LQR median effort 23.0, Random
199.7, and Aggressive 534.7. Since all controllers converge to equilibrium well before T = 30s, the measured
finite-horizon effort effectively equals the infinite-horizon cost. LQR and IRL were designed to minimize this
cost, which includes the control effort term u”Ru. After network coupling, they lose strict optimality, but remain
qualitatively better than Random and Aggressive, which were never designed for cost minimization. These
differences are statistically significant as shown at the beginning of the results.

Figure 2 panels (c) and (f) show peak deviation of states from equilibrium during the simulation
maXerorymax; Il x;(t) II. IRL and LQR show median peak deviation around 1.3-1.5, while Random and

Aggressive show higher peaks of 2.5-3.3 and 3.0-3.5, respectively. Better controllers keep transient responses
closer to equilibrium. Statistical significance is confirmed in the results.

Table 3. Performance Degradation Bound Validation (10-Agent Ring)

Controller | aper | ad9%@ | Bkr | Amax(Ls) | Bound | Slack
IRL -0.66 | 3.9 10.0 | 0.20 9.6 10
LQR -0.66 | 3.9 10.0 |0.20 9.6 10
Random -0.10 | 36.5 | 51.6 |0.20 53.9 54
Aggressive | -0.04 | 86.2 | 125.1 | 0.20 1244 | 124
Upper bound: ayer < agosal + Kf)}\max(Ls)BB‘/E(BKR + Ag-1qr)
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Ring: unidirectional coupling, all nodes degree 1. k, = 1.0.

Table 4. Performance Degradation Bound Validation (10-Agent Path)

Controller | aper | ad9%@ | Bkr | Amax(Ls) | Bound | Slack
IRL -0.66 | 3.9 10.0 | 0.39 14.9 16
LQR -0.66 | 3.9 10.0 | 0.39 14.9 16
Random -0.10 | 36.5 |51.6 |0.39 70.4 71
Aggressive | -0.04 | 86.2 | 125.1 | 0.39 160.7 | 161

Upper bound: aper < O‘i’ggil + KIZ)}\max(Ls)BB\/E(BKR + AK—lqr)

Path: bidirectional coupling, interior nodes degree 2. k, = 1.0.

Table 3 and Table 4 explain the synchronization error differences observed in Figure 2 panels (a) and (d) through
the Theorem 3 bound. For each controller type, we measure the network spectral abscissa a,.; and verify that
the upper bound holds. Controller quality affects network performance through two mechanisms: better
controllers create more stable augmented systems (lower al9%%) and minimize the coupling penalty (lower Bggr),
as shown in the table values. IRL and LQR have al°% = 3.9 and fgr = 10.0, while Random degrades to
olocal — 36,5 and Bgr = 51.6, and Aggressive further degrades to al% = 86.2 and Byg = 125.1. Better
controllers with lower ol and Byg produce a more negative network a,.: IRL/LQR achieve oy, = —0.66,

Random achieves —0.10, and Aggressive achieves —0.04.

The network spectral abscissa determines the convergence speed. At the finite measurement time T = 30s, the
observed synchronization error reflects convergence progress: IRL/LQR with o, = —0.66 have nearly
completed convergence with an error ~ 10712, while Random with o, = —0.10 and Aggressive with oo =
—0.04 are still converging with an error ~ 1075, as shown in Figure 2 panels (a) and (d).

The measured o, values are identical across topologies despite different Laplacian structures. However, the
bounds differ: path topology bounds are 1.56x larger than ring bounds due to the topology-dependent term
K%?\max(Ls) in Theorem 3. Both topologies have k, =1, but the path’s bidirectional coupling creates
Amax(Ls) = 0.39 compared to the ring’s unidirectional coupling with A, (Ls) = 0.20. The path Laplacian has
interior agents with degree 2, while the ring has all agents with degree 1, directly causing the 2x larger maximum
eigenvalue. Despite these bound differences, actual performance differs by less than 2% between topologies.
This demonstrates the bound’s conservatism: slack ranges from 10x to 161%, with topology affecting
conservatism while actual behavior remains topology-agnostic.

CONCLUSION

This paper presented a framework that enables agents to learn controllers independently through integral
reinforcement learning, then connect with modular stability guarantees. The framework addresses a gap: existing
modular control methods require analytical models and cannot handle learned controllers, while multi-agent
learning methods require network coupling during training. The proposed three-stage approach—independent
IRL training, post-learning SPR transformation via a PI observer, and Laplacian network coupling—achieves
both independent learning and plug-and-play coordination.

