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ABSTRACT

In this paper, we made an attempt to study the algebraic nature of an anti ( T,S ) —fuzzy ideals of a hemiring
and its properties.
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INTRODUCTION

In universal algebra, hemirings generalize classical rings by relaxing the requirement of additive inverses. A
hemiring (R, +,.) consists of a commutative additive semigroup and a multiplicative semigroup satisfying the
distributive laws, with a zero element that is absorbing under multiplication. The introduction of fuzzy set
theory by Lotfi A. Zadeh provided a framework for handling uncertainty, which was subsequently extended to
algebraic structures through the study of fuzzy ideals in hemirings. Further generalizations using triangular
norms (T') and triangular conorms () led to the development of (T, S) —fuzzy structures. Anti-fuzzy concepts,
which emphasize non-membership behaviour, provide another important extension of fuzzy ideal theory.
Motivated by these developments, this paper studies anti (T,S) —fuzzy ideals of hemirings and establishes
their fundamental properties and related results.

PRELIMINARIES

1.1 Definition: A (T,S) —norm is a binary operations T: [0,1] X [0,1] — [0,1] and S:[0,1] x [0,1] = [0,1]
satisfying the following requirements:

(1) T(0,x) =0, T(1,x) = x (boundary condition)

(1) T(x,y) = T(y, x) (commutativity)

(1) T(x,T(y,z)) = T(T(x,y), z) (associativity)

(iv)ifx < yand w < z, then T (x,w) < T(y, z) (monotonicity)
(v) $(0,x) = x,5(1,x) = 1 (boundary condition)

(vi) S(x,y) = S(y, x) (commutativity)

(vil) S(x,S(y,2)) = S(S(x,), z) (associativity)

(viil) if x < y and w < z, then S(x, w) < S(y, z) (monotonicity).
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1.2 Definition: Let (R, +,.) be a hemiring. A fuzzy subset A of R is said to be an anti (T,S ) —fuzzy ideal
(anti fuzzy ideal with respect to ( T, S ) —norm) of R if it satisfies the following conditions:

(1) paCx + ) < S(ua(x), pa (),
(i1) pa(xy) < T(ua(x), ua(y)), for all x and y in R.

1.3 Definition: Let A and B be fuzzy subsets of sets G and H, respectively. The anti-product of A and B,
denoted by A X B, is defined as A X B = {{(x, V), haxg(x,y))| for all x € G and y € H}, where puyup(x,y) =

max{p(x), ug(¥)}.

1.4 Definition: Let A be a fuzzy subset in a set S, the anti-strongest fuzzy relation on S, that is a fuzzy relation
on A is V given by uy (x,y) = max{u,(x), ua(y)}, forall x and y in S.

1.5 Definition: Let R and R’ be any two hemirings. Let f:R — R’ be any function and A be an anti

(T,S) —fuzzy ideal in R, V be an anti (T,S ) —fuzzy ideal in f(R) = R’, defined by uy (y) = inf puu(x),
x€f~1(y)
forall x € R,y € R’. Then A is called a preimage of V under f and is denoted by f1(V).

1.6 Definition: Let A be a fuzzy subset of X. For  in [0,1], the lower level subset of A is the set A, = {x €
Xl pa(x) < a}

PROPERTIES

2.1 Theorem: Let (R, +,.) be a hemiring. If A and B are two anti ( T,S ) —fuzzy ideals of . Then A U B is an
anti (T,S ) —fuzzy ideal of R.

Proof: Let x,y € R. Let A = {(x,us(x))|x € R} and B = {{x, ug(x))|x € R} be anti (T,S) —fuzzy
ideals of a hemiring R. Let C = AU B and C = {{x, uc(x))|x € R}, where uc(x) = max{us(x), ug(x)}.
Now, pe(x +y) = max{us(x + y),up(x +y)} < max {S(ua(x), ua(y)),S(up(x), up(y))} <
SSa(x), up(x)), S(a), up(¥))) = S(tic(x), tc(¥))- Therefore, uc(x +y) < S(uc(x), uc(y)), for
all x and y € R. And, pc(xy) = max{us(xy), up (xy)} < max{T (us(x), ua()), T(up(x), up(¥))) <

T(T(pa(x), up()), T (a(¥), 5 (¥))) = T (e (%), e (¥)). Therefore, puc(xy) < T(uc(x), pc(y)), for
all x and y € R. Therefore C is an anti (T,S) —fuzzy ideal of a hemiring R. Hence A U B is an anti

(T,S) —fuzzy ideal of the hemiring R.

