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ABSTRACT

We present a computational framework for deriving and verifying analytical solutions of nonlinear wave
equations using the symbolic system MathHandbook.com. The nonlinear PDE

yit —Ay +cy*=0

is reduced via automated Lie symmetry methods, yielding ordinary differential equations solvable in terms of
Weierstrass elliptic functions. The workflow integrates PDE-to-ODE reduction, symbolic integration, solution
reconstruction, and verification through symbolic residuals and numerical sampling. This demonstrates the role
of symbolic computation as both an analytical engine and a diagnostic tool, complementing numerical simulation
in mathematical physics. We found a relationship between the defocusing and focusing solutions, which reveals
the observed symmetry directly from the mathematical structure of the PDE.

INTRODUCTION

Symbolic computation has become a key tool in mathematical and computational physics [1-2], enabling
automated discovery, manipulation, and verification of exact solutions to differential equations. While nonlinear
PDEs are traditionally addressed through numerical methods, exact analytical solutions—when available—
provide benchmark data, insight into qualitative behavior, and validation tests for numerical solvers [3-5].

This work situates symbolic computation within the broader landscape of mathematical physics, emphasizing its
dual role: (1) as a rigorous analytical engine capable of producing closed-form solutions, and (ii) as a diagnostic
tool for verifying numerical schemes. By focusing on nonlinear wave equations, we illustrate how symmetry-
based reduction [1-2] and elliptic-function solutions [3-4] can be systematically derived and validated.

MathHandbook.com extends earlier systems such as SymbMath by integrating a modern symbolic engine, PDE
solvers, Lie symmetry detection, and verification tools. This paper presents a full workflow for solving nonlinear
wave equations and reconstructing exact solutions automatically. This article focuses on areas of research that
illustrate the application of mathematics to problems of nonlinear wave equations in physics, the development
of mathematical methods for such applications, and for the formulation of physical theory.

Computational Framework

PDE Input

The system detects variables, derivatives, and nonlinear terms. For the equation
yi—Ay +ey’=0

the quadratic nonlinearity makes it suitable for symmetry reduction. Here y: R'"? — C is the unknown field; A
is the Laplace operator of d-dimensional space, and ¢ is a constant. The cases ¢ = 1 (defocusing) and ¢ = —1
(focusing) correspond to distinct physical regimes.
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Symmetry Reduction

The system applies Lie symmetry algorithms to determine invariants [1-2]. The translations in time and in each
spatial coordinate generate the traveling-wave invariant variable

u=V+d) t+x1 + x2 + ... + x4

Substituting the ansatz y(t, Xx) = Y(u) into the PDE gives yx = (1+d) Y" and Ay = d Y" (each spatial second
derivative contributes one Y"), so the linear terms combine as (1+d)Y" — dY" = Y". The factor V(1+d) is chosen
precisely so that the d-dimensional PDE collapses to the single second-order ODE

Symbolic ODE Solving
The reduced ODE
Y'(w)+cY?=0

is a Weierstrass-type equation. The standard identity (p')* = 40° — 2240 — g3 gives, on differentiation, " = 64°
— g2/2; with g2 = 0 the two relations become consistent, and the solutions admit the compact form with ¢ ==£1:

Y(u)=-6¢c p(Ci£u;0,C2)

where g denotes the Weierstrass elliptic function, in the two branches of the + sign the profiles are, for c = 1
(defocusing), Y(u) = —6p(Ci £ u; 0, C2) with Y" + Y? =0, and for ¢ = —1 (focusing), Y(u) = +64%(C: £ u; 0, C2)
with Y" — Y? = 0; each is a solution on every interval of u free of poles of ¢, where the residual of the reduced
ODE vanishes identically [3-4], while Ci and C: are the constants of integration.

Reconstruction

After solving the reduced ODE, the system reconstructs the full PDE solution by substituting the traveling-wave
invariant u (Section 2.2) back into y = Y(u). The general d-dimensional solutions are, for the defocusing case (c

=1):

y'(t,x) = -6 @(C1 £ (N(1+d) t + x1 + X2 + ... + Xd) ; 0, C2)
focusing case (c = —1):

y(t,x)=6 @(C1 £ (V1+d) t+x:1 + X2 + ... +Xd) ; 0, C2)

where y* (prefactor —6, ¢ = 1) solves the defocusing nonlinear wave equation and y~ (prefactor +6, ¢ =—1) solves
the focusing nonlinear wave equation; the inner + sign enumerates the two directions of propagation along the
invariant u.

Verification Tools

The online symbolic computational system MathHandbook.com [13-14] is used for symbolic verification [15],
numerical sampling [5], and visualization [3-4] to rigorous checks.

Symbolic Verification

The test( ) command checks the residual of the PDE analytically. A zero residual confirms the solution exactly
satisfies the equation [1-2].

Numerical Verification

The ntest( ) command evaluates the PDE numerically at random sample points in the domain, providing
additional assurance of correctness in non-symbolic contexts [5].
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Visualization Tools

Graphical tools such as plot2D and plot3D reveal periodic structure and phase behavior of elliptic-function
solutions, which enhances physical interpretation.