The theoretical contributions establish conditions under which this integration succeeds. Lemma 3 provides
necessary and sufficient conditions for PI observer feasibility, requiring observability and sufficient input-output
coupling at steady state. Theorem 2 proves that SPR-transformed agents achieve output synchronization,
regulation to zero, and global asymptotic stability under strongly connected communication graphs. Unlike
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standard passivity-based methods that synchronize to arbitrary constants, the Q > 0 condition required by strict
positive realness ensures that the invariant set equals the origin, guaranteeing regulation to zero. Theorem 3
bounds the network spectral abscissa, which determines the convergence rate and the stability margin, in terms
of the graph topology, the agent dynamics, and the controller quality.

Simulations on 10 heterogeneous agents with diverse dynamics validated the framework. Monte Carlo
experiments across 800 trials demonstrated that IRL achieves statistical equivalence to optimal LQR controllers
despite 20% model uncertainty and unstable open-loop agents. All trials achieved synchronization, regulation,
and stability on both ring and path topologies, confirming topology-agnostic guarantees. Performance metrics
showed that controller quality substantially affects transient behavior and control effort, with optimal controllers
requiring 9-23x lower effort than poorly-designed controllers while all converge to the same equilibrium.

The framework trades local optimality for modular guarantees. Controllers optimized for isolated operation
become conservative when connected because they were designed without network coupling. Independent
training necessitates this trade-off: it enables privacy and scalability but prevents anticipating network effects
during optimization. The performance bound quantifies this cost, showing that better local controllers reduce the
penalty.

Future work includes extending the framework to communication delays. Sequential learning approaches that
refine controllers after connection could recover network optimality while maintaining stability during
adaptation. Adaptive methods that adjust SPR transformation parameters online could reduce conservatism.
Investigating tighter performance bounds or alternative passivity certificates may improve the optimality-
stability trade-off.

Conlflict of Interest: The authors declare no conflict of interest.
APPENDIX A: PROOF OF LEMMA 3

We prove the PI observer feasibility condition.

Reformulation as output injection

The PI observer error dynamics can be written as

Slel=P ok ol =)

Define the augmented system matrices

Aaug C= [3 lg] € R(n+m)><(n+m)’
Cag:=1[C 0] € RPx(n+m),

and the augmented gain
_ LP +m)x
Layg 1 = [LI] € R(M+m)X*p,
Then the error dynamics matrix can be written as
AZ = Aaug - Laugcaug'

This reformulation shows that stabilizing A, is equivalent to placing the eigenvalues of A,,, by output injection
Laug- By pole placement theory, this is possible if and only if (A,ug, Cayg) is Observable.
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PBH observability test

We apply the Popov-Belevitch-Hautus (PBH) test for observability.

Lemma 5 (PBH Test). A pair (A,C) with A € CN*N and € € CI*N is observable if and only if
rank [SI Euq] =N foralls € C.

Applying this to (A,yug Cayg), Observability requires

- Aaug

sl
rank[ ]=n+m foralls € C. (12)

Caug
Casel:s+0

For s # 0, the PBH matrix is
SI J— Aaug Sln - A _B
[ C ] = 0 sliy |-
aug C 0
This matrix has n + m columns and n + m + p rows. We need to show it has full column rank n + m.

Consider the last m columns. These form the submatrix

o

Since s # 0, the block sl;, has full rank m, so the last m columns are linearly independent.

For the matrix to have full column rank n + m, we need the first n columns to have rank n when restricted to a
complementary subspace. The first n columns form

sl, — A
0
C

Removing the zero rows (middle m rows) gives

[

By the PBH test, this has rank n for all s € C if and only if (A, C) is observable. Therefore, condition (12) holds
for all s # 0 if and only if (A, C) is observable.

Case2:s=0

For s = 0, the PBH matrix becomes

0-1—Au [A B
I
aug C 0

The middle m rows are all zeros and do not contribute to the rank. Removing them and multiplying the first n
rows by —1 gives the equivalent rank condition
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A B]_
rankC 0]—n+m. (13)

Equivalence to rank(CA™'B) = m
When A is invertible, we show that (13) is equivalent to rank(CA™'B) = m using Gaussian elimination.
Starting with the block matrix in (13), multiply the first n rows by A™1:
¢ ol~[e %07
C 0

Next, subtract C times the first n rows from the last p rows:
[In A‘lB] ~ [In A™'B

C 0 0 —CA™Bl
The rank of this matrix is n + rank(—CA™!B) = n + rank(CA™'B).
For full column rank n + m, we require

n + rank(CA™'B) = n + m,

which simplifies to rank(CA™1B) = m.

CONCLUSION

Combining both cases, (Ayyg, Cayg) 18 Observable if and only if:

1. (A, Q) is observable (from the s # 0 case), and
2. rank(CA™!B) = m when A is invertible (from the s = 0 case).

Since the spectrum of A, can be assigned arbitrarily by choice of Lp and Ly if and only if (Ayug, Cayg) 18

observable, these conditions are necessary and sufficient for the existence of gains making A, Hurwitz. This
completes the proof of Lemma 3.