2.2 Theorem: Let (R, +,.) be a hemiring. The union of a family of anti (T,S ) —fuzzy ideals of R is an anti
(T,S) —fuzzy ideal of R.

Proof: The argument is trivial.

2.3 Theorem: Let A and B be anti ( T,S ) —fuzzy ideals of the hemirings G and H, respectively. If A and B are
anti (T,S ) —fuzzy ideals, then A X B is an anti (T, S ) —fuzzy ideal of G X H.

Proof: Let A and B be anti (T, S ) —fuzzy ideals of the hemirings G and H respectively. Let x4, x, be in G
and y;,y, be in H. Then (x;,y,) and (x,,y,) are in G X H. Now, puxgl(x1,y1) + (x2,v,)] =
Haxp (X1 + X2, V1 +¥2) = max{ua(x; + x2), up(y1 +y2 )} < max{S(.uA(xl)'.uA(xZ))rS(HB (1),
#B(Yz))} S S WaCer), (1)), S(pa(x2), up(¥2))) = S(axs (X1, Y1), haxs (X2, ¥2))- Therefore,
taxp [(X1,¥1) + (X1, ¥2)] < S(axs (X1, Y1), axp (X2, ¥2)). Also, paxp[(x1,¥1) (X2, ¥2)] = taxp(x1x2,
y1Y2) = max{T (us(x1x2), up(¥1¥2))} = max{us(xzx1), up(V2y1)} = taxp (X2x1,¥2y1) =

MAXB[(xZIyZ)(xlryl)]' Thereforea lleB[(xl,)ﬁ)(xz;}’z)] < #AxB[(xz,}’2)(x1,3’1)]- Hence A X B iS an
anti (T,S ) —fuzzy ideal of G X H.
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2.4 Theorem: If A is an anti (T,S) —fuzzy subhemiring of a hemiring (R, +, *), then py(x) = u,(0), for
x € R, thezero 0 € R.

Proof: For x € R, and 0 is the zero element of R. Now, p4(x) = pa(x + 0) < S(ua(x), ua(0)), for all x € R.
So, pa(x) = p4(0) is only possible.

2.5 Theorem: Let A and B be anti ( T,S ) —fuzzy ideal of the hemirings R; and R, respectively. Suppose that
0, and 0, are the zero element of R; and R, respectively. If A X B is an anti (T,S ) —fuzzy ideal of Ry X R,,
then at least one of the following two statements must hold.

(i) B(0,) < A(x), for all x in Ry,
(i) A(0;) < B(¥), for all y in R,.

Proof: Let A X B be an anti (T, S) —fuzzy ideal of R; X R,. By contraposition, suppose that none of the
statements (i) and (ii) holds. Then we can find a in R; and b in R, such that A(a) < B(0,) and B(b) <
A(0;). We have, A X B(a,b) =max{A(a),B(b)} < max{B(0;), A(0;)} = max{A(0,),B(0,)} =
A X B(04,0;). Thus A X B is not an anti (T, S) —fuzzy ideal of R; X R,. Hence either B(0, ) < A(x), for
all x in Ry or A(0,) < B(y), forall y € R,.

2.6 Theorem: Let A and B be two fuzzy subsets of the hemirings R; and R, respectively and A X B is an anti
(T,S) —fuzzy ideal of R; X R,. Then the following are true:

(i) if A(x) = B(0;), then Ais an anti (T,S ) —fuzzy ideal of R;.