Examples
Several examples are provided to demonstrate practical usage within MathHandbook:

e (I+1)-Dimensional defocusing example:
y(t, x) = -6 (C1 £ (\2 t+x); 0, C2)
e (14+3)-Dimensional defocusing example:
y(tx,u,v)=-6 @(Ci=(2t+x+u+v);0,Co)
e General (1+d)-Dimensional Case:

The solver determines the scaling factor automatically.

DISCUSSION

Symbolic computation provides benchmarks [6-8], qualitative insight [3-4], and educational accessibility [1-2].
Future directions include hybrid symbolic-numeric solvers [9-10]. Symbolic computation enables automated
derivation of closed-form solutions in nonlinear PDEs. It also provides rigorous checks via symbolic algebra,
supports multi-dimensional analysis, and reveals structural relationships such as symmetry-induced duality
between defocusing and focusing solutions.

Symbolic computation provides several advantages in mathematical physics:

e Benchmarking numerical solvers: Exact solutions serve as reference data for finite-difference, finite-
element, and spectral methods.

o Insight into qualitative dynamics: Elliptic-function solutions reveal oscillatory and blow-up regimes that
are difficult to capture numerically.

o Automation of workflow: By integrating symmetry detection, solution reconstruction, and verification,
symbolic systems reduce human error and accelerate discovery.

e Educational impact: Automated derivations make advanced PDE techniques accessible to students,
bridging the gap between abstract theory and mathematical practice.

e Future directions: Extending symbolic computation to coupled nonlinear systems, stochastic PDEs, and
hybrid symbolic-numeric solvers could broaden its applicability.

Analytical Structure and Stability

We analyze the energy, linear stability, phase-plane dynamics, and blow-up behavior of the similarity solutions
obtained in Sections 2-4, comparing the defocusing and focusing regimes [11-12].

Energy and Hamiltonian Structure

The nonlinear wave equation possesses a natural formal energy functional combining kinetic, gradient, and
potential terms: E(t) = 4J(y2 + [Vy[?) dx + (c¢/3)] y* dx, conserved along smooth solutions because dE/dt = | yi(yu
— Ay + ¢ y?) dx = 0. Since the potential term (c/3)] y* dx is cubic in y, E is neither bounded below nor coercive
for either sign of c; this indefinite structure is consistent with the Weierstrass profiles of Section 2, which are
singular at the poles of . Hence the sign of ¢ alone does not settle the global-existence question: in the focusing
case ¢ < 0, finite-time blow-up of smooth solutions is a classical result [11], while in the defocusing case ¢ > 0,
small-data global existence is classical [12], the precise regime depending on the dimension d.
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Linear Stability

Perturbing an exact profile yo = Y(u) by y = yo + £ 1 and linearizing the reduced ODE gives " + 2¢ Y(u) n =0.
Substituting Y = —6¢go, the effective potential becomes 2cY = —12¢%*p = —12¢(u; 0, Cz), which is independent
of the sign of c. The linearized equation is therefore a Hill-type equation with an elliptic, pole-singular
coefficient; a rigorous stability statement requires a Floquet analysis of this non-constant-coefficient problem,
which we do not claim here [3-4]. The sign of the effective potential 2¢ yo alone does not determine stability:
the linearization is a genuinely non-constant-coefficient problem even for the simplest similarity solutions.

Phase-Plane Dynamics
Multiplying the reduced ODE by Y' and integrating gives the first integral
BY'2+(c3) Y =C

In the defocusing case (¢ = 1) this reads 2Y"? — (1/3)Y? = C, and in the focusing case (¢ = —1) it reads 2Y" +
(1/3)Y? = C. The real level curves describe the phase-plane trajectories of the reduced dynamics, and the
Weierstrass parametrization of these trajectories follows directly from the algebraic curve [3-4].

Blow-Up vs Global Existence

Both the defocusing and the focusing similarity profiles Y(u) = —6¢cg(u; 0, Cz) are meromorphic and develop
moving double poles where g tends to infinity, so singularity formation is possible for either sign of c. Whether
a given Cauchy datum leads to global existence or to finite-time blow-up therefore depends on the sign of ¢, the
dimension d, and the data; this is the classical regime analysis of nonlinear wave equations [11-12].

Relationship between Defocusing and Focusing Solutions

y+(t>X) =- y-(tax)

The above relationship reveals a structural duality, induced by symmetry, between defocusing and focusing
solutions, demonstrating that observed symmetry is a direct consequence of the governing PDE.

CONCLUSION

We presented a complete symbolic workflow for solving nonlinear wave equations using MathHandbook.com.

The integration of symmetry reduction, elliptic-function solving, visualization, and automated verification makes

it a powerful environment for research and education in mathematical physics. Beyond producing exact solutions,
symbolic computation enriches the methodological toolkit of mathematical physicists, complementing numerical

simulation and deepening theoretical understanding.
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