Appendix B: Weighted Hermitian Identity For Directed Graphs
This appendix establishes the weighted Hermitian identity used in the proof of Theorem 3.
Commutation identities for block-diagonal scaling

For block-diagonal matrices B = diag(By 4, ..., Bon) and € = diag(Cy 4, ..., Con), and diagonal weighting S =
D;,/ 2 = diag(\/a, ...,/ Pn), the following commutation properties hold:

Lemma 6 (Block-Diagonal Commutation). For appropriately sized identity matrices on input, state, and output
(S ® Istate)B = B(S ® Iinput)'

Spaces:
P (S ® Ioutput)e = G(S ® Istate)'

Proof. On block i, the scalar s; = \/E commutes with any matrix: (s;I)B; = B;(s;) and (s;I)C; = Ci(s;]).
Lifting via Kronecker product & I preserves these equalities across all blocks. O
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Change of variables in weighted operator norms

Lemma 7 (Invariance under Change of Variables). LetS = Dll,/ ? and define the weighted norm on R™ by ||
zlp,: =l (S ® Dz ll,. For any linear operator C, its induced norm in the weighted metric is || C Ip,:= sup |
Izlip,=1

Cz llp,- Under the change of variables Z:=(S@® Dz, I C Ip,= sup |l SR®DCSTR®DZIL=I (S®
I1Z
DEES™'RD) Iz

Z"2=1
Proof. By definition, || C o, = supys@nzi,=1 I (S®DCz ;. SetZ:= (S Dz. Since S Q I is invertible, this
mapping is bijective with || (S ® Dz ll,=Il Z I, and (S ® DCz = (S ® 1)C(S! ® I)Z. The constraint || z o, =

1 becomes || Z ll,= 1, and the supremum over the weighted unit sphere equals the supremum over the Euclidean
unit sphere of the similarity-transformed operator. O

Weighted Hermitian bound for heterogeneous agents

Lemma 8 (Weighted Hermitian Identity for Heterogeneous Agents). Let B = diag(Bg 4, ...,Bon) and C =
diag(Cyp 1, ...,Con) be block-diagonal matrices with potentially different block sizes. Define the weighted

Hermitian operator Her®I(M) 1= % ((Dp ® DM + MT(Dp ® 1)) and the weighted operator norm || X lip, =l
(S®DX(S™' ®1) Il, where S = D3/,

For M = B(L ® DC, | Hep g1(M) llp, < Amax(Ls) Il Dy/B Il €D, 2 1l (14)

Consequently, converting to Euclidean norm via | X ll,< xp, | X ip,, He(M) I, < K%AmaX(LS)BBBC (15)

where Bg = max; Il By ll, Bc = max; Il Coj Il;, and x, = \/maxipi/minipi.

Proof. For test vector z with || z llp,= 1, define u = (S® DBTz and v = (S~ ® I)Cz. By the commutation
identities from Lemma 6, the quadratic form satisfies

z"Hep, g1(M)z = Re(u" (SLS™* ® I)v).

Define Mg = He(SLS™1) = S™TL¢S™? = 0. Applying Cauchy-Schwarz with respect to the semi-inner product
induced by Mg & I yields

Re(uT(SLS™T @ I)v) < v/ (uT(Ms ® Du)(vT(Ms ® Dv)
< Amax(Mg) T u izl v 1,
. 1/2 -1 -1/2
Since Il ull,<I SB Il z =1 D,/*B Il zll, and [l vI,<ICS™ Il zll,=l €D, " Il zll, , and
Amax(Ms) = }\max(S_TLsS_l) <l st ”% Amax(Ls), we obtain

|2 Hep, @i(M)z| <Il S7% 13 Amax(Ls) Il Dy *B lloIl €D, 11,1 2 113,
Working in the weighted norm where || z o, = 1 implies || z ll,<Il S Il,, and passing to the induced operator

norm yields

1/2 -1/2

I Hep, @1(M) llp, < Amax(Ls) Il Dy""B li2ll €D, " li2,

establishing (14).

For block-diagonal matrices, || D;/ZB I,< ,/max;p;Bg and || C’D;,l/2 I, < Bc/+/min;p; . Converting to
Euclidean norm via || X [I,< x, I X IIDp gives
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BeBc

/m_inpi
1

I HC(M) ||2S Kp}\max(]-'s) miaxpi

= KIZJ}\maX(Ls) BeBc,

establishing (15). O

Remark 8. The weighted Hermitian operator Hep w1 arises in Lyapunov analysis for directed graphs. For

heterogeneous agents, the factorization identity from the homogeneous case does not hold, but the operator norm
bound remains valid through the variational Cauchy-Schwarz approach.
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