(i) if B(x) = A(04), then B is an anti ( T, S ) —fuzzy ideal of R,.
(iii) either A is an anti ( T,S ) —fuzzy ideal of Ry or B is an anti ( T, S ) —fuzzy ideal of R,.

Proof: Let A X B be an anti (T,S) —fuzzy ideal of R; X R, and x, y € Ryand 0, € R,. Then (x, 0,) and
(y,0,) € Ry X R,. Now, using the property that A(x) = B(0,), for all x € R;. We get, A(x +y) =
max{A(x +y),B(0; + 0,)} = Ax B((x + ), (0, + 05)) = A x B[(x,0,) + (¥,0,)] < S(4 x
B(x,0,),A X B(y, 02)) = S(max{A(x),B(0,)}, max{A(y), B(0;,)}) = S(A(x),A(y)). Therefore,
Alx+y) <S (A(x),A(y)), for all x and y € R;. Also, A(xy) = max{A(xy),B(0,0,)} = A X B((xy),
(020,)) = A X B[(x,02)(¥,02)] < T(A X B(x,03),A X B(y,03)) = T(max {A(x), B(0;)}, max{A(y),
B(03)}) =T(A(x),A(y)). Therefore, A(xy) < T(A(x),A(y)), for all x and y € R;. Hence A is an anti
(T,S) —fuzzy ideal of R;. Thus (i) is proved. Now, B(x) = A(0,), for all x € R,, let x and y in R, and
0; € Ry. Then (04,x) and (04,y) € Ry XR,. We get, B(x +y) =max{B(x+y),A(0; +0,)} =
max{A(0; +0,),B(x+y)} =AXB((04 +01),(x +y)) =AXB[(04,x) + (04,¥)] < S(A X
B(04,x),A X B(04,y)) = S (max{A(0,), B(x)}, max{A(0,), B(y)}) = S(B(x), B()).

Therefore, B(x + y) < S (B(x),B(y)), for all x and y € R,. Also, B(xy) = max{B(xy),A(0, 0,)} =
max{A(0; 01), B(xy)} = AXB((0101), (xy)) =AXB[(01,%)(01,¥)] ST(A X B(04,x),A X
B(04,y)) = T(max{A(0,), B(x)},max{A(0,),B(y)} = T(B(x),B(y)). Therefore, B(xy) <
T (B(x),B(y) ), forall x and y € R,. Hence B is an anti (T,S) —fuzzy ideal of a hemiring R,. Thus (ii)
is proved. (iii) is clear.

2.7 Theorem: Let A be a fuzzy subset of a hemiring R and V be the anti-strongest fuzzy relation on R. Then A
isan anti (T,S ) —fuzzy ideal of R if and only if V is an anti ( T, S ) —fuzzy ideal of R X R.

Proof: Suppose that A is an anti (T,S) —fuzzy ideal of a hemiring R. Then for any x = (x,x;) and y =
(yuy2) ERXR. We have, py(x+y)= pyllx,x2) + oyl = py(x+ y1,22+y,) =
max {us(xq + y1), ua(xz + y2)} < max{S(ﬂA(M):ﬂA(}ﬁ));S (IJA(xz)'IJA(}’z))} < S (max {py(xq),

pa(xx)}, max {pa(y1), pa(y2)}) =S (.UV(xlfo)f llV()’l:h)) = S(uy(x), uy(y)). Therefore, uy(x +
y) < S(uy(x),uy(y)), for all x and y€RXR. And, puy(xy)=puy[(x1,%2) V1, ¥2)] =
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ty (X1 Y1, X2¥2) = max{ s (x1y1), pa(x2y,)} < max{T(HA(M),HA(Yl))' T(HA(xZ):ﬂA(YZ))} <

T (max{ pa(x1), pa(x2)}, max{pa (1), pav2) 1 = T (v (X1, %2), iy 1, ¥2)) = Ty (), 1y (0))-
Therefore, puy(xy) < T(uy(x),uy(y)), for all x and y € R X R. This proves that V is an anti

(T,S) —fuzzy ideal of R X R. Conversely assume that V' is an anti (T, S) —fuzzy ideal of R X R, then for
any x = (x1,%;) and y = (¥1,¥2) € RXR, we have, max{u,(x; +y1),4,(xz + y2)} = py (%1 +
Vi Xz +¥2) = py[(xp,x2) + py)l = v (x+ ¥) < S (uy (0, wy(y)) =

S (uy (x1,%2) , v (Y1, ¥2)) = S (max{ ﬂA(xl)»ﬂA(xz)}» max{ ﬂA(Y1)'ﬂA(3’2)})~ If x,=0,y, =0, we
get, w,(x1+y1) <S8 (u,(x1), 4,(y1)), for all x; and y; € R. And, max{u,(x1y1), 1, (x2¥2)} =
by (X1Y1,%2Y2) = py[(er, x2) V1, ¥2)1 = pvr(xy) < T (py (), v (V) = T (py (x4, x2), iy V1, ¥2)) =

T (max {/JA(xl)uuA(XZ)}' max{ﬂA(Jﬁ)»ﬂA()’z)})-If x; =0y, =0, we get ,UA(X1Y1) =
T(yA (xl),yA (y1)), for all x; and y; € R. Therefore A is an anti (T, S) —fuzzy ideal of R.

2.8 Theorem: Let A be an anti (T, S) —fuzzy ideal of a hemiring (R, +,.). If £, (x + y) = 1, then either
uy(x) =1loru,(y) = 1,forall xandy € R.

Proof: The argument is trivial.

In the following theorems o is the composition operation of functions:

2.9 Theorem: Let A be an anti ( T, S ) —fuzzy ideal of a hemiring H and f be an isomorphism from a hemiring
R onto H. Then A o f isan anti ( T,S ) —fuzzy ideal of the hemiring R.

Proof: Let x,y in R and A be an anti (T,S ) —fuzzy ideal of a hemiring H. Then we have, (4, f)(x +
V= (fGx+y))=up, (f)+fFO)) < S, FO 1, (FOD)) < Sy D, Caty . D).

And, g, (y) = p, (f(xy)) = n, (fFOfFOD) = Tw,(fF), 1y (FO))) = T((1y.,
)(x), (uy, f)(y) ). Then, clearly Ao f isan anti (T ,S) —fuzzy ideal of a hemiring R.

2.10 Theorem: Let A be an anti (T,S ) —fuzzy ideal of a hemiring H and f be an anti-isomorphism from a
hemiring R onto H. Then A o f is an anti (T, S ) —fuzzy ideal of the hemiring R.

Proof: Let x,y in R and A be an anti (T,S ) —fuzzy ideal of a hemiring H. Then we have, u,, f(x +
Y) =, (f(x+y)) =1, (f) + f()) = S, (F () )y s, F ) = Sy, D), (g, ())-

Now, s, -(xy) = p,(f (xy)) = 1, F DN F (0)) < T, (f ) 1, (f (WD)) < T((pty ) ), (1, ) (0))-
Then, clearly A o f is anti (T,S ) —fuzzy ideal of the hemiring R.

2.11 Theorem: Let A be an anti (T,S) —fuzzy ideal of a hemiring (R, +,.). Then the pseudo anti
(T, S) —fuzzy coset (aA)P is an anti (T, S) —fuzzy ideal of a hemiring R, for every a in R.

Proof: Let A be an anti (T,S) —fuzzy ideal of a hemiring R. For every x and y € R, we have,
((au,)")(x + ) = p(@u, (x + ¥) < p(@)S(u, (), 1,1)) = SP(@) 12, (), P2, () =

S (((ap)P) (), ((ap,)?) (v)). Therefore,  ((au,)P)(x + y) < S(((ar,)?)(®), ((ar,)?)(¥))-Now,
(ap,)P)xy) = p(@ 1, (xy) < p(@T (1, (), 1, (1)) = T(P(@) 1, (), P(@pt, ) =

T(((au)P)(x), ((ar,)P)(¥)). Therefore, ((au,)?)(xy) < T(((ap,)?)(x), ((ar,)?)(y)).  Hence
(aA)? is an anti (T, S) —fuzzy ideal of a hemiring R.

2.12 Theorem: The homomorphic image of an anti (T,S) —fuzzy ideal of a hemiring R is an anti
(T,S) —fuzzy ideal of a hemiring R’.

Proof: Let (R, +,.) and (R’, +,.) be any two hemirings. Let f: R—>R’ be a homomorphism. Then, f(x +
y) = f(x)+ f(y) and f(xy) = f(x)f(y), for all x and y € R. Let V = f(A), where A is an anti

Page 2682 . .
www.rsisinternational.org


https://rsisinternational.org/journals/ijrsi
https://rsisinternational.org/journals/ijrsi
http://www.rsisinternational.org/

INTERNATIONAL JOURNAL OF RESEARCH AND SCIENTIFIC INNOVATION (IJRSI)
ISSN No. 2321-2705 | DOI: 10.51244/1JRSI [Volume XIII Issue VIII August 2026

(T,S) —fuzzy ideal of R. We have to prove that V is an anti (T,S) —fuzzy ideal of R’. Now, for
W FO)ER . i, (FC) +FO)) =, (FCx +9)) < 1, (x +) < S, (x), 1,(»)). which implies
that g, (F () + FO)) < SCut, (F), 1, (FOD)). Again, 11, FF ) = 1, (F () < s, (xy) <
T(u,(x), 4,(y)), which implies that g, (f(X)f(¥)) < T(x,(f (%)), £4,(f(¥))). Hence V is an anti
(T,S) —fuzzy ideal of R'.

2.13 Theorem: The homomorphic pre-image of an anti (T,S) —fuzzy ideal of a hemiring R’ is an anti
(T,S) —fuzzy ideal of a hemiring R.

Proof: Let (R,+,.)and (R',+,.) be any two hemirings. Let f : R - R’ be a homomorphism. Then,

fx+y) = f(x) + f(y)and f(xy) = f(x)f(y), forall xand y € R.LetV = f(A), where V is an
anti (T,S) —fuzzy ideal of R'. We have to prove that A is an anti (T,S) —fuzzy ideal of R. Let x and y €

R. Then, py(x+ y) = p,(f(x+y) =1, (FX) + f(¥) = S, (f (), 1, (V) =
S(uy (), 11,()), which implies that sz, (x + ¥) < S(ut, (), 1, ). Again, g, (xy) = 11, (f(xy)) =
ty,(FCOf(V)) = Ty, (F (), 11, (F D)) = T (py (x), 12, (¥)),  which  implies  that  z,(xy) <
T (u,(x), 1, (y)). Hence A is an anti (T, S) —fuzzy ideal of R.

2.14 Theorem: The anti-homomorphic image of an anti (7T,S) —fuzzy ideal of a hemiring R is an anti
(T,S) —fuzzy ideal of a hemiring R'.

Proof: Let (R, +,.) and (R',+,.) be any two hemirings. Let f: R—>R’ be an anti-homomorphism. Then,
fx+y)=f()+f(x)and f(xy) = f(¥)f(x), for all x and y in R. Let V = f(A), where 4 is an anti
(T,S) —fuzzy ideal of R. We have to prove that V is an anti (T,S) —fuzzy ideal of R’. Now, for
f,f(¥) in R, w,(f)+f) =1, fFY +x)) = 1,y + ) =< S, ¥), 1, (%)) =
Sty (), 1, (1)), which —implies that 4, (f(x) + f(¥)) =< S(, (f (0)), 14, (f (¥))).  Again,
ty (FCOf(V)) = 4, (f %)) < p, () < T (), 12, (X)) = T (1, (%), 11, (¥)), which implies that
t,(fFCOf () < T, (f (%), 4,(f (¥))). Hence V is an anti (T, S) —fuzzy ideal of R'.

2.15 Theorem: The anti-homomorphic pre-image of an anti (T,S ) —fuzzy ideal of a hemiring R’ is an anti
(T,S) —fuzzy ideal of a hemiring R.

Proof: Let (R,+,.) and (R’,+,.) be any two hemirings. Let f: R—R’ be an anti-homomorphism. Then,
fx+y)=f()+(x) and f(xy) = f(¥y)f(x), for allx and y € R. Let V = f(A), where V is an anti
(T,S) —fuzzy ideal of R'. We have to prove that A is an anti (T,S) —fuzzy ideal of R. Let x and y € R.

Then, p,(x +¥) = 1, (Fx + ) = 4, FO) + F)) < S (1, (FO), 1, (F@))) = S (1, (f (),

#,(f3))) = S (14,00, 1,(»)), which implies that s, (x +¥) < S(u, (), 11, (). Again, 1, (xy) =

ty (f () = 1, F O f () = Ty, (F ), 11, (f () = T (g, (f (0D, 11, (f (V)) = T (4 (%), 12, (),
which implies that z, (xy) < T (u,(x), 1,(¥)). Hence A is an anti (T, S) —fuzzy ideal of R.

2.16 Theorem: Let A be an anti (T, S) —fuzzy ideal of a hemiring R, A* be a fuzzy set in R defined by
AT (x) = A(x) + 1 — A(0), for all x in R, then A% is an anti (T,S) —fuzzy ideal of a hemiring R.

Proof: Let x and y in R. We have, AT(x +y) = A(x+y)+1—A4(0) < S(A(x),A(y))+1— A(0) <
S((A(X) + 1 — A(0)), (A(y) + 1 — A(0))) = S(A*(x),A*(y)).  Therefore, ~A*(x +y) < S(A*(x),
A*(y)), for all x,y €R. Similarly, A*(xy)=A(xy)+1—A(0) < T(A(x),A(y)) +1— A(0) <
T((A(x) +1—A(0),(A(y) + 1 —A(0))) =T(A*(x), A*(y)).  Therefore, A*(xy) < T(A*(x),
A*(y)), forall x,y € R. Hence A*is an anti (T,S) —fuzzy ideal of a hemiring R.

2.17 Theorem : Let A be an anti (T, S) —fuzzy ideal of a hemiring R, A* be a fuzzy set in R defined by
AT (x) = A(x) + 1 — A(0), for all x € R, then there exists 0 € R such that A(0) = 1 if and only if
At (x) = A(x).
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Proof: The argument is trivial.

2.18 Theorem: Let A be an anti (T,S) —fuzzy ideal of a hemiring R, A* be a fuzzy set in R defined by
AT (x) = A(x) + 1 — A(0), for all x € R. Then there exists x € R such that A*(x) = 1 if and only if x =
0.

Proof: The argument is trivial.

2.19 Theorem: Let A be an anti (T, S) —fuzzy ideal of a hemiring R, A™ be a fuzzy set in R defined by
A*(x) = A(x) + 1 — A(0), for all x € R. Then (4*)* = A*.

Proof: Let x and y in R. We have, (AT)*(x) =AT(x)+1-AT0)={A(x)+1-A4(0)}+1—
{A(0) + 1 — A(0)} = A(x) + 1 — A(0) = A*(x). Hence (A1)* = A*.

2.20 Theorem: Let A be an anti (T,S) —fuzzy ideal of a hemiring R. Then A° is an anti (T, S) —fuzzy
ideal of the hemiring R.

Proof: For any x€R, we have A% x+7y)=A(x+y)A0)<[A(0)]S(AX),A)) <
S ([A(X)A0)], [AG)A0)]) = S(A°(x), A°(y)). That is, A°(x + y) < S(A%(x), A°(y)), for all x,y € R.

Similarly, A°(xy) = A(xy)A(0) < [A(O]IT(A(x), AW)) < T([A(X)A(0)], [AQNA0)]) =
T(A°(x),A%(y)). Thatis, A°(xy) < T(A°(x),A°(y)), for all x,y € R. Hence A° is an anti (T, S) —fuzzy
ideal of the hemiring R.

2.21 Theorem: Let A be an anti (T,S) —fuzzy ideal of a hemiring R. Then for « in [0,1] such that
14,(0) < a, Ay is alower level ideal of R.

Proof: For all x and y in A, we have, 4,(x)<a and u,(y)<a Now, u,(x—-y)<
S(u, (), 1,(y)) <S(,@) = @, which  implies that H,(x—y)<a And, pu,(xy)<
T(u, (), 1,(y)) <T(o, @) = o, which implies that u,(xy) < a. Therefore, u,(x — y) < a and
4, (xy) < a. Therefore, x —y and xy in A,. Hence A, is a lower level ideal of a hemiring R.

2.22 Theorem: Let A be an anti (T,S) —fuzzy ideal of a hemiring R. If any two lower level ideals of A
belongs to R, then their intersection is also lower level ideal of A € R.

Proof: Let aq, a, € [0,1].

Case (i): If a; < p,(x) < ay then 4, S A,,. Therefore, Ay, N Ay, = Ag,, but Ay is a lower level ideal
of A.

Case (ii): If ay > p,(x) > a,, then Ay, © Ay, . Therefore, Ag, N Ay, = Ag,, but Ay, is a lower level ideal
of A.
Case (iii): If a; = a5, then 4, = A,,.

Hence, intersection of any two lower level ideals is a lower level ideal of A.

2.23 Theorem: Let A be an anti (T,S) —fuzzy ideal of a hemiring R. If ¢; € [0,1] andA,, i €] is a
collection of lower level ideals of A, then their intersection is also a lower level ideal of A.

Proof: The argument is trivial.

2.24 Theorem: Let A be an anti (T,S) —fuzzy ideal of a hemiring R. If any two lower level ideals of A
belongs to R, then their union is also a lower level ideal of A in R.
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Proof: Let aq, a, € [0,1].

Case (i): If a1 < p,(x) < ap, then Ay, S Ag,. Therefore, Ay, UAg,, = Ag,, but Ag,is a lower level
ideal of A.

Case (ii): If a; > p,(x) > a5, then Ay, S Ag,. Therefore , Ay, U A,, = Ay, but A, is a lower level
ideal of A.

Case (iii): If ay = ay, then 4, = A,,.

Hence, union of any two lower level ideal is also a lower level ideal of A.

2.25 Theorem: Let A be an anti (T,S) —fuzzy ideal of a hemiring R. If o; € [0,1] and A, i €1 isa
collection of lower level ideals of A, then their union is also a lower level ideal of A.

Proof: The argument is trivial.

2.26 Theorem: The homomorphic image of a lower level ideal of an anti (T, S) —fuzzy ideal of a hemiring
R is a lower level ideal of an anti (T, S) —fuzzy ideal of a hemiring R'.

Proof: Let (R,+,.) and (R’,+,.) be any two hemirings and f:R — R’ be a homomorphism. That is,
fx+y)=f(x)+ f(y) and f(xy) = f(x)f(y), for all x andy € R. Let V = f(A), where A is an anti
(T,S) —fuzzy ideal of a hemiring R. Clearly V is an anti (T,S) —fuzzy ideal of a hemiring R’. Let x and
y € R, implies f(x) and f(y) € R". Let A, is a lower level ideal of A. That is, 1,(x) < a and u,(y) <

& pH,(x+y)<aand pu,(xy) < a We have to prove that f(A4,) is a lower level ideal of V. Now,
Hy(f () = py (%) < aand 1, (f (¥)) < 1, (¥) < a Also, 1, (f () + f(¥)) = 1, (f(x + ¥)) < p, (x +
y)<a and p,(f()f () = p,(f(xy)) < p,(xy) < . Therefore, 1, (f(x) +f(y)) < a and
1, (f () f () < a. Hence f (Ag) is a lower level ideal of an anti (T, S)-fuzzy ideal V of R'.

2.27 Theorem: The homomorphic pre-image of a lower level ideal of an anti (T,S) —fuzzy ideal of a
hemiring R’ is a lower level ideal of an anti (T, S) —fuzzy ideal of a hemiring R.

Proof: Let (R,+,.) and (R’,+,.) be any two hemirings and f: R — R’ be a homomorphism. That is,
fx+y)=f(x)+ f(y)and f(xy) = f(x)f(y) forall x and y € R. Let V = f(A), where V is an anti
(T,S) —fuzzy ideal of a hemiring R’. Clearly A is an anti (T,S) —fuzzy ideal of a hemiring R. Let f(x)
and f(y) € R, implies x and y € R. Let f(4,) is a lower level ideal of V. That is, 4,(f(x)) < a and

,uv(f(y)) < ,uv(f(x) +f(y)) < aand ,uV(f(x)f(y)) < a. We have to prove that A, is a lower level
ideal of A. Now, u,(x) = p,(f(x)) < @ and w1, (y) = p,(f(¥)) < . Also, u,(x +y) = p,(f(x +
Y) = w1, (f() + f() < @ and p,(xy) = 1, (f (xy)) = 14, f)f(¥) ) < e Therefore, 1, (f(x) +
f(») < aand 1, (f () f (¥)) < a. Hence, A, is a lower level ideal of an anti (T, S) —fuzzy ideal A of R.

2.28 Theorem: The anti homomorphic image of a lower level ideal of an anti (T,S) —fuzzy ideal of a
hemiring R is a lower level ideal of an anti (T, S)-fuzzy ideal of a hemiring R’.

Proof: Let (R, +,.) and (R’,+,.) be any two hemirings and f: R = R’ be an anti-homomorphism. That
is, fx+y)=f() + f(x)and f(xy) = f(y)f(x), for all x and y in R. Let V = f(A), where A is an
anti (T,S) —fuzzy ideal of R. Clearly V is an anti (T,S) —fuzzy ideal of R'. Let x and y € R, implies f(x)
and f(y) €R'. Let A, is a lower level ideal of A. That is, u,(x) < e and u,(y) < o p1,(y +x) <
aand 1, (yx) < a. We have to prove that f(Ay) is a lower level ideal of V. Now, 1, (f (%) ) < u,(x) < «

and 14, (f(Y) =)= . Also, ,f(X)+f)=p1,FO+x)=p,(y+x)<a and
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t,(FOf ) = 1, (f (%)) < w1, (yx) < @ Therefore, u,(f(x) + f(¥)) < @ and 11, (fOf W) < @
Hence f(A,) is a lower level ideal of an anti (T, S) —fuzzy ideal V of R’.

2.29 Theorem: The anti-homomorphic pre-image of a lower level ideal of an anti (T, S) —fuzzy ideal of a
hemiring R’ is a lower level ideal of an anti (T, S) —fuzzy ideal of a hemiring R.

Proof: Let (R,+,.) and (R',+,.) be any two hemirings and f : R = R’ be an anti-homomorphism. That
is, f(x+y)=f()+f(x)and f(xy) = f(y)f(x), forall x and y in R. Let V = f(A), where V is an
anti (T,S) —fuzzy ideal of a hemiring R’. Clearly A is an anti (T,S) —fuzzy ideal of a hemiring R. Let
f(x) and f(y) in R’, implies x and y in R. Let f(A,) is a lower level ideal of V. That is, 4, (f(x)) < «
and ,uV(f(y)) <o u(f)+fx) < aand u,(f(¥)f(x)) < a. We have to prove that 4, is a lower
level ideal of A. Now, u,(x) =u,(f(x))<a and w,(y) =p,(f) <a . Also, u,(x+y) =
u,(fx+y) =, (fO+ (X)) <a and  u,(xy) = 4, (f(xy)) = 1, (f(¥)f(x)) < . Therefore,
1, (f(x) + () < a and w1, (f(x)f (y) < a. Hence A, is a lower level ideal of an anti (T,S) —fuzzy
ideal A of R.
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